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Abstract
N
e u t r i n o properties an play a ruial role in determining the matter-antimatter
asymmetry of the universe if thermal leptogenesis is the orret solution to the
baryogenesis problem. Owing to this, the study of neutrino models goes beyond
the mere purpose of generating tiny neutrino masses, and it is natural to inorporate the
puzzle of the osmi baryon asymmetry. To this end, we have investigated several dierent
extensions of the neutrino model based on the type I seesaw mehanism with partiular
emphasis on their leptogenesis impliations.
In the rst part of our work, we present a thorough analysis, in the leptogenesis ontext,
of onstrained neutrino models whih have an abelian family symmetry and one extra Higgs
singlet. The general result is that although these models ontain less free parameters than
the default type I seesaw setup, they do not hinder the possibility of suessful leptogenesis
in both the one-avor approximation and when avor eets are inluded. In fat, we
have disovered that they do not modify or provide signiant onstraints on the typial
leptogenesis senario with hierarhial heavy right-handed neutrinos.
We then explore how the seesaw setor in neutrino mass models may be onstrained
through symmetries to be ompletely determined in terms of low-energy mass, mixing angle
and CP violating phase observables, with the subsequent aim to study their leptogenesis
impliations. The key ingredient in ahieving this onnetion between the two distint
energy setors is to simultaneously employ intra- and inter-avor symmetries so that the
neutrino Dira mass matrix is only given in terms of the harged-lepton or quark mass
matries while all relevant diagonalization matries an be fully predited by the theory.
We have built illustrative models to demonstrate this and shown that leptogenesis an
sueed in small regions of parameter spae for the ase where the neutrino Dira and up-
quark mass matrix are idential. Also, it has been found that when the neutrino Dira mass
matrix is equal to its harged-lepton ounterpart, TeV sale heavy neutrinos are possible
although it is unlikely that they an be deteted in olliders.
Finally, we present a new leptogenesis senario, where the lepton asymmetry is gener-
ated by CP violating deays of heavy right-handed neutrinos via eletromagneti dipole
moment ouplings to the ordinary light neutrinos. Akin to the usual senario where the
i
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deays are mediated through Yukawa interations, we have shown, by expliit alulations,
that the desired asymmetry an be produed through the interferene of the orresponding
tree-level and one-loop deay amplitudes involving the eetive dipole moment operators.
Furthermore, we nd that the relationship of the leptogenesis sale to the light neutrino
masses is similar to that for the standard Yukawa-mediated mehanism.
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1
Introduction
O
u r quest to understand how the universe works at the most fundamental levels
has been the impetus behind the onstant experimental and theoretial eorts in
various elds of physis. Over time, there have been many important breakthroughs,
but just as many (if not more) puzzling questions remain. Amongst the most intriguing
of these is the origin of matter the substane whih almost everything we see today is
made of. Indeed, the standard hot Big Bang model does not disriminate between matter
and antimatter as far as their primordial evolution is onerned. Therefore, in order to
produe the abundane of matter we observe today, other mehanisms must have been at
play in the early universe suh that the expeted atastrophi annihilation between matter
and antimatter was avoided.
In the pursuit of a satisfatory answer for this phenomenon, it is immediately lear that
high energy physis will play an essential role sine the primordial environment reated soon
after the Big Bang was very hot and dense. But similar to its osmologial ounterpart,
the Standard Model of Partile Physis (denoted SM throughout) is inomplete despite the
enormous suess it has enjoyed over the past deades. The rst evidene of physis beyond
the SM is the observation of neutrino osillations. Its utmost importane is ertainly not
restrited to within the realm of preision partile physis, and as we shall explain in the
setions to ome, far-reahing impliations for the osmologial evolution of matter and
antimatter an result in ertain senarios.
As a onsequene of this potential onnetion, the studies of neutrino properties and
1
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interations ontain added signiane. From the theoretial standpoint, this interplay will
inevitably lead to onstraints in neutrino model building. It is therefore the aim of this
work to explore several lasses of neutrino models and their possible impliations for the
origin of matter.
To eluidate all these ideas and build the bakground for the hapters to ome, we
begin by briey reviewing the relevant topis on the theory of neutrinos and osmi baryon
asymmetry generation.
1.1 The phenomenon of neutrino oscillations
1.1.1 Experimental evidene
The rst real indiation of the neutrino osillation phenomenon (i.e. neutrinos an hange
avor as they propagate) emerged as early as 1967 when Davis and his ollaborators on-
duted experiments to measure the eletron neutrino ux produed from the Sun using a
hlorine detetor (νe +
37
Cl → e− + 37Ar) in the Homestake mine (South Dakota) [1℄ and
found that there was a notieable deit in the observed value ompared to that predited
by the standard solar model [2℄. But at that time the osillation hypothesis was not taken
seriously for it required a very large mixing angle to work, whih seemed at odds with the
tiny quark mixing. It was not until many years later (in the period 1989 to 1996) that
Kamiokande (Kamioka Nuleon Deay Experiment, in Japan) provided new experimental
data to strengthen the ase for solar νe disappearane. They employed water Cˇerenkov
tehniques to investigate elasti sattering events (νe− → νe−) and disovered that the
measured ux was only about 55% of the expeted size [3,4℄. Later, in 2001, these ndings
were onsolidated in the muh larger 50,000 ton experiment of Super-Kamiokande (about
15 times bigger than Kamiokande) [5℄.
It should be noted that the Kamiokande experiments were only sensitive to the higher
energy
8
B solar neutrinos (above 5 MeV), in ontrast to those targeted by Davis et al.
whih inluded lower energy
7
Be neutrinos. Hene, omplementary experiments using
radiohemial method with gallium (νe +
71
Ga → e− + 71Ge) to target the lowest energy
neutrinos from p + p nulear reation (as well as 7Be neutrinos) were onduted by the
Gallex/GNO [6℄ and later the SAGE ollaborations [7℄. Both experiments deteted a deit
in the solar neutrino ux, and importantly, their results were also onsistent with the idea
of matter enhaned neutrino osillations [8℄.
Further improvement to the solar neutrino analysis was ahieved when the SNO (Sud-
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bury Neutrino Observatory, Canada) experiment managed to make reliable measurements
of the total solar neutrino ux using a heavy water (D2O) detetor to look for both harged-
urrent indued (νe + d → e− + p + p) and neutral-urrent indued (ν + d → ν + p + n)
reations [9℄, where d denotes deuteron. This result provided onlusive evidene for solar
neutrino osillation and onrmed the hypothesis at a signiant 3.3σ level. Other experi-
ments suh as KamLAND (in Japan), a long-baseline (soure-detetor distane ∼ 180 km)
reator experiment [10℄ looking for disappearane of νe, and Borexino (in Italy), a real
time sintillator based
7
Be low energy neutrino experiment [11℄ also played an important
role in authentiating the osillation piture for solar neutrinos.
An independent set of (perhaps more) ompelling experimental evidene for neutrino
osillations ame from the studies of atmospheri neutrinos. When primary osmi rays
(usually high energy protons) ollide with nulei in the upper atmosphere, a shower of
hadrons, mostly pions (and some kaons) are reated. These pions then undergo a hain of
reations (e.g. π− → νµ µ− → νµνµνe e−) produing muon and eletron uxes that an
be measured. As early as the 1980s, two groups, the IMB (Irvine-Mihigan-Brookhaven)
ollaboration [12℄ and Kamiokande [13℄ had found a signiant deit in the muon neutrino
ux that was too big to be asribed to statistial errors. This opened up the interpreta-
tion that νµ ↔ ντ osillation might be at play. Motivated by their initial results, the
Kamiokande group expanded their investigation, and in 1998, Super-Kamiokande reported
a νµ-νe ratio and asymmetry in the zenith angle distribution of µ-type events that were
very muh onsistent with the atmospheri neutrino osillation piture [14℄. More reently,
experiments with aelerator νµ's suh as K2K in Japan [15℄ and MINOS in USA [16℄ have
further onrmed this interpretation.
1.1.2 Theoretial formulation
The experimental observation that neutrinos an osillate from one avor to another as
they propagate is the strongest indiation (barring some by now strongly disfavored exoti
possibilities) for nonzero neutrino masses and mixing. To see this, onsider the ase of
three neutrino speies. We dene the neutrino weak eigenstate να with avor α (where
α = e, µ, or τ) suh that it is produed in assoiation with the harged antilepton ℓα in
a tree-level interation with the W boson. These weak eigenstates are in general dierent
from the neutrino mass eigenstates νi (with i = 1, 2, and 3), eah having a (rest) mass
given by mi. One an relate the weak and mass eigenstates via a unitary transformation
1
,
1
Unitarity will guarantee that harged-urrent interations of να always produe a harged lepton with
the same avor α.
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and write να as a oherent superposition of the νi elds:
|να〉 =
∑
i
U∗αi |νi〉 , (1.1)
where the nine quantities Uαi make up the unitary matrix of basis transformation. The
meaning of leptoni mixing an therefore be understood as the fat that in a harged-
urrent interation, the neutrino mass eigenstate whih aompanies the prodution of (or
otherwise involves) ℓα may not always be the same νi.
When we are working in the harged lepton mass eigenbasis, this unitary matrix is the
leptoni mixing matrix, also known as the Ponteorvo-Maki-Nakagawa-Sakata (PMNS)
matrix [17℄, whih is often parametrized as
U
PMNS
=

c12c13 s12c13 s13 e
−iδ
−s12c23 − c12s23s13 eiδ c12c23 − s12s23s13 eiδ s23c13
−s12s23 + c12c23s13 eiδ c12s23 + s12c23s13 eiδ −c23c13


eiα1/2 0 0
0 eiα2/2 0
0 0 1
 ,
(1.2)
where smn = sin θmn, cmn = cos θmn, δ is the CP violating Dira phase, while α1 and α2
denote the two Majorana phases
2
.
To quantify the phenomenon of a neutrino hanging from avor-α to avor-β as it
propagates in vauum
3
, we are interested in the probability with whih this happens,
i.e. Pr (να → νβ), a quantity that depends on how the |να〉 state in (1.1) evolves with
time. Beause να is a superposition of the mass eigenelds νi whose quantum mehanial
evolution may be dierent, we must solve eah |νi(t)〉 state individually and then oherently
sum them up. Working in the rest frame of νi, the state vetor at the proper time τi will
satisfy the Shrödinger equation:
i
∂
∂τi
|νi(τi)〉 = mi |νi(τi)〉 . (1.3)
The solution to Eq. (1.3) is simply given by:
|νi(τi)〉 = e−imiτi |νi(0)〉 , (1.4)
where |νi(0)〉 is the original state before propagation. By Lorentz invariane, we an express
2
Neutrinos an be Majorana partiles.
3
In this disussion, we will ignore neutrino osillations in matter (the MSW eet) [8℄.
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miτi in terms of laboratory variables:
mi τi = Ei t− |pi|L , (1.5)
where Ei and |pi| are respetively, the energy and momentum of the νi omponent of the
neutrino, while L and t are the soure-detetor distane and the time it takes to traverse
L, as measured in the lab-frame 4. For neutrino beams used in experiments, it an be
shown that only omponents of the beam with the same energy will ontribute oherently
to the osillation signal [18℄. Therefore, we an replae Ei with E, and momentum |pi| is
now given by
|pi| =
√
E2 −m2i ≃ E −
m2i
2E
, (1.6)
where in the last step, we have assumed mi ≪ E. With this approximation for |pi| and
applying relation (1.5), solution (1.4) beomes
|νi(t)〉 ≃ e−i [E(t−L)+m2iL/2E] |νi(0)〉 ,
= e−i E(t−L) e−im
2
iL/2E |νi(0)〉 . (1.7)
Sine the phase fator e−i E(t−L) is the same for all i, it may be negleted in (1.7). Thus,
the amplitude for a neutrino να of energy E hanging to νβ after propagating a distane
L through vauum is
〈νβ|να〉 ≃
∑
i
U∗αi e
−im2iL/2E Uβi . (1.8)
Squaring (1.8) and after some algebra, we dedue the orresponding probability as:
Pr(να → νβ) ≡ |〈νβ |να〉|2 = δαβ − 4
∑
i>j
Re
(
U∗αiUβiUαjU
∗
βj
)
sin2
[
∆m2ij L
4E
]
+ 2
∑
i>j
Im
(
U∗αiUβiUαjU
∗
βj
)
sin
[
∆m2ij L
2E
]
, (1.9)
where ∆m2ij ≡ m2i −m2j .
From this result, it is quite lear that when all neutrino masses mi's are zero (or
nonzero but degenerate) and hene, the seond and third term in Eq. (1.9) disappear,
neutrino osillation is not possible. By the same token, the observation that νe and νµ do
hange avor during propagation implies that (at least two of) νi's must be massive.
4
In pratie, t is not measured.
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1.1.3 Osillation parameters
One an ombine the plethora of neutrino osillation data gathered to date from the various
solar, atmospheri, reator and aelerator experiments (see Se. 1.1.1)
5
and plae on-
straints on the relevant parameters shown on the right-hand side (RHS) of Eq. (1.9). For
the three-avor neutrino osillation piture and invoking the parametrisation of (1.2), one
an see that variables that are potentially relevant in ontrolling the eets of osillation
are the three mixing angles (θ12, θ23 and θ13), the CP violating Dira phase (δ), the two
Majorana phases (α1 and α2), and two squared-mass dierenes (e.g. ∆m
2
21 and ∆m
2
31).
It turns out that osillation probabilities are insensitive to the Majorana phases while
the null result from the short-baseline (L ∼ 1km) reator experiment CHOOZ (in Frane)
[21℄
6
suggests that θ13 must be quite small, onsequently making the observation of the
Dira phase rather diult. The reason for this latter point is that in (1.2), the Dira
phase always appears as the ombination: sin θ13 e
−i δ
, whih means a suiently small θ13
an always mask any CP violating eets 7.
Overall, neutrino experiments have so far determined that there are two large (θ12, θ23)
and one small (θ13) mixing angles
8
, as well as, a small (∆m2
sol
) and a large (∆m2
atm
)
squared-mass dierenes whih drive the solar and atmospheri neutrino osillations re-
spetively. Beause the sign of ∆m2
atm
is not known, two arrangements for the neutrino
mass spetrum are possible: with normal hierarhy, we identify ∆m2
atm
≡ ∆m231 > 0,
whih gives m1 < m2 < m3 with
m2 =
√
m21 +∆m
2
sol
, m3 =
√
m21 +∆m
2
atm
, (1.10)
and for inverted hierarhy, we take ∆m2
atm
≡ ∆m232 < 0 instead, implying m3 < m1 < m2
with
m1 =
√
m23 +∆m
2
atm
−∆m2
sol
, m2 =
√
m21 +∆m
2
sol
. (1.11)
Note that in both ases, we have used ∆m2
sol
≡ ∆m221 > 0 (as implied by the matter-
aeted solar neutrino osillations). The best-t values at 1σ error level for these neutrino
5
Here, we shall ignore the LSND anomaly [19℄ beause an osillation explanation has been ruled out by
MiniBooNE [20℄.
6
This experiment looked for the disappearane of νe at E ∼ 3 GeV, whih is sensitive to the large
squared-mass gap ∆m231, thus allowing the properties of ν3 to be probed.
7
It must be emphasized that the hoie of assoiating θ13 with δ in the parametrization of (1.2) is not
vital to our onlusion here. As long as there is at least one mixing angle whih is very small, one an
always re-phase the mixing matrix so that δ is assoiated with the term ontaining the small angle. Our
hoie of parametrization is naturally motivated by the CHOOZ result whih indiates a tiny θ13.
8
This is in stark ontrast to the quark setor where the CKM matrix [22℄ has three small mixing angles.
1.1 The phenomenon of neutrino oscillations 7
osillation parameters in the three-avor framework are summarised as follows [23℄:
sin2 θ12 = 0.304
+0.022
−0.016 , sin
2 θ23 = 0.50
+0.07
−0.06 , sin
2 θ13 ≤ 0.01+0.016−0.011 , (1.12)
∆m2
sol
= 7.65+0.23−0.20 × 10−5 eV2 , |∆m2atm| = 2.40+0.12−0.11 × 10−3 eV2 . (1.13)
In this work, we shall take these values as standard inputs for many of our analyses.
1.1.4 Tribimaximal mixing
An interesting observation from the best-t parameter values shown in (1.12) is that θ23
and θ13 orrespond to almost maximal and no mixing respetively. This prompts the
question as to whether Nature selets these extreme values at random or there is a more
profound reason. If one assumes that the maximal and no mixing is exat (i.e. θ23 = π/4
and θ13 = 0), then up to the Majorana phases, the mixing matrix (1.2) beomes
U
BL
=

cos θ12 sin θ12 0
− sin θ12√
2
cos θ12√
2
1√
2
− sin θ12√
2
cos θ12√
2
− 1√
2
 , (1.14)
whih is often referred to as bi-large mixing. A partiularly beautiful aspet of U
BL
is
that any neutrino mass matrix in the avor (i.e. weak interation) basis whih has a µ-τ
symmetry
9
an be diagonalised by it if one hooses θ12 arefully. Moreover, it an be
shown that the spei value needed for θ12 to diagonalise these types of mass matries is
independent of the mass eigenvalues. This suggests that for ertain neutrino mass matrix
strutures, mixing angles and masses are not neessarily interonneted even though both of
them are related to the same soure. In fat, this feature is quite ommon for mass matries
in models with an underlying avor symmetry (or family symmetry
10
). The lass of mass
matries whih has a diagonalisation matrix that is independent of any of the parameters
in the original matrix or its eigenvalues has been dubbed form-diagonalisable [24℄. We
shall make use of this idea quite often in our neutrino model building in the hapters to
ome.
Another important mixing struture whih is related to U
BL
is the so-alled tribimax-
imal mixing sheme [25℄. Noting that the best-t value for θ12 is very well approximated
by the relation: sin2 θ12 = 1/3, we substitute it into UBL and the result is the tribimaximal
9
In other words, exhanging the µ and τ olumns followed by the µ and τ rows will leave the mass
matrix unhanged.
10
We shall use both terms interhangeably through out this work.
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mixing matrix
11
:
U
TB
=

√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
− 1√
6
1√
3
− 1√
2
 . (1.15)
This neutrino mixing struture has attrated ample attention over the years with many
model builders attempting to reonstrut it via symmetries and auxiliary elds. Most no-
table examples are models with disrete (e.g. A4,∆27) and ontinuous (e.g. SO(3), SU(3))
family symmetries. Some reent examples an be found in [26, 27℄. It should be noted
though that many of these are often quite intriate and require additional onstraints or
a non-trivial Higgs setor for them to be viable, further highlighting the diulties in
explaining the peuliar mixing pattern of neutrinos.
Nevertheless, the tribimaximal struture itself presents a relatively simple manifestation
of the neutrino mixing matrix that is more or less onsistent with urrent experimental
bounds. In the light of this, it is theoretially appealing to take U
TB
(with or without the
Majorana phases) as the starting point in any model building or analyses involving the
neutrino mass matrix. Our work here in the future hapters will be no exeption.
1.2 The case of massive neutrinos
1.2.1 Absolute sale for neutrino masses
Beause osillation experiments have strongly indiated that at least some neutrinos must
be massive, it is natural to ask the sale at whih these masses are situated. In the
disussion of osillation parameters in Se. 1.1.3, we have learnt that those experiments an
help us determine the splitting between the neutrino mass eigenstates, leading to Eqs. (1.10)
and (1.11). However, it is lear that those relations do not tell us the overall sale of
masses, and therefore other methods must be used to probe for a better understanding of
the neutrino mass spetrum.
One way to obtain meaningful bounds on the absolute sale for the neutrinos is to look
for kinemati eets due to their nonzero masses in tritium β-deay (3H→ 3He+νe+e−).
By studying the resultant eletron energy spetrum, one an probe the quantity:
mβ ≡
√√√√ 3∑
i=1
|Uei|2m2i . (1.16)
11
Tri-maximal and bi-maximal mixing in the 2nd and 3rd olumns respetively.
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The value of this then gives an upper limit on the absolute neutrino mass sale. Two groups,
Mainz [28℄ and Troitsk [29℄, have reported bounds of mν < 2.3 eV and mν < 2.5 eV
respetively. An upoming experiment, KATRIN [30℄, is expeted to have a sensitivity
down to about 0.3 eV, whih will further narrow down the sale of the neutrino spetrum.
It should be remarked that whether neutrinos are of Dira or Majorana type
12
has no
bearing on the apability of this method of diretly searhing for their masses.
Another possible way to probe the neutrino mass sale is via studies of lepton number
(L) violating neutrinoless double β-deay (AZ [Nul]→ AZ+2
[
Nul
′]+ 2e−), whose observa-
tion would imply that neutrinos are Majorana fermions [31℄. Assuming that there are no
new L violating interations at play, one an onlude that the amplitude for this deay is
proportional to the so-alled eetive Majorana neutrino mass:
mββ ≡
∣∣∣∣∣
3∑
i=1
U2eimi
∣∣∣∣∣ . (1.17)
Several groups suh as the Heidelberg-Mosow [32℄ and IGEX [33℄ ollaborations onduted
experiments with
76
Ge, while the more reent CUORICINO experiment [34℄ used
130
Te to
test for this. So far there are no onrmed disoveries of the neutrinoless double β-deay 13,
but the best upper bounds on the deay lifetimes are presently provided by CUORICINO
(whih is still running), whose results are translated to
14
mν ≡ mββ < 0.19 − 0.68 eV (90% C.L.) , (1.18)
for the neutrino mass. Relation (1.18) is a muh tighter bound than the one obtained from
tritium β-deay. Upoming experiments like CUORE [37℄, GERDA [38℄ and Majorana [39℄
are expeted to further improve these results with projeted sensitivity of about 0.05 eV.
Neutrino masses from osmology
Finally, it must be mentioned that some of the strongest bounds on the overall sale
for neutrino masses ome from osmology. This is one of the important examples that
illustrates the intriate onnetions between neutrino physis and the evolution of the
early universe. During the epoh of struture formation, free-streaming neutrinos with
a sizable mass an have signiant eets on the growth of struture and hene on the
12
See the next two subsetions for more disussions on Dira and Majorana neutrinos.
13
There is atually a laim by a subset of the Heidelberg-Mosow group that neutrinoless double β-deay
was observed [35℄. For a more thorough disussion on this ontroversial nding, see [36℄.
14
The large range is due to the unertainty in the nulear matrix elements.
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eventual galaxy power spetrum. Therefore, an aurate measurement of it an help set
limits on the neutrino mass sale given the standard theory of struture formation. The
studies of the data from the Wilkinson Mirowave Anisotropy Probe (WMAP) and the
Sloan Digital Sky Survey (SDSS) have dedued that the sum of neutrino masses (three
speies assumed) is onstrained by
∑
i |mi| . 0.6 [40℄ and 1.6 eV [41℄ respetively at a
ondene level of about 95%. Sine the observed squared-mass splittings (∆m2
sol
,∆m2
atm
)
imply that |mi −mj| ≪ O (0.1) eV for all i and j, taking
∑
i |mi| . 0.6 gives an absolute
upper bound for eah individual neutrino mass of about
|mi| . 0.2 eV (95% C.L.) for all i . (1.19)
This estimation is similar to the least upper bound imposed by the CUORICINO experi-
ment, whih further onrms that the absolute neutrino mass sale must be in the sub-eV
range.
The immediate impat of these ndings is that it raises the question as to why the
neutrino is so light ompared to other SM partiles (e.g. mν/me ∼ 10−6), an issue we will
return to in Ses. 1.2.3 to 1.2.5.
1.2.2 Neutrino mass terms
The minimal Standard Model (SM) does not inlude neutrino masses. But as we have
disussed, the existene of massive neutrinos is the most natural explanation for the osil-
lation experiments. Therefore, it is imperative to modify the SM to inlude this fat. The
only question is: how to do this?
Sine only hirally left-handed (LH) fermion elds partiipate in weak interations, it
makes sense to express the SM elds in terms of their hiral omponents. To this end, we
an dene the following two-omponent Weyl spinors:
ψL,R ≡ PL,R ψ = 1∓ γ
5
2
ψ , (1.20)
where ψ is a four-omponent Dira spinor. Beause a standard mass term for fermions
has the form given by mψψ, when expressed in ψL,R one nds that only elds of opposite
hirality ouple together. Consequently, two types of mass term are possible:
mD ψL ψR + h.. , (1.21)
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whih is known as the Dira mass term, and
ML ψL (ψL)c +MR (ψR)c ψR + h.. , (1.22)
whih are alled Majorana mass terms. The harge onjugate eld is dened by ψc ≡ C ψT
where C denotes the harge onjugation matrix. These mass terms are so named beause
(1.21) arises from the oupling of Dira type elds: ψ = eiϕ1ψL + e
iϕ2ψR, whereas the
terms in (1.22) ome from oupling of Majorana type elds: Ψa,b = e
iϕ1ψL,R+e
iϕ2(ψL,R)
c
,
whih satisfy the Majorana ondition:
(Ψa,b)
c = e−i (ϕ1+ϕ2)Ψa,b , (1.23)
where ϕ1,2 are onstants
15
. The important impliation of (1.23) is that Ψa,b are idential
to their antipartiles.
At this point it is worth emphasizing that beause of eletri harge onservation, the
existene of Majorana type masses for all harged fermions in the SM is forbidden. But
sine neutrinos are eletrially neutral, all mass terms in (1.21) and (1.22) may be relevant,
and as a result, one an have either massive Dira or Majorana neutrinos.
For massive Dira neutrinos, it is obvious from (1.21) that two dierent Weyl elds are
required to onstrut the mass term. So, in addition to the νL as seen in weak interations,
one must introdue a hirally right-handed (RH) neutrino eld, νR, to the SM. These RH
neutrinos are weak isospin singlets and an therefore ouple to the νL and φ, the SM Higgs
doublet, to form the Yukawa term:
Yν ℓL φ νR + h.. , (1.24)
where ℓL = (eL, νL)
T
is a doublet of SU(2)L. When the neutral omponent of the Higgs
eld φ aquires a vauum expetation value, (1.24) will indue a Dira mass term for
the neutrino. This is the same mehanism through whih all quarks and harged leptons
get their masses. However, in order to explain why neutrino is muh lighter than other
fermions, one has to impose a hierarhy in the Yukawas: Yν ≪ Ye, making it seem rather
ad-ho. We shall disuss some possible resolutions to this later.
Turning to the ase of massive Majorana neutrinos, it is lear from (1.22) that only
one type of Weyl eld is required in priniple. Hene, given νL, one an already onstrut
15
In (1.21) and (1.22), overall phases involving ϕ1,2 are absorbed into the denitions of mD and ML,R.
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a Majorana mass term for the neutrino. But sine ℓL ℓ
c
L is a weak isospin triplet, within
the framework of the SM, the simplest possibility is therefore the dimension-5 mass term
of the form [42℄:
y2
Λ
ℓL φφ
T ℓcL + h.. , (1.25)
where y denotes some dimensionless oupling onstant and Λ is the high-energy uto sale
above whih this non-renormalisable interation is no longer valid. After spontaneous
symmetry breaking, the term in (1.25) will indue an eetive Majorana mass for the
neutrino:
mν =
y2〈φ0〉2
Λ
. (1.26)
It is interesting to note here that if Λ≫ 〈φ0〉, then expression (1.26) suggests that neutrinos
an naturally have a muh smaller mass than other fermions without the need to ne-tune
y with the orresponding Yukawa oupling of the harged leptons. Given this potential
benet in models with Majorana neutrino masses, and the fat that no SM symmetry
forbids their inlusion, it seems natural that neutrinos ought to be Majorana partiles.
Consequently, we shall assume throughout this work that neutrinos are Majorana unless
otherwise indiated.
Returning to the initial problem of how to modify the SM to inorporate neutrino
masses, we see that both the Dira mass term of (1.24) and the non-renormalisable term
of (1.25) imply that some new physis must be introdued. While (1.24) demands the
addition of RH singlet neutrinos, (1.25) an lead to many possibilities. So, it is the subjet
of the next few subsetions to explore several possible senarios whih an ahieve this
within framework of renormalisable interations.
1.2.3 Seesaw mehanism: type I
Within the lass of renormalisable models that an give rise to the eetive interation
of form (1.25), the type I seesaw mehanism [43℄ is perhaps the most elegant solution of
all. Not only an it provide a way to generate tiny but nonzero neutrino masses, it also
ontains all the neessary ingredients for explaining the osmi baryon asymmetry, as will
be disussed in more detail later in Se. 1.4.
The idea of the type I seesaw model is quite simple. It springs from the inlusion of
heavy neutral singlet fermions, the RH neutrinos (one for eah generation of light neutrino)
in the SM, just as one would require to have a Dira neutrino mass term. But sine the
RH neutrinos are eletroweak singlets, one an also inlude a Majorana mass term for
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〈φ0〉〈φ0〉
νL νL
MR
νR νR
Figure 1.1: Diagram representing the type I seesaw realisation of the small Majorana mass for the LH
neutrino with mν ≃ 〈φ
0〉2 YνM
−1
R Y
T
ν (up to a multipliative onstant).
them. As a result of having both Dira and Majorana mass terms, one gets the following
Lagrangian whih is SM gauge invariant:
− L
type-I
= Yν ℓL φ νR +
MR
2
(νR)c νR + h.. , (1.27)
where MR denotes the bare mass for the RH neutrino. Sine the SM does not predit or
restrit the size of MR, we may assume that it is arbitrarily large. So, by integrating out
the heavy RH neutrino eld, one gets an eetive Lagrangian that is of the same form as
(1.25):
LI
e
=
Y 2ν
2MR
ℓL φφ
T ℓcL , (1.28)
if we identify y and Λ of Eq. (1.25) with Yν and MR respetively. The interation of (1.28)
will naturally give rise to a very small Majorana neutrino mass: mν ≃ 〈φ0〉2 Yν M−1R Y Tν if
one assumes that MR ≫ 〈φ〉. This situation is illustrated in Fig. 1.1.
Equivalently, one an obtain this by writing (1.27) in matrix form and subsequently
blok-diagonalising the resultant 2n×2n neutrino matrix, where n is the number of gener-
ations. To eluidate this, we begin by rewriting the Lagrangian (1.27) in index form with
the generation indies i, j inluded (ignoring the harged lepton terms):
− 2Lν =
n∑
i,j
νiL (mD)ij νjR + (νjR)c (mD)ji ν
c
iL + (νRi)
c (MR)ij νjR + h.. , (1.29)
where mD ≡ Yν〈φ0〉 and we have used the fat: νLνR ≡ (νR)c(νL)c. Then, (1.29) an be
re-pakaged into:
− 2Lν =
(
νL (νR)c
) 0 mD
mTD MR

︸ ︷︷ ︸
M
(νL)c
νR
+ h.. , (1.30)
where νL ≡ (ν1L, . . . , νnL)T and νR ≡ (ν1R, . . . , νnR)T . Using the key assumption that all
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eigenvalues of mD are muh less than those ofMR, the neutrino mass matrix in (1.30) may
be blok-diagonalised (to rst order in M−1R m
T
D) by:
Dν = V M V
T ,
≃
mDM−1R mTD 0
0 MR
 , (1.31)
where
V =
 I (M−1R mTD)†
−M−1R mTD I
i I 0
0 I
 . (1.32)
The seond matrix in the denition of (1.32) is inluded to ensure all mass eigenvalues are
positive. If we let (ν ′, N ′)T = (νL, νcR)
TV T and dene a set of Majorana elds: ν
N
 ≡
 ν ′ + (ν ′)c
N ′ + (N ′)c
 , (1.33)
then Lagrangian (1.30) beomes
−2Lν = (mDM−1R mTD) ν ν +MRN N + h.. ,
= mν ν ν +MRN N + h.. . (1.34)
So from this, it is easy to see that this model gives rise to two sets of Majorana neutrinos:
the light ones (ν) with mass matrix mν ≃ mDM−1R mTD ≡ 〈φ0〉2 Yν M−1R Y Tν , and the heavy
ones (N) with MN ≃MR. A partiularly attrative feature of this is that the smallness of
mν is a diret onsequene of the large mass sale of MR, whih may have its origin from
higher uniation theories. Furthermore, the addition of RH neutrinos per se seems quite
natural from the point of view of making the SM more left-right (and quark-lepton)
symmetri, in the sense that for eah LH fermion, there is a RH version. Owing to these
benets, the type I seesaw framework will form the entral theme of all of our subsequent
investigations in this present work.
1.2.4 Other seesaw models
Besides type I seesaw, there exist other extensions to the SM whih an lead to the ee-
tive Majorana mass term in (1.25). These seesaw-like models provide alternative ways to
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understand the smallness of neutrino mass [44℄, and hene are of great interest to many
model builders
16
. So, for ompleteness, we will briey review them here despite the fat
that they play no diret role in our urrent work.
Type II seesaw
Instead of extending the SM by adding heavy singlet fermions as in Se. 1.2.3, one an
make use of the fat that ℓL ℓ
c
L is an SU(2)L triplet and introdue a heavy triplet salar to
the Higgs setor [46℄, so that a gauge invariant and renormalisable ℓL ℓ
c
L-type mass term
an be formed. Speially, suppose we have a heavy SU(2)L triplet salar eld ∆ with
hyperharge Y = −2 and a onvenient 2× 2 matrix parametrization given by
∆ =
∆−/√2 ∆−−
∆0 −∆−/√2
 , (1.35)
then the Lagrangian
− L
type-II
=
Y∆
2
ℓLiτ2∆ ℓ
c
L + µ∆ φ
T∆φ+M2∆∆
†∆+ h.. , (1.36)
will give rise to the proess depited in Fig. 1.2a. This then leads to an eetive mass term
mII
e
≃ µ∆ Y∆ 〈φ
0〉2
M2∆
,
= λ∆ Y∆
〈φ0〉2
M∆
, after setting µ∆ ≡ λ∆M∆ . (1.37)
This expression has the same form as (1.26) with the ouplings λ∆Y∆ playing the role
of y2. So, when M∆ ≫ 〈φ0〉, small neutrino masses an be indued. This mehanism is
known as type II seesaw [46℄.
Type III seesaw
Another possibility is to replae the RH neutrinos with heavy triplet fermions and allow
them to interat with the ordinary lepton doublets via Yukawa ouplings [47℄. In this
senario, the Higgs setor is unmodied, and a set of self-onjugate SU(2)L triplets of
16
Small neutrino masses an also be generated without seesaw in models with extra dimensions [45℄.
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(a)
〈φ0〉〈φ0〉
νL νL
MΣ
Σ Σ
(b)
〈φ0〉〈φ0〉
νL νL
∆0
Figure 1.2: (a) The proess indued by the type II seesaw Lagrangian that will give rise to small neutrino
Majorana masses. (b) The orresponding proess in the type III seesaw ase with heavy triplet fermion Σ
instead.
exoti leptons with hyperharge Y = 0 are added:
Σ =
 Σ− Σ0/√2
Σ0/
√
2 Σ+
 . (1.38)
The orresponding Lagrangian for this model is given by
− L
type-III
= YΣ ℓL iτ2Σφ+MΣ Tr
(
ΣcΣ
)
+ h.. , (1.39)
This gives rise to the diagram shown in Fig. 1.2b, and after integrating out the heavy
Σ eld, one obtains the desired form for the seesaw neutrino mass
mIII
e
≃ YΣ 〈φ
0〉2
MΣ
Y TΣ . (1.40)
Hene by setting MΣ ≫ 〈φ0〉, one an explain the smallness of neutrino masses, and as
a result, this is often referred to as the type III seesaw mehanism [47℄.
1.2.5 Neutrino mass from radiative orretions
Finally, it should be mentioned that neutrino masses an also be indued from radiative
orretions. Typially, this involves the enlargement of the Higgs setor and having the
newly introdued harged salars oupling to the LH lepton doublets, so that interations
of the form of (1.25) are reated at loop level.
Zee model
One realisation of this onept is the so-alled Zee model [48℄. In this partiular extension
to the SM, there are two (or more) SU(2)L Higgs doublets, all with the same hyperharge
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(a) (b)
〈φ0a,b〉
φb,a h−
eR eL νLνL νL νLeL eLeR eR
〈φ0〉 〈φ0〉
h− h−
k++
〈φ0a,b〉
Figure 1.3: (a) One-loop orretion graph of the Zee model that generates a neutrino Majorana mass.
(b) Two-loop diagram of the Babu-Zee model that ontributes to the neutrino Majorana mass term.
(Y (φ) = 1) and a harged salar singlet h− whih has Y (h−) = −2. With these, the salar
eld h− an ouple to the LH lepton doublets in the following way:
LZ
yuk
= κ ǫij ℓ
i
L (ℓ
j
L)
c h− + h.. , (1.41)
where i, j are indies in SU(2)L and ǫij denotes the Levi-Civita tensor. Furthermore, in
the Higgs potential, one gets a ubi oupling term between h− and other doublets in the
model:
LZ
ubi
= µab ǫij φ
i
a φ
j
b h
− + h.. , (1.42)
where a, b = 1, 2, . . . are labels for the dierent Higgs doublets. When ombining the tree-
level interations of (1.41), (1.42) and the standard Higgs Yukawa (ℓL φa,b eR) together, a
Majorana neutrino mass term of the form of (1.25) is indued via the one-loop diagram
shown in Fig. 1.3a. Tiny neutrino masses an then be realised by arefully hoosing the
sale of the Higgses and assuming a small oupling for κ.
Babu-Zee model
Another example of neutrino masses generated from radiative orretions is the so-alled
Babu-Zee model [49, 50℄. In ontrast to the Zee setup, it ontains two harged salar
singlets: one singly harged (h−) and the other doubly harged (k++), together with only
one Higgs doublet (the SM Higgs). The relevant interation Lagrangian is then given by:
LBZ
int
= κ ǫij ℓ
i
L (ℓ
j
L)
c h− + λ (eR)c eR k++ + µk++ h− h− + Ye ℓL φ eR + h.. , (1.43)
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where κ, λ and Ye are dimensionless oupling onstants while onstant µ has a dimension
of mass. These interations an give rise to Majorana neutrino masses at the two-loop
level as indiated in Fig. 1.3b.
1.2.6 Neutrino eletromagneti dipole moments
One of the important impliations of massive neutrinos is that they an in general possess
a nonzero transition magneti and eletri dipole moment (both for Dira and Majorana
neutrinos), regardless of the mehanism by whih they gain their mass. If neutrinos are
Dira partiles, then they an also have diagonal eletromagneti dipole moments [5154℄,
unlike their Majorana ounterparts. We an see this by rst noting that the eletromagneti
urrent that orresponds to magneti and eletri dipole moment interations between two
neutrinos has the form:
〈νj(p′)|Jdmµ |νk(p)〉 = νj
[
F (q2) + iγ5G(q2)
]
σµν q
ννk , (1.44)
where q = p′ − p, while F (q2) and G(q2) are the magneti and eletri dipole form fators
respetively. For a Majorana eld Ψ and j = k (the diagonal ase), Eq. (1.44) beomes
Ψ
[
F + iγ5G
]
σµν q
νΨ ≡ (Ψ [F + iγ5G]σµν qνΨ)T , (1.45)
= −ΨT [F + iγ5G]T (σµν)T qν ΨT , (1.46)
where the negative sign in (1.46) omes from antiommuting fermion elds and we have
used the fat that γ5σµν = σµνγ
5
. Using the following onventions for harge onjugation
ψc = Cψ
T
, C†γ5C = (γ5)T , C†σµνC = (−σµν)T , (1.47)
expression (1.46) an be rewritten as
−ΨTC† [F + iγ5G] (−σµν)qν CΨT , (1.48)
=−Ψc [F + iγ5G] σµνqνΨc , (1.49)
=−Ψ [F + iγ5G] σµνqνΨ , (1.50)
where we have used the Majorana ondition Ψc = eiϕΨ. So, ombining LHS of (1.45) and
(1.50) implies that F and G must vanish. In other words, Majorana neutrinos annot have
diagonal dipole moments although they may possess transition moments.
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To understand the onnetion between neutrino mass and neutrino dipole moment, one
an ompare the Feynman graphs whih orrespond to the generi ontributions of these
quantities as depited in Fig. 1.4. By applying simple dimensional analysis on a generi
dipole moment operator:
Ldm = νj (µjk + iγ5djk)σαβ νk Fαβ , (1.51)
where Fαβ denotes the photon eld tensor, we see that the magneti (µjk) and eletri
(djk) dipole moments have dimension of inverse mass. Therefore, the ontribution from
the dipole moment interation as shown in Fig. 1.4a an be expressed as
µν ∼ eG
Λ
, (1.52)
where e is the oupling from the photon vertex, G denotes the ombination of dimensionless
parameters suh as oupling onstants (exept e), mass ratios, mixing angles and 1/16π2
loop fators whih may appear in the graph, while Λ is some energy sale beyond the SM
at whih the dipole moment is generated. Similar analysis for Fig. 1.4b where the external
photon line has been removed gives a radiative orretion to the neutrino mass of order
mν ∼ G Λ . (1.53)
Therefore, putting (1.52) and (1.53) together, a simple relationship between neutrino mass
and dipole moment an be obtained:
µν ∼ emν
Λ2
≃ 10−18
(
mν
1 eV
)(
1 TeV
Λ
)2
µB , (1.54)
where µB = e/2me is the Bohr magneton.
ν ν
γ
ν ν
(a) (b)
Figure 1.4: (a) A generi Feynman graph representing the ontribution to neutrino eletromagneti dipole
moments. (b) The orresponding graph with the photon line removed whih gives a radiative ontribution
to neutrino mass. The shaded blob denotes some new physis beyond the SM whih gives rise to the
neutrino dipole moments and/or masses.
20 CHAPTER 1. INTRODUCTION
Although, in a more general ontext, where new symmetries or physis are employed
[55,56℄, zero neutrino masses do not neessarily imply vanishing dipole moments, the ase
of massive neutrinos, however, naturally allows for dipole moments to exist as indiated
by (1.54). In fat, for the SM with massive Dira neutrinos, the diagonal magneti dipole
moment indued by radiative orretions may be alulated for the mass eigenstate νj
[52, 57℄:
µνj ≃
3eGF
8π2
√
2
mνj ≈ 3× 10−19
(mνj
1 eV
)
µB , (1.55)
where GF is the Fermi onstant. Moreover, one an perform a model-independent natu-
ralness estimate of the ontribution to neutrino masses from the dipole moment operators,
thus gaining important insights into the size of µν in relation to mν . In the ase of Dira
neutrinos, one nds that the magneti moment is bounded from above by [58℄
µDν . 3× 10−15
(
mν
1 eV
)(
1 TeV
Λ
)2
µB , (1.56)
while for Majorana neutrinos, the transition moment is restrited by [59℄
(µMν )αβ . 4× 10−9
(
(mν)αβ
1 eV
)(
1 TeV
Λ
)2 ∣∣∣∣∣ m2τm2α −m2β
∣∣∣∣∣µB , (1.57)
where α, β are avor indies, mα denotes the mass of the harged lepton of avor α and
mτ is the mass of the tauon. In both (1.56) and (1.57), Λ represents the energy sale of
any new physis that gives rise to the dipole moments.
One neutrinos have eletromagneti dipole moments (diagonal or transition), it is lear
that new interations between neutrinos and other fermions are possible. For instane, on
top of the usual weak interations, there an be a new ontribution to neutrino-eletron
sattering due to photon exhange, hene modifying the ross setion. Also, the existene
of transition moments an lead to neutrino deays. In partiular, if the transition moments
between the ordinary LH and heavy RH neutrinos (from the minimally extended SM) are
non-vanishing, then the radiative deay of the heavy RH neutrinos an have important
impliations in the osmologial evolution of matter in the early universe. This will be the
main topi of our work in Chapter 4.
The urrent laboratory limits on the magneti dipole moment are obtained from the
low-energy sattering proesses mentioned above and they give a bound of about [11,60,61℄
µν . 0.54 × 10−10µB (90% C.L.) . (1.58)
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A slightly stronger onstraint an be obtained from astrophysial data on plasmon deay
in globular-luster stars whih gives µν . 3× 10−12µB [62℄.
Another interesting point to note is that both of these limits lie between the upper
bounds indiated by (1.56) and (1.57). As a onsequene, measuring the size of the neu-
trino eletromagneti moments may provide information on the nature of neutrinos as their
detetion near the upper limit of (1.58) will suggest that neutrinos are Majorana partiles.
1.3 Baryon asymmetry of the universe
In the next few setions, we turn our attention to another intriguing puzzle, one whih has
troubled osmologists for some time, and whose resolution is still rather speulative. This
is the puzzle of the predominane of matter over antimatter in the universe. Conventional
wisdom has it that soon after the Big Bang, the universe should ontain the same amount
of baryons and antibaryons. So assuming that both evolved in an idential way (as the
standard hot Big Bang theory suggests), there would be no apparent reason for baryons
to exist in suh a large amount whereas antibaryons are so rare in the universe today.
Therefore, the hallenge is to nd a plausible explanation to this asymmetry within the
framework of the standard osmologial model, whih has been suessful on so many
fronts.
1.3.1 Evidene for a baryon asymmetry
In everyday life, we know that antimatter is rare. Almost everything that we interat with
is made of matter. Terrestrially, notieable amounts of antimatter only appear in situations
like nulear mediine imaging or aelerator experiments. But even then, the abundane
in question is of the order of one trillionth of a gram or less!
Beyond the earth, information about the ambient antimatter density of the Milky Way
(and perhaps other nearby galaxies) may be inferred from the studies of antiproton ux
in osmi ray experiments onduted on earth. It has been observed that the ratio of
antiprotons to protons is about: p/p ∼ 10−4 [63℄, a result whih is onsistent with the
view that these antiprotons are only byproduts produed in osmi ray ollisions with the
inter-stellar media, and annot be originated from a non-negligible antiproton density in
the galaxies. In other words, there is strong evidene that antimatter is also rare in our
loal galaxy.
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On an even larger sale, the presene of intra-luster hydrogen gas louds (as indiated
by their x-ray emissions) implies that pathes ontaining large amount of antibaryons
annot exist within galaxy lusters. The reason for this is that the existene of suh
pathes would give rise to strong γ-ray emission from baryon-antibaryon annihilations near
the interfaes with the gas louds. But no suh γ-ray ux has been seen. As a result, one
an ompellingly argue that should there be large regions of spae ontaining antimatter,
they must be beyond the observable universe [64℄, and hene on general grounds, one an
onlude that the possibility of our universe ontaining the same amount of matter and
antimatter today is empirially exluded.
Along with the puzzle of why there is an exess of matter over antimatter in the uni-
verse today, reent measurements of the temperature anisotropy of the Cosmi Mirowave
Bakground (CMB) radiation by the WMAP probe [40℄, together with studies of large
sale struture [41℄, have given us a reliable estimate of the baryon-to-photon ratio at the
urrent epoh of
ηCMBB ≡
nB
nγ
= (6.1± 0.2) × 10−10 , (1.59)
whih prompts the question as to why this amount. In (1.59), nB and nγ denote the
number density of baryons and photons respetively, with nγ = ζ(3)g∗T 3/π2, where g∗ = 2
ounts the internal degrees of freedom, ζ(3) ≈ 1.202 is the Riemann zeta funtion of order
3 and T denotes the temperature.
To understand why the size of ηCMBB in (1.59) is of relevane, we rst note that the
standard Big Bang Nuleosynthesis (BBN) analysis of the primordial abundanes of
3
He,
4
He, (D)euterium,
6
Li and
7
Li depends ruially on the value of the baryon-to-photon
ratio. In fat, astrophysial observations have inferred that [65℄
ηBBNB ≈ (4.7 − 6.5)× 10−10 , (1.60)
whih is very muh onsistent with (1.59), hene demonstrating the validity of BBN and
standard osmology.
More importantly though, the amount of O (10−10) for this ratio signies that there
must have been a primordial baryon asymmetry in the early universe. This is beause if the
universe was baryon-antibaryon symmetri at T ≃ O (100) MeV, the annihilation proess
B + B → 2 γ would signiantly redue both the value of nB/nγ and nB/nγ , before
they subsequently froze out at T ∼ 22 MeV when the annihilations beame ineetive.
By studying the Boltzmann evolution of the number density of the (anti)baryons in this
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senario, one an estimate the expeted baryon-to-photon ratio for today to be [66℄
nB
nγ
=
nB
nγ
= O (10−18) . (1.61)
Therefore, barring some exoti possibilities, the apparent disrepany between (1.59) and
(1.61) is a lear indiation that during primordial times, the universe must already have
been matter-antimatter asymmetri, and the urrent sarity of antimatter is just a man-
ifestation of that fat. So in reality, the observed value of the baryon-to-photon ratio also
haraterizes the amount of asymmetry between matter and antimatter in the universe:
17
ηB ≃ nB − nB
ηγ
. (1.62)
In the wake of this neessity for a primordial asymmetry, the key fous beomes un-
derstanding its physial origins. Although taking the asymmetry as an initial ondition
set by the Big Bang is perhaps the simplest solution, in the ontext of an inationary
universe this approah is strongly disfavored, for any pre-existing asymmetry would be
diluted away by the proliferation of entropy during reheating. Thus, the expetation is
that this exess of baryons over antibaryons must have been dynamially generated during
the evolution of the early universe. But the question of whether there are physial pro-
esses (within or beyond the SM) that would allow this to happen will need to be addressed.
1.3.2 Elements of baryogenesis
The puzzle of reating a baryon asymmetry from an initially symmetri state so that the
observed baryon-to-photon ratio an be aounted for is known as the baryogenesis problem.
While the mehanisms that an lead to this asymmetry an be quite dierent, they must
in general satisfy the three basi onditions for baryogenesis as pointed out by Sakharov
in 1967 [67℄: a dynamial model should ontain proesses that
1. violate baryon number, B,
2. violate C and CP , and
3. are out of thermal equilibrium.
17
From now on, ηB will be taken as a measure of the amount of matter-antimatter asymmetry in the
universe.
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These are often referred to as the Sakharov onditions. It should be noted at this point that,
later on, when we disuss the mehanism of baryogenesis via leptogenesis (see Se. 1.4),
these onditions will be extended to inlude lepton number (L) violation proesses. This
is beause an exess in L must be reated for that senario to work.
It is ustomary to assign a positive number B for baryons while their respetive an-
tipartile ounterparts are given a negative number B ≡ −B for their baryon number. The
rst Sakharov's riterion is obvious as no inrease or derease of baryon number B an
happen if all interations in the model are B onserving.
Owning to the fat that for every B violating interation whih involves a baryon,
X → qq, there will be a mirror proess, X → q q, for the orresponding antibaryon that
an reate an exat negative amount of B, no net B asymmetry may result if both types of
proesses are equally likely. Hene, Sakharov's seond ondition demands that C (harge
onjugation) and CP (harge onjugation plus parity ip) violations are neessary as they
will lead to dierent rates for the partile and antipartile proesses, i.e. Γ(X → qq) 6=
Γ(X → q q).
The ondition of deviation from thermal equilibrium for these proesses is essential
beause the Hamiltonian of the system under onsideration is usually assumed to be CPT
invariant (i.e. Θ−1HΘ = H, where Θ is the CPT operator andH denotes the Hamiltonian).
So, given the fat that baryon number is CPT -odd (i.e. Θ−1BΘ = −B), it an be easily
demonstrated that no baryon asymmetry an be generated in thermal equilibrium. Suppose
B(t) denotes the baryon number at time t. For a system in thermal equilibrium, we an
dene the thermal average for B(t) at temperature T by
〈B(t)〉T = Tr
[
B(t) e−H/T
]
, (1.63)
where e−H/T is the density operator. Given that the time evolution of baryon number is
B(t) = e−iHtB(0) eiHt, then we have
〈B(t)〉T = Tr
[
e−iHtB(0) eiHt e−H/T
]
,
= Tr
[
B(0) eiHt e−H/T e−iHt
]
,
= Tr
[
B(0) e−H/T
]
,
≡ 〈B(0)〉T . (1.64)
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In other words, a system in thermal equilibrium must be stationary. Furthermore, using
the CPT property of B and H, we an see that
〈B(t)〉T ≡ Tr
[
B(t) e−H/T
]
= Tr
[
ΘΘ−1B(t)ΘΘ−1e−H/T
]
,
= Tr
[
Θ−1B(t)ΘΘ−1e−H/T Θ
]
,
= Tr
[
−B(t) e−H/T
]
,
= −〈B(t)〉T , (1.65)
⇒ 〈B(t)〉T = 0 . (1.66)
So, the thermal expetation value of B vanishes in equilibrium. Consequently, baryogen-
esis annot sueed without the arrow of time provided by the departure from thermal
equilibrium.
It may ome as a surprise to some that standard eletroweak theory atually ontains
all of the above ingredients, and so in priniple at least, the baryogenesis problem may
be solved within the framework of the SM alone. The reason that SM interations are
insuient to produe the observed baryon asymmetry is beause preision experiments
on eletroweak proesses have plaed stringent onstraints on the allowed parameter spae.
In partiular, it is found that the CP violation observed in the quark setor [68℄ (e.g. inK0-
K¯0 or B0-B¯0 mesons system) is far too small [69℄ to give rise to the observed ηB . Moreover,
the present empirial lower limit on the Higgs mass, m
Higgs
> 114 GeV [70℄, implies that
the eletroweak phase transition annot be rst order [71, 72℄, making it diult for the
baryon number violating sphaleron proesses (see Se. 1.3.3) in the SM to go out of thermal
equilibrium
18
.
Although the SM per se annot solve the baryogenesis problem, the understanding of its
behavior at high energies plays a ruial role in nding a suitable extension that an work.
In partiular, the non-perturbative interations that an violate baryon and lepton num-
bers in the early universe are espeially important as we shall review in the next subsetion.
1.3.3 B + L anomaly and sphalerons
From the partile phenomenology at energy levels reahable by present-day experiments,
it seems that baryon (B) and lepton (L) numbers are onserved in all interations. In-
deed, B and L violations in the SM only enter in a subtle and non-perturbative way, and
18
See [73℄ for a more detailed disussion on the standard eletroweak baryogenesis theory.
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therefore, to a good approximation, they an usually be ignored. However, at the very
high temperatures typial of the early universe, these eets on partile evolution beome
prominent and must be taken into aount.
To see how B and L violations ome about while at the same time reoniling their
apparent onservation at low energies, it is instrutive to study the eletroweak theory at
both the lassial and quantum mehanial levels. A well known fat of the lassial SM
Lagrangian is that it has global U(1)B and U(1)L symmetries and is therefore invariant
under the following transformations of the quark and lepton elds:
U(1)B : q(x)→ q(x) eiθ ; ℓ(x)→ ℓ(x) , (1.67)
U(1)L : q(x)→ q(x) ; ℓ(x)→ ℓ(x) eiφ , (1.68)
where θ and φ are onstants. Noether's theorem then implies that the lassial JBµ and J
L
µ
urrents are onserved:
∂µJBµ = ∂
µ
∑
avors
olors
1
3
(
qLγµqL + uRγµuR + dRγµdR
)
= 0 , (1.69)
∂µJLµ = ∂
µ
∑
avors
(
ℓLγµℓL + eRγµeR
)
= 0 , (1.70)
where we have onveniently dened the baryon and lepton numbers for quarks and leptons
as: B
quark
= 1/3, B
lepton
= 0, L
quark
= 0 and L
lepton
= 1.
But due to the hiral nature of the eletroweak setor, quantum orretions through
the triangle anomaly [74℄ will render the divergenes (1.69) and (1.70) nonzero. The
situation an be made expliit by studying the anomaly equations for the LH and RH
hiral omponents of the vetor urrents, whih have the general form:
∂µ
(
ψLγµψL
)
= −cL g
2
G
32π2
F aµν F˜
µν
a , (1.71)
∂µ
(
ψRγµψR
)
= +cR
g2G
32π2
F aµν F˜
µν
a , (1.72)
where ψL,R denotes any of the LH or RH quark and lepton elds, cL and cR are on-
stants
19
, and gG is the gauge oupling of some gauge group G, with F
a
µν and F˜
µν
a being
the orresponding eld strength and dual tensor respetively.
Analysing this for the SM gauge group, SU(3)c ⊗ SU(2)L ⊗ U(1)Y , one an dedue,
19
They do however depend on the representations of ψL,R.
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after some algebra, that:
∂µJBµ = ∂
µJLµ =
Nf
32π2
(
−g2W aµνW˜ µνa + g′2BµνB˜µν
)
, (1.73)
where g and g′ are the gauge ouplings of SU(2)L and U(1)Y respetively, with W aµν and
Bµν the orresponding eld tensors, and Nf denotes the number of generations. It should
be mentioned that no SU(3)c related elements appear in (1.73) beause gluons ouple to
all quark urrents with the same strength regardless of hirality (and leptons do not ouple
to them at all). As a result, cstrongL = c
strong
R in the SU(3)c version of (1.71) and (1.72),
and so the anomaly anels for this sub-setor.
Another important observation from (1.73) is that ∂µJBµ and ∂
µJLµ are idential and
hene,
∂µ
(
JBµ − JLµ
)
= 0 . (1.74)
In other words, the B−L quantum number is stritly onserved in the SM. However, it is
also lear from (1.73) that B + L must be violated. To dedue the orresponding hange
in the B + L quantum number, one must evaluate the Eulidean integral of ∂µ(JBµ + J
L
µ )
over d4x:
∆(B + L) ≡
∫
d4x ∂µJB+Lµ =
∫
d4x
2Nf
32π2
(
−g2W aµνW˜ µνa + g′2BµνB˜µν
)
, (1.75)
= 2Nf ∆Ncs , (1.76)
where ∆Ncs = ±1,±2, . . . is the hange in the Chern-Simons number. This is typial of
any non-abelian gauge theory (like the SM) where innitely many degenerate vaua exist.
The transitions among these ground states orrespond to jumps between the dierent
topologial setors of the gauge theory, whih are lassied by the Chern-Simons numbers.
The main onsequene of relation (1.76) is that for the SM with Nf = 3, the smallest
hange in B + L must be ±6 (or more preisely at least ±3 for ∆B and ∆L). Also, from
(1.73), we note that Bi − Bj and Li − Lj , where i and j are family indies, must be
onserved by sphaleron proesses in addition to B − L. Therefore, a quantum transition
from one ground state to another whih results in ∆Ncs = ±1 will give rise to the following
12-fermion interation whih involves all three families:
vauum ↔ uL dL dL ℓLe cL sL sL ℓLµ tL bL bL ℓLτ , (1.77)
where ℓLα (α = e, µ or τ) is either the LH harged or neutral lepton. Note that reation
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(1.77) onserves olor and eletri harge.
However, sine the degenerate vaua in dierent topologial regions of the eld spae
are separated by a potential barrier [75℄ with energy, E
sph
(alled the sphaleron energy), for
any small gauge eld quantum utuations around the perturbative vauum, transitions
with ∆Ncs 6= 0 are negligible. It has been shown that quantum tunnellings through suh
barriers due to instantons are exponentially suppressed at zero temperature [76℄, with
transition rate: ΓT=0 ∼ e−16π2/g2 ≃ O (10−165).
For nite temperatures, transition between gauge vaua an happen at a muh greater
rate beause of (non-perturbative) thermal utuations
20
over the barrier [77, 78℄. De-
pending on whether the temperature T is above or below the ritial temperature, T
ew
,
for eletroweak symmetry restoration, the transitions will proeed at signiantly dierent
rates. It has been shown that for T < T
ew
≃ 100 GeV, the rate is Boltzmann suppressed
by e−Esph/T [78,79℄, whereas for T > T
ew
, the rate ΓT>Tew
sph
is proportional to T 4 (at leading
order) [80, 81℄. Therefore, in the early universe where T ≫ T
ew
, these sphaleron proesses
are very potent, while at low temperatures suh as those aessible in onventional exper-
iments, baryon and lepton violations due to quantum orretions are physially irrelevant,
and B and L an be regarded as onserved quantities to good approximation.
By omparing the sphaleron rate ΓT>Tew
sph
with the Hubble expansion rate at T :
H ≃ 1.66√g∗s T 2M
Pl
, (1.78)
where g∗s is the number of relativisti degrees of freedom and MPl ≈ 1.22 × 1019 GeV is
the Plank mass, one an hek that for T in the range:
T
ew
≃ 100 GeV < T . 1012 GeV , (1.79)
B + L violating sphaleron interations are in thermal equilibrium. This observation is im-
portant beause Sakharov's 3rd ondition then implies that any baryogenesis mehanism
whih operates above T
ew
annot generate an exess of B and L unless they also violate
B − L. The reason for this is that B − L is onserved by the sphaleron proesses, and
therefore, any asymmetry in B−L generated from other interations in the model will not
be erased. We will make good use of this fat later on in Se. 1.4.
20
In this work, we shall refer to all suh vauum transitions as sphaleron proesses or simply
sphalerons although, stritly speaking, these proesses indued by thermal utuations are unrelated
to the sphaleron saddle-point solution that inuenes the quantum tunnellings.
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1.3.4 CP violation in heavy partile deays
As mentioned in Se. 1.3.2, a key ingredient for B asymmetry generation is the ondition
of CP violation in proesses that an reate baryon number. Given that B + L violating
sphalerons are in thermal equilibrium during the epoh of interest and hene would not be
able to reate an exess of B regardless of their CP properties, it is useful to investigate
other type of proesses that may do the job. However, no SM interations (besides those
indued by sphalerons) violate B, and therefore one must invoke physis beyond the SM.
A typial way to do this is to expand the partile ontent with exoti heavy partiles
and inlude new (B violating) interation terms that ouple them to other onstituents of
the model. Suh heavy partiles ould be a byprodut of the enlargement in the model's
symmetry as typial in grand uniation theories (GUTs) and supersymmetry (SUSY)
models. However, their preise origins are not of onern in the urrent disussion.
To illustrate how CP violation an arise in the deay of suh heavy partiles, we onsider
a toy model with a set of exoti partiles Xk's whih an interat with other fermions qj 's
and salars ξ's through the Yukawa terms:
L
int
= hjk qj ξ Xk + h.. , (1.80)
where indies j, k = 1, 2, . . . are labels for the dierent partiles within a set and hjk
denotes the oupling whih is a omplex quantity in general. The tree-level Feynman
diagram for the deay of Xk indued by this term is shown in Fig. 1.5. Suppose that there
are other interations besides (1.80) and that they link Xk to a nal state with a dierent
baryon number to the state qj ξ, then the deay of Xk must violate B. Without loss of
generality, let us assume that the deay: Xk → qj ξ gives a hange of ∆BX = +1, while
the antipartile deay: X¯k → q¯j ξ¯ has ∆BX¯ = −1, then the CP asymmetry in baryon
number produed by these deays an be quantied by
εCP =
∆BX Γ(Xk → qj ξ)
Γ
tot
+
∆BX¯ Γ(X¯k → q¯j ξ¯)
Γ
tot
,
=
(+1)Γ(Xk → qj ξ) + (−1) Γ(X¯k → q¯j ξ¯)
Γ
tot
,
=
Γ− Γ¯
Γ
tot
, (1.81)
where Γ
tot
= Γ + Γ¯ is the total deay rate with Γ ≡ Γ(Xk → qj ξ) and Γ¯ ≡ Γ(X¯k → q¯j ξ¯).
As expeted, (1.81) onrms the requirement of unequal rates for partile and antipartile
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Xk
hjk
qj
ξ
Figure 1.5: Tree-level Feynman diagram for the heavy partile deay of Xk → qj ξ, where the arrow denotes
the ow of baryon number.
XmXk
qn
qj
ξ
h∗nk
hjm
hnm(a)
qj
ξ
Xm
Xk
qn(b)
h∗nk hnm
hjm
Figure 1.6: Feynman graphs of the (a) one-loop vertex orretion for Xk → qj ξ and (b) the orresponding
one-loop self-energy orretion.
deays in order to produe an asymmetry in baryon number. Therefore, we seek the general
onditions under whih Γ and Γ¯ an be dierent.
It turns out that beause of CPT invariane, there an never be a dierene between
Γ and Γ¯ if one only onsiders the tree-level proess depited in Fig. 1.5 as Γ = |hjk|2Itree =
|hjk|2I¯tree = Γ¯, where the kinemati fators Itree and I¯tree, whih ome from integrating
over phase spae, are neessarily equal. As a result, one must go beyond the lowest order
21
.
The rst nonzero ontribution to εCP omes from the interferene between the tree-level
graph and the one-loop orretions shown in Fig. 1.6. Writing out the terms up to O (h4)
in the ouplings, we have:
Γ =
∫
phase-
spae
∣∣∣∣∣ + ︸ ︷︷ ︸
1-loop graphs
+ · · ·
∣∣∣∣∣
2
,
=
∫
phase-
spae
∣∣∣∣∣
∣∣∣∣∣
2
+
( )†( )
+
( )†( )
+ · · · ,
= |hjk|2Itree + h∗jkhjmhnmh∗nk Iloop + hjkh∗jmh∗nmhnk I∗loop +O
(
h6
)
, (1.82)
where I
loop
denotes the kinemati fator assoiated with the one-loop diagrams in Fig. 1.6
that aounts for integration over the phase spae of nal states, as well as any internal
21
We will present a general proof of this in Se. 4.3.1
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loop momenta. Repeating this for the antipartile deay, one obtains
Γ¯ = |hjk|2Itree + hjkh∗jmh∗nmhnk Iloop + h∗jkhjmhnmh∗nk I∗loop +O
(
h6
)
, (1.83)
where we have used the fat that I¯
loop
≡ I
loop
. So, putting (1.82) and (1.83) into the
denition for εCP in (1.81) and ignoring the higher order terms, we have
εCP =
1
Γ
tot
(
Ah Iloop +A
∗
h I
∗
loop
−A∗h Iloop −Ah I∗loop
)
, (1.84)
where Ah ≡ h∗jkhjmhnmh∗nk and Γtot ≃ 2|hjk|2Itree to the lowest order. Thus,
εCP =
1
Γ
tot
(Ah −A∗h)
(
I
loop
− I∗
loop
)
,
=
1
Γ
tot
2iIm (Ah) 2iIm (Iloop) ,
= − 4
Γ
tot
Im
(
h∗jkhjmhnmh
∗
nk
)
Im (I
loop
) . (1.85)
Equation (1.85) is the main result of this setion. It highlights the three essential ingre-
dients required for any model to have a nonzero CP asymmetry. Firstly, the ouplings h
must be omplex so that the imaginary part of their produts are in general non-vanishing.
Seondly, there must be at least two heavy partiles Xk present in the model beause if
k = m in (1.85), then Im(h∗jkhjmhnmh
∗
nk) = Im(|hjk|2|hnk|2) = 0 and no asymmetry an
be generated. Thirdly, the Im (I
loop
) term demands that the mass of Xk must be greater
than the ombined mass of the two intermediate state partiles: qn and ξ. This is beause
the imaginary part of the internal loop funtion orresponds to the on-shell ontribution
of the diagram, and hene kinematial restrition implies that Xk must be heavy enough
in order to give εCP 6= 0. Also, the dependene on Im (Iloop) indiates why self-energy loop
graphs of Fig. 1.6b are atually relevant and an ontribute to the overall asymmetry [82℄.
This is the typial way in whih CP violation enters in many of the baryogenesis
senarios, inluding thermal leptogenesis (see Se. 1.4). It will also forms the ornerstone
of our disussion in Chapter 4.
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1.4 Thermal leptogenesis
The failure of the minimal SM to dynamially generate the orret amount of baryon
asymmetry together with the fat that SM sphalerons stritly onserve the B−L quantum
number have prompted us to look for new physis that an violate lepton number L when
takling the baryogenesis problem. As was hinted in the beginning of Se. 1.2.3, suh
new physis ould be losely related to neutrino mass models. Indeed, if neutrinos are
Majorana, then the indued dim-5 mass term of (1.25): y2ℓL φφ
T ℓcL/Λ, will violate L by
two units. Therefore, it is natural to ask whether suh lepton violating interations an
atually lead to the observed baryon asymmetry.
In order to answer this, we must rst takle the question of whether, in priniple, a
lepton asymmetry an be turned into a baryon asymmetry during the primordial evolu-
tion, and if so, whether this an be ahieved without introduing more new physis. Upon
loser inspetion, one realises that both are possible, and the mehanism that an imple-
ment this onversion is the SM sphalerons. Reall from Se. 1.3.3 that the non-perturbative
sphalerons will give rise to the 12-fermion interations of (1.77) when the ambient environ-
ment is hot enough. In addition, for temperatures in the range of 102 . T . 1012 GeV,
these 12-fermion interations are in thermal equilibrium, and hene, one an write down a
relation among the various hemial potentials µX of partile speies X in the primordial
plasma for this proess as:
∑
avor α
(µuαL + 2µdαL + µναL) = 0 , (1.86)
where subsripts uαL, dαL and ναL denote LH up-type quark, down-type quark and neu-
trino speies respetively. Moreover, sine eletroweak symmetry is restored in this epoh
of the early universe, the sum of hyperharge (Y ) of all partile speies must vanish, thus:
Y = 2µH +
∑
avor α
(µuαL + µdαL + 2µuαR − µdαR − µeαR − µeαL − µναL) = 0 , (1.87)
where H is a generi symbol for either one of four degrees of freedom of the omplex doublet
Higgs, φ+, φ0, φ−, φ0∗, while uαR, dαR and eαR are the RH up-type quark, down-type quark
and harged lepton speies respetively, and eαL denotes the LH harged lepton speies. In
(1.87), we have impliitly summed over olors for the quarks and set µφ+ = µφ0 = µφ− =
µφ0∗ ≡ µH sine they belong to the same doublets. Similarly, we expet µuαL = µdαL and
µeαL = µναL by the same argument. Depending on the temperature of the plasma, some
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or all of the following SM Yukawa interations an also be in equilibrium:
φ0 ↔ d¯αR dβL , φ+ ↔ d¯αR uβL ,
φ0∗ ↔ u¯αR uβL , φ− ↔ u¯αR dβL ,
φ0 ↔ e¯αR eβL , φ+ ↔ e¯αR νβL . (1.88)
When all the proesses (with arbitrary ombination in avors α and β) in (1.88) are in
thermal equilibrium, all LH or RH up-quark, down-quark, harged lepton and LH neutrino
avor states will be adequately mixed, and one may then assume that µfαL,R = µfβL,R for
all α, β where f denotes u, d, e or ν. Using this approximation and equating the hemial
potentials, one gets three more relations:
µqL − µdR − µH = 0 , µqL − µuR + µH = 0 , µℓL − µeR − µH = 0 , (1.89)
where we have dropped the avor index and set µqL ≡ µuL = µdL and µℓL ≡ µνL = µeL .
If we assume that all partile speies involved are approximately massless and behave
as a weakly oupled relativisti gas at this temperature, then we an invoke the standard
result [66, 83℄:
nX − n¯X = gi T
3
6
[
µX
T
+O
(
µ3X
T 3
)]
, (1.90)
whih relates the asymmetry in the fermion and antifermion number densities to their
hemial potentials
22
and subsequently write down the relations for baryon and lepton
number:
B =
∑
avor
(2µqL + µdL + µdR) , (1.91)
L =
∑
avor
(2µℓL + µeR) . (1.92)
Solving (1.86), (1.87), (1.89), (1.91) and (1.92) simultaneously for B and expressing the
answer in terms of B − L or L, we arrive at the key result [83, 84℄
B =
28
78
(B − L) = −28
51
L , (1.93)
from whih one an onlude that an initial B − L asymmetry an be partially onverted
into a B asymmetry by sphalerons and other SM proesses.
22
Here, gi denotes the number of internal degrees of freedom.
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Given this relationship between B and L, we an indeed takle the problem of baryoge-
nesis by rst nding a solution for leptogenesis. As mentioned before, models with massive
Majorana neutrinos naturally provide a soure of lepton violation an essential riterion
for generating a L asymmetry dynamially, and thus it is partiularly fruitful to study
them in this ontext beause the new physis introdued to give neutrinos a mass may
simultaneously explain the osmi baryon asymmetry.
In this work, we are espeially interested in the leptogenesis senario involving type I
seesaw models [85℄ beause, in our opinion, it presents the most elegant solution to both
the smallness of neutrino masses and the observed baryon-to-photon ratio, while it only
requires a rather modest extension of the SM. Although we shall not disuss the leptogenesis
impliations of the other neutrino mass generation methods (see Se. 1.2.4 and 1.2.5), it
should be added in passing that leptogenesis based on type II [86,87℄, type III [88℄ seesaw,
as well as Babu-Zee type models [89℄ are also possible
23
.
1.4.1 Leptogenesis with hierarhial RH neutrinos
The lassi leptogenesis senario of Fukugita and Yanagida [85℄, whih we shall often refer
to as the standard ase in our subsequent disussions, involves taking the type I seesaw
Lagrangian of (1.27) with (usually) three heavy RH Majorana neutrinos, so that the L
violating Yukawa interations between the RH neutrinos and the ordinary LH leptons an
generate a B − L asymmetry during the primordial times. Furthermore, it is ustomary
to assume that the spetrum of the RH neutrino masses in this senario is hierarhial,
and therefore the asymmetry reated will be dominated by the deays of the lightest RH
neutrinos (denoted N1) due to the eient washout of any N2,3-generated asymmetries by
N1 mediated ∆L 6= 0 sattering proesses in equilibrium.
To enuniate these ideas, we begin by rewriting Lagrangian (1.27) in the mass eigenbasis
of the heavy RH neutrinos (and with some notation hanges
24
):
L
int
= −yαβ ℓα φ˜ eβ − hjk ℓj φNk − 1
2
NkMkNk + h.. , (1.94)
where avor indies α, β, j an be one of e, µ or τ , and k = 1, 2, 3 are labels for the lightest
to heaviest RH neutrinos (with mass Mk). The SU(2)L doublets: ℓα = (νL, eL)
T
α and
23
Heneforth, we shall often refer to leptogenesis in type I seesaw models as simply leptogenesis.
24
For the ease of presentation, we shall disregard the small subtleties involving the preise denitions of
N or ν used before when explaining the seesaw mehanism (see Se. 1.2.3), and simply denote the heavy
RH Majorana neutrinos with N ≡ νR
′ + (νR
′)c where νR
′
is the mass eigenstate after the hange of basis
from νR.
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Figure 1.7: The (a) tree-level, (b) one-loop vertex orretion, and () one-loop self-energy orretion
graphs for the deay: Nk → ℓj φ.
φ = (φ0, φ−)T have their usual meanings, with φ˜ = iσ2φ∗ being the harge onjugate
Higgs. The Yukawa ouplings hjk ℓj φNk in (1.94) an then indue heavy RH neutrino
deays via two hannels:
Nk →
 ℓj + φ ,ℓj + φ , (1.95)
whih violate lepton number by one unit. All Sakharov's onditions for leptogenesis will be
satised if these deays also violate CP and go out of equilibrium at some stage during the
evolution of the early universe. As shown in Se. 1.3.4, the requirement for CP violation
means that oupling matrix h in (1.94) must be omplex and the mass of Nk must be
greater than the ombined mass of ℓj and φ, so that interferenes between the tree-level
proess (Fig. 1.7a) and the one-loop orretions (Fig. 1.7b, ) with on-shell intermediate
states will be nonzero. Clearly, both of these are possible as type I seesaw mehanism
naturally implies a very large Mk in order to indue small LH neutrino masses, while
it does not forbid the presene of CP violating phases in the RH neutrino setor. The
ondition of thermal non-equilibrium is ahieved when the expansion rate of the universe
exeeds the deay rate of Nk. One may quikly hek using (1.78) that this is atually
possible for a wide range of mass Mk.
So, with all the essential ingredients for leptogenesis positively identied, the remaining
question is whether quantitatively this model an generate the orret amount of asymme-
try, and if so, what are the onstraints (if any) on the parameter spae. To this end, using
the denition of (1.81) for L, we begin by writing down the CP asymmetry in the lepton
number prodution due to Nk deays:
εkj =
Γ(Nk → ℓj φ)− Γ(Nk → ℓj φ)
Γ(Nk → ℓj φ) + Γ(Nk → ℓj φ)
. (1.96)
If we assume that the evolution of the L asymmetry is avor blind (a ondition that
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we shall relax in the next subsetion), then we are only interested in the quantity after
summing over lepton avor j. In addition, for hierarhial RH neutrinos, we have the N1-
dominated senario, and therefore, we an set k = 1. Expliit alulation of the interferene
terms will then result in [9092℄:
25
ε1 =
1
8π
∑
m6=1
Im
[
(h†h)21m
]
(h†h)11
{
fV
(
M2m
M21
)
+ fS
(
M2m
M21
)}
, (1.97)
where fV (x) and fS(x) are given by
fV (x) =
√
x
[
1− (1 + x) ln
(
1 + x
x
)]
and fS(x) =
√
x
1− x (1.98)
whih denote the vertex and self-energy ontributions respetively. The tree-level N1 deay
rate (at T = 0) used to alulate the denominator of (1.96) with j summed is given by:
Γ(N1 → ℓ φ) ≡ Γ(N1 → ℓ φ) = (h
†h)11
16π
M1 . (1.99)
Suppose that |hjk| ≤ |h33| for all j and k, then in the hierarhial limit of M1 ≪M2,3,
the seesaw relation gives:
m3 ≃ |h33|
2 〈φ〉2
M3
, (1.100)
where m3 is mass of the heaviest LH neutrino. Assuming these onditions, and using the
fat that
|fV (x) + fS(x)| ≃ 3
2
√
x
, for x≫ 1 , (1.101)
one an estimate the CP asymmetry as
|ε1| ≃ 3
16π
|h33|2
(
M1
M3
)
sin δN , (1.102)
=
3
16π
m3M1
〈φ〉2 sin δN , (1.103)
where in the last line we have used (1.100). The quantity: sin δN , is a measure of the
amount of CP violation in the deay with δN = arg
[
(h†h)213
]
whih is in general dierent
from the CP phase appearing in neutrino osillations. Relation (1.103) implies that the size
of |ε1| annot be arbitrarily large for a givenM1. Taking m3 ≃ 0.05 eV and 〈φ〉 ≃ 174 GeV,
25
We will illustrate how to alulate this result expliitly as part of the disussion in Chapter 4.
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one gets a useful ballpark estimate of the maximum CP asymmetry as
|ε1|max ≈ 10−6
(
M1
1010 GeV
)
. (1.104)
Within the type I seesaw paradigm, this result atually holds in general as long as the LH
neutrinos are strongly hierarhial [93℄.
Taking Eq. (1.104) at fae value, it appears that leptogenesis should be able to produe
the orret baryon-to-photon ratio of ηB ≃ 10−10 quite easily by simply tuning δN and
M1. While this freedom to adjust ε1 (partly) ensures the eventual suess of baryogenesis
via leptogenesis quantitatively, the solution to the problem is atually quite subtle and
involves arefully traking the evolution of the N1's abundane in the thermal plasma, as
well as the B − L asymmetry they generate.
It is not diult to visualise the reasons for these subtleties. Firstly, to have N1 deays
happening, the plasma must ontain a nonzero amount of them. If ination or some other
mehanism implies that the initial N1 density is zero, then one needs to work out whether
the N1-sattering proesses involving SM partiles would be strong enough to generate
a suient amount of N1's so that their subsequent deays an give rise to the orret
asymmetry. Seondly, if the ∆L 6= 0 interations suh as the inverse deay (ℓ φ→ N1) are
too strong, they may washout any asymmetry already generated. Hene, depending on
when these proesses go in (or out) of thermal equilibrium, they may have a substantial
eet on the nal asymmetry. This interplay between N1 generation and washout eets
demands a loser study into the evolution of all partile speies involved, and as a result,
one must solve the relevant Boltzmann transport equations.
In general, the Boltzmann equation for partile speies a has the form:
ÔL fa(p) = −1
2
C [fa(p)] , (1.105)
where ÔL denotes some Liouville operator, fa(p) is the phase-spae density funtion of
speies a, and C [fa(p)] is the so-alled ollision integral whih is dened by
26
C [fa(p)] ≡
∑
aX↔Y
∫
dwX dwY (2π)
4δ4(pa + pX − pY )
× [fafX |M(aX → Y )|2 − fY |M(Y → aX)|2] , (1.106)
where X and Y denote some multipartile states and all allowed proesses aX ↔ Y are
26
We have made the simpliation that all speies obey Maxwell-Boltzmann statistis. See e.g. [66, 94℄.
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summed. The transition amplitude with all internal degrees of freedom in both initial
and nal states averaged, and with the appropriate symmetry fators aounted for, is
represented by |M(. . .)|2, whilst
pX,Y =
∑
b∈X,Y
pb , fX,Y =
∏
b∈X,Y
fb , and dwX,Y =
∏
b∈X,Y
dwb , (1.107)
with the measure given by
dwb =
gb d
3pb
2Eb(2π)3
, (1.108)
where gb and Eb are the number of internal degrees of freedom and the total energy of
speies b respetively. In alulations, one is onerned with the number density of a
partile speies whih is related to the phase-spae distribution via
nb =
gb
(2π)3
∫
d3pb fb(p) . (1.109)
So, integrating (1.105) to put it in terms of number density and using the fat that the
Liouville operator representing an isotropi and homogeneous (Robertson-Walker) universe
is [66, 95℄
ÔL fa(p) ≡ Ea ∂fa
∂t
−H|~pa|2 ∂fa
∂Ea
, (1.110)
where H is the Hubble parameter, one an express the LHS of (1.105) as
1
2Ea
ga
(2π)3
∫
d3pa ÔL fa(p) =
ga
2 (2π)3
∫
d3pa
[
∂fa
∂t
−H |~pa|
2
Ea
∂fa
∂Ea
]
,
=
1
2
[
dna
dt
+ 3Hna
]
, (1.111)
where we have also divided through by 2Ea. Similarly, the RHS of (1.105) beomes
−1
2
C [fa(p)] = −1
2
∑
aX↔Y
∫
dwa dwX dwY (2π)
4δ4(pa + pX − pY )
× [fafX |M(aX → Y )|2 − fY |M(Y → aX)|2] , (1.112)
= −1
2
∑
aX↔Y
∫
dwa dwX dwY (2π)
4δ4(pa + pX − pY )
×
[
na
neqa
f eqa
(∏
b∈X
nb
neqb
f eqb
)
|M(aX → Y )|2
−
(∏
c∈Y
nc
neqc
f eqc
)
|M(Y → aX)|2
]
, (1.113)
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where we have assumed that all partiles are in kineti equilibrium so that fi ≡ (ni/neqi )f eqi
with f eqi = e
−Ei/T
being the equilibrium distribution for Maxwell-Boltzmann statistis and
neqi the orresponding number density.
It is onvenient to dene the thermally averaged reation density as
γ(aX → Y ) =
∫
dwa dwX dwY (2π)
4δ4(pa + pX − pY ) f eqa f eqX |M(aX → Y )|2 ,
≡ neqa
(∏
b∈X
neqb
)
〈σ(aX → Y ) |~v|〉 , (1.114)
where 〈σ|~v|〉 is the thermally averaged ross setion times the relative veloity of the
interating partiles. For deays, γ(a → Y ) is related to the more familiar thermally
averaged reation rate 〈Γ(a→ Y )〉 via
γ(a→ Y ) = neqa 〈Γ(a→ Y )〉 , (1.115)
= neqa
K1(z)
K2(z) Γ0(a→ Y ) , z ≡
ma
T
, (1.116)
where Γ0(a→ Y ) is the deay rate at temperature T = 0 (usually obtained from quantum
eld theory alulations), ma is the mass of the partile a and Kn(z) denotes the nth order
modied Bessel funtion of the seond kind. In the ase of two-body sattering γ(ab→ Y ),
one has
γ(ab→ Y ) = T
64π4
∫ ∞
(ma+mb)2
ds
√
s K1(
√
s/T ) σ̂(s) , (1.117)
where s is the squared entre-of-mass energy and σ̂(s) is the redued ross setion for
the proess with s σ̂(s) = 8
[
(pa · pb)2 −m2am2b
]
σ(s), where σ(s) is the usual total ross
setion.
Using denition (1.114) and equating (1.111) and (1.113), the Boltzmann equation for
partile evolution in the expanding universe beomes:
dna
dt
+ 3Hna = −
∑
aX↔Y
[
na
neqa
(∏
b∈X
nb
neqb
)
γ(aX → Y )−
(∏
c∈Y
nc
neqc
)
γ(Y → aX)
]
,
(1.118)
with the term 3Hna signifying the hange in na due to the expansion.
Returning to the leptogenesis senario, we identify that the quantities of interest are
the number densities of N1 and B−L (with baryon and lepton number dened in the usual
way). So, onsidering all proesses up to seond order, we note that besides the tree-level
interation (N ↔ ℓφ¯) of Fig. 1.7a, there are s-hannel Nℓ↔ qLt¯R (Fig. 1.8a) and t-hannel
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Figure 1.8: The∆L = ±1 proesses that an inuene nN1 and nB−L: (a) s-hannel sattering Nℓ↔ qLt¯R,
(b) t-hannel sattering NtR ↔ qL ℓ¯, () t-hannel sattering NqL ↔ tRℓ. Here qL denotes the 3rd
generation of the quark doublet.
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Figure 1.9: The ∆L = ±2 s- and t-hannel sattering proesses mediated by N .
NtR ↔ qLℓ¯, NqL ↔ tRℓ (Fig. 1.8b, ) sattering proesses that an alter the abundane of
N1. For the evolution of B − L, in addition to these, there are also ∆L = ±2 sattering
proesses mediated by N1 (Fig. 1.9) whih an be important.
Sine CP violation in the deay of N1 is responsible for reating a nonzero B − L,
it is onvenient to parametrize the thermally averaged deay densities suh that they
enapsulate this information:
γ(N1 → ℓφ¯) ≡ γ(ℓ¯φ→ N1) = (1 + ε1)γD , (1.119)
γ(N1 → ℓ¯φ) ≡ γ(ℓφ¯→ N1) = (1− ε1)γD , (1.120)
where γD is the tree-level deay density whih is related to the rate given in (1.99). It an
be easily heked that
ε1 =
γ(N1 → ℓφ¯)− γ(N1 → ℓ¯φ)
γ(N1 → ℓφ¯) + γ(N1 → ℓ¯φ)
, (1.121)
whih is onsistent with the denition of ε1 given in (1.96).
Assuming that all partiles exept N1, ℓ and ℓ¯ are in thermal equilibrium (i.e. nb ≡ neqb ),
and that for all sattering proesses γ(aX → Y ) ≡ γ(Y → aX) to good approximation,
then one an put all these together into (1.118) and obtain the following evolution equation
for nN1 :
dnN1
dt
+ 3HnN1 = −2
[
nN1
neqN1
− 1
]
(γD + γφ,s + 2γφ,t) +O
(
ε1,
µℓ
T
)
, (1.122)
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where γφ,s and γφ,t are thermally averaged reation densities for the s-hannel and t-hannel
proesses respetively, and µℓ is the hemial potential for ℓ. The overall fator of 2 in
front reets the fat that there are two hannels linking N1 to ℓ and φ for eah graph,
while the extra fator of 2 for γφ,t is due to the presene of two inequivalent t-diagrams
27
.
In the ase of nB−L, the situation is slightly more subtle as there is a non-negligible
CP violating ontribution oming from the ∆L = ±2 s-hannel sattering mediated by an
on-shell N1, whih must be properly taken into aount [94,96,97℄. To this end, one needs
to subtrat the term orresponding to the real intermediate state for N1 from the full ross
setion of the ℓφ¯↔ ℓ¯φ proesses 28. Therefore, using the notations of (1.119) and (1.120),
we an write down the reation densities for these ∆L = ±2 satterings with the on-shell
part subtrated as
γ˜(ℓφ¯→ ℓ¯φ)s = γ(ℓφ¯→ ℓ¯φ)s + ε1γD ≡ γN,s + ε1γD , (1.123)
γ˜(ℓ¯φ→ ℓφ¯)s = γ(ℓ¯φ→ ℓφ¯)s − ε1γD ≡ γN,s − ε1γD , (1.124)
where subsript s denotes s-hannel. To obtain the expression for nB−L, one must rst
write down the Boltzmann equation for nℓ¯ and then subtrat from it the orresponding
one for nℓ. Applying the same assumptions as before and keeping all terms up to O (ε1),
the evolution equation for nB−L beomes 29
dnB−L
dt
+ 3HnB−L = −2 ε1
[
nN1
neqN1
− 1
]
γD − nB−L
neqℓ
γW +O
(
ε21,
µℓ
T
)
, (1.125)
where the reation density for washout is given by
γW ≡ γD + nN1
neqN1
γφ,s + 2γφ,t + 2γN,s + 2γN,t . (1.126)
The preise expressions for the amplitudes and ross setions whih give rise to these
reation densities an be found in [96100℄
30
. In alulations however, it is often better
to onsider the time evolution of the partile number Nb in some portion of the omoving
volume R3(t) whih ontains only one photon before the onset of leptogenesis, rather than
number density nb. This hange of variables will automatially take are of the eet due
27
See Appendix A.1 for more details on the derivation of Eq. (1.122).
28
Reent disussions on how to handle this an be found in [96, 97℄.
29
See Appendix A.2 for the omplete derivations.
30
It should be mentioned that [98100℄ have misalulated the CP violation ontribution from the real
intermediate state term of the ℓφ¯→ ℓ¯φ proesses, hene leading to a small overestimation of the washout
eets.
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to expansion. Alternatively, one an instead onsider the normalised quantity: Yb = nb/s,
where s is the entropy density, as many authors prefer to use (see for example [66℄). So
re-expressing (1.122) and (1.125) in terms of NN1 , NB−L while replaing the thermally
averaged reation densities with their orresponding reation rates, we get [96, 100℄
dNN1
dt
= −2(ΓD + Γφ,s + 2Γφ,t)(NN1 −N eqN1) , (1.127)
dNB−L
dt
= −2ε1ΓD(NN1 −N eqN1)− ΓWNB−L , (1.128)
where
ΓW ≡ ΓD + NN1N eqN1
Γφ,s + 2Γφ,t + 2ΓN,s + 2ΓN,t , (1.129)
and we have dropped the 〈..〉 around the rates for brevity. From Eq. (1.128), one an see
that in thermal equilibrium, i.e. NN1 = N eqN1 , any asymmetry in B−L will be washed out,
onrming the earlier laim.
This oupled set of Boltzmann equations may be solved numerially or (semi-)analytially
by asymptoti methods. Either way, the onlusion is that for a wide range of seesaw neu-
trino parameters, a nonzero exess of B − L an be generated [96, 100℄. Expliitly, if one
expresses the maximum baryon-to-photon ratio generated as
ηmaxB ≃ 0.96 × 10−2 |ε1|κmaxf , (1.130)
with κmax
f
denoting the maximum nal eieny fator obtained from solving the Boltz-
mann equations, and the pre-fator of 0.96×10−2 oming from the dilution due to imperfet
sphaleron onversion and photon prodution before reombination
31
, then one may diretly
restrit the possible neutrino parameter spae for suessful baryogenesis via |ε1| (and to
some degree κf beause the reation rates depend on the mass of N1 and the Yukawas).
In the best ase senarios where a maximum eieny fator of about κmax
f
≈ 0.18 is
ahieved [96, 100℄, and assuming strongly hierarhial LH neutrinos, then one obtains a
lower bound for the heavy RH neutrino mass M1 as
M1 & 3.5× 109 GeV , (1.131)
where we have used relation (1.104) and taken the value of ηB given by (1.59).
More generally, in many situations with M1 . 10
14
GeV, one has, to good approx-
31
See Chapter 2 for more details.
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imation, κf ≃ 2 × 10−2 [96℄. This then implies that a raw CP asymmetry of about
|ε1| ≃ 3× 10−6 is required for baryogenesis to sueed 32.
In summary, we have highlighted some of the essential features in quantitatively un-
derstanding the lassi leptogenesis senario of [85℄ whih has the type I seesaw setup as
its bakbone. Speially, we have disussed the standard situation where the heavy
RH Majorana neutrinos are strongly hierarhial. As a result, only the lightest of the
three RH neutrinos, N1, is expeted to ontribute signiantly to the nal asymmetry.
This is beause the B −L violating interations mediated by N1 would still be in thermal
equilibrium when N2,3 deayed away, and therefore any exess B − L produed by N2,3
would be erased. When the N1's eventually deay out-of-equilibrium, an exess of B − L
is reated through CP violating loop eets. Subsequently, this exess is onverted into a
B asymmetry by SM sphalerons.
The exat amount of B generated in this way depends ruially on the interplay between
the deay and washout proesses, as well as the raw CP asymmetry the neutrino model
under onsideration ontains. By studying the Boltzmann evolution of the partile speies
and the expliitly alulating the loop diagrams, both of these ruial ingredients may be
onveniently enapsulated into the eient fator (κf) and CP asymmetry (ε1) respetively.
Consequently, variations to the standard senario an be quantied by hanges in these
values.
Over the years, there has been a dramati inrease in the sophistiation of the quanti-
tative analysis of leptogenesis. Many previously negleted eets suh as thermal orre-
tions [97℄, spetator proesses [101, 102℄ and, above all, avor eets [103110℄ have been
onsidered in reent analyses. Other variations to the general sheme, inluding asymmetry
prodution dominated by the deays of the seond lightest RH neutrino N2 [114℄, resonant
leptogenesis [117122℄ and models with more than three heavy RH neutrinos [123℄, have
also reeived attention. In the next few subsetions, we will briey mention some of these
ideas whih go beyond the standard senario, and hint on how they may broaden the lass
of neutrino models that will lead to suessful leptogenesis.
1.4.2 Flavor eets in leptogenesis
So far, when disussing the leptogenesis impliations of the seesaw Lagrangian (1.94) on
page 34, we have been exlusively onentrating on the eets from the last two terms and
32
We shall make use of these ballpark gures in many of our analyses in this work.
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largely ignored the presene of the rst the harged lepton Yukawa oupling: yαβ ℓα φ˜ eβ.
This approah of negleting the harged lepton Yukawas
33
in the analysis of leptogenesis
is sensible as long as the ambient temperature in whih the signiant part of the N1
evolution takes plae is above 1012 GeV 34. Otherwise, the Higgs mediated harged lepton
proesses in equilibrium will destroy the oherent evolution of the lepton doublets produed
in the deays of N1, leading to avor eets [103110℄.
To understand the issue, let us onsider a generi lepton state |ℓ(1)〉 produed by the
out-of-equilibrium deay of N1. In the previous setion, what we have assumed is that the
lepton state and its antipartile ounterpart whih are some superpositions of avor eigen-
states |ℓα〉, i.e. |ℓ(1)〉 =
∑
α cα|ℓα〉, will undergo oherent evolution during the leptogenesis
era, and as a result we have summed over the nal state lepton avors in arriving at ε1.
But in the presene of rapid Yukawa interations
35
for eah lepton avor α, the state
|ℓ(1)〉 would quikly deohere and be projeted onto |ℓα〉. Consequently, it is the evolution
of |ℓα〉 (and not |ℓ(1)〉) that matters, whih in turn implies that the eieny fator (κα
f
)
is now avor dependent as we must write down a set of Boltzmann equations
36
for eah
lepton avor α:
dNN1
dt
= −ΓD(NN1 −N eqN1) , (1.132)
dNQα
dt
= −ε1αΓD(NN1 −N eqN1)− P 01αΓWNQα , (1.133)
where Qα ≡ B/3 − Lα and P 01α ≃ |〈ℓ(1)|ℓα〉|2 is the tree-level ontribution to the avor
projetor
37
whih signies the α-dependene in the washout term P 01αΓW in (1.133). In
fat, we see that the raw CP asymmetry ε1α, whih is dened through (1.96), and related
to ε1 via
ε1 =
∑
α
ε1α . (1.134)
need not be the same for dierent α.
All these extra features an now hange the original leptogenesis piture in a non-trivial
33
Stritly speaking, we have not ompletely ignored their eets as the onversion rate of SM sphalerons
depends highly on whether this term is present or not.
34
The more preise ondition is given in [103℄.
35
Without loss of generality, we will work in the harged lepton diagonal basis.
36
It should be noted that using the lassial Boltzmann equations to analyse avor eets due to de-
oherene is only appropriate when we are in the fully-avored regime, i.e. the harged lepton Yukawa
interations are either fully in (or out) of thermal equilibrium. Otherwise, the quantum deoherene eets
must be studied using the density matrix formalism (See for example [104, 107109℄). For our purposes
though the lassial approximation will be suient.
37
We delay the more detailed treatment of this to Chapter 2 where we study the impliations of avor
eets on a spei neutrino model.
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way. Firstly, one may imagine the situation where eah individual ε1α is nonzero while
their sum vanishes: ε1 = 0. As a result, in the one-avor approximation (i.e. the standard
senario) no asymmetry an be generated, while in the ase with avor eets inluded,
eah lepton asymmetry in avor α may evolve dierently and onspire to give a nonzero
overall result. This feature of ε1 = 0 but ε1α 6= 0 appears, for example, in models with a
CP onserving RH neutrino setor. To see this, it is helpful to work in the basis where the
harged lepton Yukawa and RH neutrino mass matries are real and diagonal. Then, the
neutrino Yukawa matrix h (see Lagrangian (1.94)) ontains all the neessary CP violating
phases that may manifest themselves in leptogenesis. Using the single value deomposition,
one an express matrix h as
h = VL diag(x1, x2, x3)V
†
R , xi ∈ R , (1.135)
where VL,R are an arbitrary unitary matries. This implies that the term of interest:
(h†h)1m is given by
(
VR diag(x
2
1, x
2
2, x
2
3)V
†
R
)
1m
, where VL has notieably disappeared.
Sine VR is diretly related to the RH neutrino mixings, the assumption that there is no CP
violating phases in the RH setor implies that VR must be real. Therefore, Im
[
(h†h)21m
]
= 0
and ε1 vanishes by virtue of result (1.97). However, for ε1α, one does not sum over avors
and instead of (h†h)1m the term of interest beomes (in index form)
h∗α1hαm =
∑
j,k
(V ∗L )αj xj (VR)j1 (VL)αk xk (VR)km , (1.136)
whih is in general omplex due to the presene of CP violating phases in VL, and thus ε1α
need not be zero. Moreover, sine the leptoni mixing matrix U
PMNS
is tightly onneted
to VL, this result indiates that for suh model, suessful leptogenesis must stem from low
energy CP violations in the lepton setor, in ontrast to the standard senario where this
diret link is absent for all viable neutrino models.
More generally, even in models where both the LH and RH setors ontain CP phases
that an lead to a lepton asymmetry, the dependene on the U
PMNS
remains as long as
avor eets are important. This opens up the possibility of diretly probing some of
the parameters of leptogenesis in low energy neutrino experiments. By the same token,
if leptogenesis is the orret theory for explaining the baryon asymmetry of the universe,
then this avored senario an provide important onstraints on the low energy Majorana
phases beyond those imposed by neutrinoless double beta deay. In the wake of this
onnetion, many authors have reently studied the impliations of the phases in U
PMNS
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on this leptogenesis senario with or without any assumptions on the CP violating RH
setor [110113℄.
There are of ourse other modiations to the standard setup one may expet from
the inlusion of avor eets. For instane, the riteria for whih initial onditions beome
important in the leptogenesis preditions may alter [110℄ and, in ertain regimes, the lower
bound on M1 shown in (1.131) gets relaxed by a fator of about 3 [107℄. But one general
onlusion is that by turning on avor eets, the parameter spae for whih leptogenesis
is suessful beomes somewhat larger, although in some ases the preditions are highly
dependent on the neutrino models employed.
1.4.3 N2-dominated senario
One major assumption in the previous disussions on leptogenesis (with or without avor
eets) is that the nal asymmetry is predominantly produed by the CP violating deay
of the lightest heavy RH neutrinos, N1. The justiation for this relies on having a strongly
hierarhial RH neutrino mass spetrum (M1 ≪ M2 ≪ M3) so that one typially has a
situation where either the lepton asymmetry generated by N2,3 is eetively washed out
by proesses mediated by N1 (i.e. κ
f
2,3 ≪ κf1), or the raw CP asymmetry of the N2,3 deay
is naturally suppressed ompare to that of N1 (i.e. |ε2,3| ≪ |ε1|), or both. However, this
onlusion of N1 dominane implied by the strong hierarhy in the RH neutrino masses is
not atually universal for all neutrino Yukawa matrix strutures, and there exists notable
speial ases where the asymmetry is primarily due to N2 [114℄
38
.
In order to identify the Yukawa strutures whih an simultaneously irumvent the
suppression of |ε2| ≪ |ε1|, as well as the washout problem due to N1, it is helpful to reast
the Yukawa matrix h in terms of a omplex orthogonal matrix, Ω, using the Casas-Ibarra
parametrisation [115℄:
h ≡ 1〈φ〉 UPMNSD
1/2
m ΩD
1/2
M , with Ω
TΩ = I , (1.137)
where D
1/2
m = diag(
√
m1,
√
m2,
√
m3) and D
1/2
M = diag(
√
M1,
√
M2,
√
M3) with m1,2,3 and
M1,2,3 denoting the LH and RH neutrino masses respetively, while 〈φ〉 is the Higgs VEV.
38
It turns out that for hierarhial RH neutrinos, the N3-dominate senario is not atually possible
(within the regime where initial onditions are unimportant) sine any asymmetry produed by N3 will be
washed out by either N1 or N2 mediated proesses. If one tries to irumvent this by onsidering the ase
of very weak washout from all proesses, then the model loses a lot of its preditive powers as the outome
will be strongly sensitive to initial onditions and the preise thermal history of the evolution.
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In deriving (1.137), we have used the type I seesaw relation in the basis where the harged
lepton and heavy neutrino mass matries are real and diagonal, i.e. mν ≃ −mDD−1M mTD
with mν = −U∗
PMNS
Dm U
†
PMNS
and mD = h〈φ〉. From denition (1.137), we then have
(h†h)jk =
√
MjMk
〈φ〉2
3∑
l=1
ml Ω
∗
lj Ωlk . (1.138)
Another quantity of interest is the so-alled eetive neutrino mass assoiated with the Nk
proesses [96, 99, 100, 114℄:
m˜k ≡
(m†DmD)kk
Mk
=
3∑
l=1
ml |Ω2lk| , k = 1, 2 or 3 , (1.139)
whih governs the rate at whih washout operates. It turns out that forM1 < 10
14
GeV, all
N1 related washout proesses are to good approximation proportional to m˜1 [96, 97, 100℄,
and hene it is a good measure as to whether washout due to N1 interations are strong
(m˜1 ≫ O
(
10−3
)
eV) or weak (m˜1 ≪ O
(
10−3
)
eV)
39
. Therefore, by using denitions
(1.138) and (1.139), it is easy to study the general behavior of ε1,2 and N1,2 washout
eets as Ω (or the neutrino Yukawa matrix struture) hanges.
Note that after applying the approximation of (1.101), the CP asymmetry due to N1
deays beomes
|ε1| ≃ 3
16π
∣∣∣∣∣∣
∑
m6=1
Im
[
(h†h)21m
]
(h†h)11
M1
Mm
∣∣∣∣∣∣ . (1.140)
Analogously, the ase for N2 is
|ε2| = 1
8π
∣∣∣∣∣∣
∑
m6=2
Im
[
(h†h)22m
]
(h†h)22
{
fV
(
M2m
M22
)
+ fS
(
M2m
M22
)}∣∣∣∣∣∣ ,
≃ 1
8π(h†h)22
∣∣∣∣2M1M2
(
1 + ln
[
M1
M2
])
Im
[
(h†h)221
]
− 3M2
2M3
Im
[
(h†h)223
]∣∣∣∣ , (1.141)
where the rst term in (1.141) whih involves x ≡ M21 /M22 ≪ 1 omes from the approxi-
mation:
fV (x) + fS(x) =
√
x
[
1− (1 + x) ln
(
1 + x
x
)]
+
√
x
1− x ,
≃ 2√x (1 + ln√x) , for x≪ 1 , (1.142)
39
We shall say more about this in Chapter 2.
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and we have employed (1.101) like before for the seond term whih has x ≡M31 /M22 ≫ 1.
With these expressions in hand, one an simply look for an Ω pattern whih an min-
imise |ε1| while keeping |ε2| non-negligible. It has been shown that for a hierarhial LH
neutrino spetrum (i.e. m1 ≈ 0), the following struture an ahieve this aim [114℄:
Ω =

1 0 0
0 Ω22
√
1− Ω222
0 −
√
1− Ω222 Ω22
 , (1.143)
where Ω22 is an arbitrary omplex number. Substituting this into (1.138), one immediately
nds that (h†h)1m = 0, and hene |ε1| = 0. But it an be heked that this form of Ω does
not lead to a vanishing |ε2| in general, and in fat a suiently large CP asymmetry is
possible [114℄. More importantly though, this asymmetry from N2 would not be washed
out by proesses involving the lighter N1. This an be seen from diretly evaluating (1.139)
for N1:
m˜1 = m1|Ω211|+m2|Ω221|+m3|Ω231| ,
= m1 ,
≈ 0 , sine m1 ≪ m2 ≪ m3 . (1.144)
In other words, m˜1 ≪ O
(
10−3
)
eV, whih means washout is very weak. So, with the
neutrino Yukawa struture implied by (1.143) and hierarhial LH neutrino masses, N2
deays an be the main soure of the nal lepton asymmetry produed, leading to the
so-alled N2-dominated senario.
One important onsequene of this is that the lower bound (1.131) on M1 is no longer
present and it is replaed by an analogous bound on M2 whih an signiantly hange the
onstraints on neutrino model building. In addition, when avor eets are inluded, the
prospet of a suessful N2-dominated asymmetry generation will inrease. This is beause
typially washout proesses from N1 are less eetive as ertain avor projetions of the
asymmetry may be proteted beause of the avor dependent property of the eieny
fators (see for example [116℄). Seondly, in the avored version of the raw CP asymmetry,
|ε2α|'s are not neessarily suppressed ompare to |ε1α|'s even in general [110℄. As a result
of this enlargement of the appliable parameter spae when avor eets are onsidered,
N2-leptogenesis ould be more important than previously thought and perhaps as relevant
as the N1 senario.
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1.4.4 Resonant leptogenesis
Another way to go beyond the standard senario of leptogenesis is to relax the ondition
that the heavy RH neutrinos are hierarhial. This possibility is logial as quasi-degenerate
RH neutrinos are not exluded by any existing experimental data nor are they forbidden
by the generi type I seesaw setup. Furthermore, as we shall explain below, an eet know
as resonant leptogenesis [117122℄ an our when the mass splitting between two RH
neutrinos beomes small enough, leading to enhanement of the CP asymmetry εj , and
onsequently, opening up new domains of appliability for thermal leptogenesis in general.
Similar to other analyses of leptogenesis, the two main issues of onern here are the
size of the CP asymmetry and the nal eieny fator. When onsidering the situation of
Mj ≃Mk for j 6= k more losely, we rst realise that, qualitatively, the washout rate must
inrease at T ≃ Mj,k beause L violating sattering proesses mediated by Mj and Mk
would both be ative, providing more ways to erase the generated asymmetry. Seondly,
we note that when we analyse the expression for εj previously, we have either employed
the approximation of Mk/Mj ≫ 1 as in (1.101) or Mk/Mj ≪ 1 in (1.142). However, a
quasi-degenerate RH neutrino spetrum demands the ondition of Mk/Mj = O (1), and
hene the limits on εj must be re-studied.
By inspeting the form of the loop funtions in (1.98) whih dene εj , we see that
the most interesting behavior must ome from the self-energy orretion term, fS(x) as
Mj →Mk sine naively
lim
x→1
fS(x) = lim
x→1
√
x
1− x = limMj→Mk
Mj Mk
M2j −M2k
, with x ≡M2k/M2j ,
?
=∞ . (1.145)
The apparent erroneous onlusion suggested by (1.145) is a result of the fat that on-
ventional nite-order perturbation theory, whih this formula was originally derived from,
does not take into aount the unstable nature of the two RH Majorana neutrinos. To
resolve this, one may follow the resummation approah of [117, 118, 122℄ where an addi-
tional regulating absorptive term due to the nite deay width of Mj,k naturally emerges
to eliminate suh an unphysial outome. The self-energy ontribution to the CP violation
parameter is then modied to [117, 118, 122℄
εj ≃
Im
[
(h†h)2jk
]
(h†h)jj(h†h)kk
2(M2j −M2k )Mj Γj
(M2j −M2k )2 + 4M2j Γ2j
, (1.146)
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where j, k = 1, 2 or 2, 3 (j 6= k) and Γj = (h†h)jj Mj/16π is the generalisation of the tree-
level deay rate as dened in (1.99)
40
. From the expression of (1.146), one an see that
εj → 0 when Mj →Mk in aordane with the observation that the RH neutrino running
in the loop must be dierent from the deaying one in order to generate an asymmetry
(see disussion in Se. 1.3.4)
41
.
More importantly, Eq. (1.146) indiates that the CP asymmetry will be enhaned
provided that the mass splitting between the two RH neutrinos oinides with the region
of mass parameters about whih the εj funtion peaks. Speially, one requires
|Mj −Mk| ∼ Γj,k , (1.147)
to maximise the resonant eet
42
. With this, one an see that if the Yukawa ouplings
are suh that
Im
[
(h†h)2jk
]
(h†h)jj(h†h)kk
= O (1) , (1.148)
then εj an be as large as O (1), hene provide a lot more leverage for suessful leptogene-
sis. Indeed, the inrease in washout due to the tiny mass gap between Nj 's will eventually
saturate when the degenerate limit reahes a ertain point [125℄, and the enhanement from
resonant eets will be able to dominate the outome. Consequently, given the substantial
enhanement by resonant leptogenesis, some of the stringent onstraints on the neutrino
properties imposed by the standard hierarhial senario may be evaded. Most notably,
the lower bound (1.131) on M1 is ompletely removed, leading to the possibility of TeV
sale RH neutrinos
43
and TeV leptogenesis [121℄. In SUSY leptogenesis theories, this is
partiularly advantageous as the upper bound on the reheating temperature (T
reh
) due
to BBN onstraints on gravitino over-prodution, is often in onit with the ondition,
T
reh
&Mj , normally required for the suient thermal generation of Nj 's whih partiipate
in L reation. Furthermore, N2- and even N3-leptogenesis are now easily ahievable under
this senario, and hene the set of appliable seesaw models is signiantly expanded.
40
It should be noted that Eq. (1.146) is only valid for a mixing system of two RH neutrinos. The
generalisation to the three neutrinos ase an be found in [118℄.
41
The situation for the vertex ontribution as Mj → Mk is more subtle as eah individual ε
vertex
j 6→ 0.
However, it an be shown that εvertexj and ε
vertex
k beome exatly equal and opposite when Mj →Mk, and
therefore the overall CP asymmetry will be zero as expeted (see e.g. [122℄). In addition, this implies that
the vertex ontribution annot exhibit resonant behaviors for any region of the mass parameter spae.
42
Currently, there is a ontroversy surrounding the exat region of validity for this perturbative resum-
mation approah. It has been argued in [124℄ that the exat resonant eet annot be reahed without
violating the perturbative assumption. As a result, a dierent formula to (1.146) has also been suggested,
whih hanges the predition of the CP asymmetry by typially a fator of O (10).
43
Of ourse, a slightly dierent realisation of the seesaw mehanism may then be required [126℄.
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If avor eets are inluded, yet more possibilities an be aommodated. For exam-
ple, one may envisage a situation where one of the avors (say α) for whih the lepton
asymmetry is predominantly generated in, is very weakly washed out while the Yukawa
ouplings between the other lepton families and some of the RH neutrinos an remain
very large [119℄. Then, this model predits that lepton avor violating interations are
potentially observable in the next generation of experiments. The reason that resonant
leptogenesis is required in this setup is beause normally (even with avor eets) the CP
asymmetry ε1α is neessarily suppressed if its assoiated projetor P1α is very small (i.e.
very weak washout in α) [108℄.
Certainly, this partiular model and many that employ resonant leptogenesis an have
the RH Majorana neutrinos to be as small as 1 TeV
44
and depending on their ou-
plings to SM partiles, ollider signatures of them may also be aessible in the near
future [119, 121, 127, 128℄.
1.5 Outline of our work
As we have illustrated throughout this hapter, the observational evidene for nonzero neu-
trino masses and osmologial matter-antimatter asymmetry provides a strong indiation
for physis beyond the SM. Although many proposals have been suggested, a partiularly
attrative way (in our opinion) of explaining both phenomena simultaneously is the in-
lusion of heavy RH Majorana neutrinos whih are eletroweak singlets, to the SM. As a
result, tiny neutrino masses an be generated by type I seesaw [43℄ while the problem of
the osmi baryon asymmetry is solved by thermal leptogenesis [85℄.
Given this setup, there is then an intriate onnetion between neutrinos properties and
leptogenesis whereby the requirement for suessful asymmetry generation naturally leads
to limits on the masses and mixing in the lepton (or sometimes quark) setor. Therefore,
it is of great interest to explore possible neutrino models based on type I seesaw that will
allow leptogenesis to sueed. By the same token, it may be fruitful to investigate the
impliations of a given model, whih has been speially designed to address a dierent
issue, in the leptogenesis ontext.
With this in mind, our work involves studying several lasses of neutrino models in
the type I seesaw framework, whih ontain either new symmetries or interations. The
44
The only lower bound onMj here omes from the freeze-out temperature (≃ O
`
102
´
GeV) of sphaleron
proesses, below whih an L asymmetry annot be onverted into a B asymmetry.
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main fous will of ourse be on their leptogenesis redentials, however, other important
phenomenologial issues suh as impliations on neutrino masses and mixings, as well as
ollider signatures will also be disussed where appropriate.
The rst part of our work is a omprehensive analysis on speial types of seesaw models
with abelian family symmetries as proposed in [129℄. The original motivation for these
models is that they ontain fewer overall free parameters than the default type I seesaw
setup, hene making the theory more eonomial. However, no previous studies have
been done on the possible osmologial impliations of these models. Therefore, we shall
investigate in Chapter 2 the viability of these models in leptogenesis
45
.
Continuing the theme of avor symmetries, in Chapter 3 we explore how they an help
onstraining the seesaw setor in neutrino mass models suh that it is ompletely deter-
mined in terms of low-energy mass, mixing angle and CP violating phase observables 46.
Given that leptogenesis is highly dependent on the properties of the RH neutrinos, having
a model that an predit the otherwise arbitrary parameters in this setor is obviously ben-
eial. In addition, their onnetions to low-energy osillation parameters provide a diret
way to probe the elements of leptogenesis through urrent and future experiments. Af-
ter expliitly building some representative models, we will disuss their phenomenologial
onsequenes, inluding the onditions under whih leptogenesis an be suessful.
In Chapter 4, we shift our attention to the eletromagneti interations between the LH
and RH neutrinos
47
. It is known that neutrino masses and mixings imply the existene of
neutrino eletromagneti dipole moments. So, the inlusion of heavy RH neutrinos to the
SM as in type I seesaw then naturally gives rise to new transition eletromagneti moments
involving both LH and RH neutrinos. Sine these new interations are potentially CP
violating, a lepton asymmetry may be generated through the out-of-equilibrium deays of
the heavy RH neutrinos via this hannel, in analogy to the standard mehanism mediated
by Yukawas. Consequently, our aim is to show that leptogenesis via suh eletromagneti
proesses is possible by expliitly alulating the CP asymmetry oming from the transition
moments. Also, a omparison between this eletromagneti version of leptogenesis with
the standard senario will be inluded.
Finally, we onlude our entire work in Chapter 5.
45
This part of the work is related to Publiation 1 listed on page 157.
46
This part of the work is related to Publiation 3.
47
This part of the work is related to Publiation 2.
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Important omment on notations
It should be noted that the same symbol appearing in dierent hapters/setions may not
always have a ommon meaning. Owning to the fat that there are only a nite number
of onventional symbols, letters or aents available, and that only ertain symbols are
meaningful for a partiular purpose (e.g. i to denote
√−1 or p to denote 4-momentum
et.), it is inevitable that some of them will have to be re-used in a dierent ontext. This
is unfortunate but often neessary in order to ensure larity of presentation within eah
hapter/setion. For example, we often use mi to denote the mass of the ith LH neutrino
while in some generi ontext it may simply mean the mass of partile speies i. In order
to avoid onfusion, we will often reiterate the denition a symbol even though it may still
have the exat meaning as previously dened or it may seem obvious from the ontext.
Moreover, in some ases, the same quantity may be represented dierently in dierent
hapters beause of the proliferation of similar symbols. We have made suh onsious
deisions to ensure the presentation is less onfusing within eah ontext.

Chapter
2
Abelian family symmetry and
leptogenesis
W
h i l e the SM (with or without neutrino masses) has been very suessful in ex-
plaining the dynamis of subatomi partiles, it is not without its shortomings.
A typial example is its inability to predit quark and lepton masses. Suh pa-
rameters are put in by hand using data from experiments. Altogether, there are almost 40
free parameters in the SM extended to inlude three RH neutrinos, with some 21 of them
in the lepton mass setor alone [130℄. Therefore, from the model building point of view, it
is natural to look for ways to redue the number of variables.
Given that the proliferation of masses and mixing parameters is the result of quarks
and leptons having more than one family, a symmetry that governs the inter-family relation
provides an exellent starting point in understanding their values. Moreover, sine masses
are generated by the Higgs mehanism, salar elds that ouple to the SM fermions, and
their subsequent spontaneous symmetry breakings an play a role in determining the free
parameters of interest. Hene, it is not unexpeted that both the enlargement of the SM
symmetry and of the Higgs setor are the ornerstones of many models whih try to explain
the masses and mixings [24,26,27,129,131,132℄, even though not all of them end up being
more eonomial than the minimally extended SM.
Our fous here is on a very speial lass of type I seesaw models whih has an abelian
family symmetry and an extra real Higgs singlet added to the SM [129℄. Beause of the
55
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interplay between the new ingredients, these models predit a fully hierarhial LH neutrino
spetrum, and θ13 = 0 in the PMNS matrix as implied by the bi-large mixing pattern
(see Se. 1.1.4). More importantly, they ontain fewer free parameters than the default
seesaw setup [129℄
1
. Thus, given their relatively eonomial nature, it is interesting to see
if these models arry additional benets. Speially, our aim is to hek whether these
models an maintain the ability of the standard seesaw to solve the baryogenesis problem
via leptogenesis.
With this motivation in mind, our investigation begins with an outline of these neu-
trino models with abelian avor symmetry. It serves to highlight all the key features, as
well as to reast them in a form suitable for later disussions. For deniteness and ease of
omparison with standard leptogenesis, we assume that the heavy RH Majorana neutrino
masses, whih are unspeied by these models, are hierarhial (i.e. M1 ≪M2 ≪M3). As
a result, the nal L asymmetry will be assumed to have ome predominantly from the de-
ays of N1, the lightest RH neutrino. Our analysis will make use of various existing results
and attempts to draw omparisons where appropriate with the aim of deduing whether
these spei neutrino models may favor ertain regimes or predit signiant deviation
from the standard senarios of leptogenesis with and without avor eets.
2.1 Models with abelian family symmetry
As hinted earlier, the rst step towards reduing the number of free variables in the seesaw
setup may be ahieved by inreasing the symmetry of the Lagrangian. To this end, the
SM group is extended to:
G = SU(3)c ⊗ SU(2)L ⊗ U(1)Y ×Gfamily, (2.1)
where G
family
is a leptoni family/avor symmetry. However, it has been shown in [24℄ that
models with an unbroken family symmetry and just the SM Higgs doublet do not have more
preditive powers than the default seesaw. Therefore, one sensible move is to expand the
Higgs setor at the same time although it should be noted that other ways to irumvent
this problem exist. In the work of [129, 131℄, eets of abelian family symmetries with
1
It should be noted that depending on whih sub-lass of the models in [129℄ we are onsidering, the
redution in parameters will be dierent (varying between one to seven). Also, in one instane, there are
only two RH neutrinos being added to the SM. For this ase, the overall number of variables is one less
than the standard seesaw with two RH neutrinos.
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additional Higgs singlets, doublets or triplets on ertain features of the U
PMNS
matrix
2
were studied. It was found that the simplest models that an predit θ13 = 0 ontain one
extra real Higgs singlet whih transforms non-trivially in family spae. The setup of these
models in the leptoni setor is summarised as follows. Suppose the lepton Yukawa and
mass terms are given by
L
mass
= −LYℓΦ ℓR − LYν Φ˜ νR − 1
2
(νR)c Yχ χ νR − 1
2
(νR)cMbare νR + h.. , (2.2)
where Yℓ, Yν , Yχ andMbare are omplex oupling matries in the avor basis. L = (νL, ℓL)
T
is the LH lepton doublet while ℓR and νR are the RH harged and neutral lepton singlets
respetively. The SM Higgs doublet is denoted by Φ = (φ+, φ0)T , with its harged onju-
gate as Φ˜ ≡ iσ2Φ∗, while χ is the newly inluded real singlet salar eld. Then, the ation
of the family symmetry, G
family
, on the SM elds and the new singlet demands that the
full Lagrangian is invariant under the unitary transformations:
L→ SLL , ℓR → SℓRℓR , νR → SνRνR , Φ→ SΦΦ and χ→ Sχχ , (2.3)
in family spae. These transformations have the ability to restrit the oupling matries to
ertain forms suh that the e3-omponent of the U
PMNS
matrix is zero, or in other words,
θ13 = 0 [129℄
3
. It should be emphasized that in (2.2), the inlusion of the M
bare
-term,
as well as the χ-term for generating the RH Majorana masses is essential (assuming the
symmetry transformation properties displayed in (2.3)) for it turns out that the absene of
either of them will lead to mixing parameters that are ruled out by urrent experiments.
For instane, removing the M
bare
-term from (2.2) will fore the solar mixing angle θ12 to
maximal, whih is inompatible with the best-t data (see (1.12) on page 7).
One possible representation of the set of transformations in (2.3) and their assoiated
abelian avor symmetry is shown in Table 2.1. The orresponding oupling matries (writ-
ten in the same basis) indued by these transformations are presented in Table 2.2. It an
be seen from Table 2.1 and 2.2 that the desire property of Ue3 = 0 an be ahieved by
models with only two RH neutrinos. This is evident from the vanishing third olumn of
Yν in Case 1 of Table 2.2. Therefore, in this ase, the third RH neutrino (N3) is atually
deoupled from the LH setor, and it may be removed from the theory without hanging
the overall predition. In fat, this (Case 1) is then redued to Case 3. As a result of
2
For brevity, we often write U instead of U
PMNS
in this hapter.
3
We have assumed the parametrisation of Eq. (1.2) on page 4 for the U
PMNS
matrix.
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SL = SℓR SνR SΦ, Sχ Gfamily redution of parameters
1
1 0 00 −1 0
0 0 −1
 1 0 00 −1 0
0 0 i
 Φ→ Φ ,
χ→ −χ Z4 7 (f. default with 3 νR's)
2
1 0 00 −1 0
0 0 −1
 1 0 00 −1 0
0 0 1
 Φ→ Φ ,
χ→ −χ Z2 3 (f. default with 3 νR's)
3
1 0 00 −1 0
0 0 −1
 (1 0
0 −1
)
Φ→ Φ ,
χ→ −χ Z2 1 (f. default with 2 νR's)
Table 2.1: Diagonal representation of the transformations in avor spae that gives Ue3 = 0 for the model
with three or two (in Case 3) RH neutrinos. Here Z2 and Z4 denote the disrete yli group of order
2 and 4 respetively. In the last olumn, the redution of free parameters as ompared to the standard
seesaw setup for eah model is stated.
Yℓ Yν Yχ Mbare
1
× 0 00 × ×
0 × ×
 × 0 00 × 0
0 × 0
 0 × 0× 0 0
0 0 ×
 × 0 00 × 0
0 0 0

2
× 0 00 × ×
0 × ×
 × 0 ×0 × 0
0 × 0
 0 × 0× 0 ×
0 × 0
 × 0 ×0 × 0
× 0 ×

3
× 0 00 × ×
0 × ×
 × 00 ×
0 ×
 (0 ×× 0
) (× 0
0 ×
)
Table 2.2: Coupling matries generated by the transformations in Table 2.1 where × denotes an arbitrary
omplex entry. Note that Yχ and M
bare
are symmetri matries.
this equivalene between Case 1 and 3, we an safely assumed that all of these models
ontain three heavy RH neutrinos when onduting our analysis in leptogenesis as we will
be interested in the N1-dominated senario only.
Another note is that while these models keep the atmospheri mixing angle, θ23 and the
solar mixing angle, θ12 as arbitrary inputs, overall they ontain less free parameters than
the standard seesaw piture despite the more ompliated Higgs setor. One reason for
this is that the texture zeros in the oupling matries together with the seesaw formula
4
mν ≃ −m̂DM−1R (m̂D)T , (2.4)
give rise to a light neutrino mass matrix mν (in any basis hoie for mℓ and MR) whih
4
This was rst disussed in Se. 1.2.3.
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1 2 3
Yν
× 0 00 × 0
0 × 0
 × 0 ×0 × 0
0 × 0
 × 00 ×
0 ×

hν
× × 0× × 0
× × 0
 × × ×× × ×
× × ×
 × ×× ×
× ×

Table 2.3: The struture of the oupling matries: Yν in the family basis and hν in the mass eigenbasis
of the harged leptons and RH Majorana neutrinos for Case 1 to 3. In general, × denotes an arbitrary
omplex number.
has the following form:
mν =

a1 a2b1 a2b2
a2b1 a3b
2
1 a3b1b2
a2b2 a3b1b2 a3b
2
2
 , where a1, a2, a3, b1, b2 ∈ C , (2.5)
whih then predits that one of the Majorana mass eigenstates of the light neutrinos to be
massless. In (2.4), we have m̂D = Yν〈Φ〉 and MR = Yχ〈χ〉+Mbare, where 〈Φ〉 and 〈χ〉 are
the VEV of elds Φ and χ respetively.
For better illustration and subsequent disussions, it is onvenient to rewrite the La-
grangian of (2.2) in the mass eigenbasis of the harged leptons and heavy RH Majorana
neutrinos:
L
mass
= −1
2
N DM N − ℓ hℓΦ e− ℓ hν Φ˜N + h.., (2.6)
where ℓ = (ν ′L, ℓ
′
L)
T
and e are the harged lepton doublet and singlet respetively. We
have dened the heavy Majorana neutrino eld:
5 N = (ν ′R + ν
′
R
c)/
√
2 . Subsequently,
the harged lepton mass matrix is given by Dℓ ≡ diag(me,mµ,mτ ) = hℓ〈Φ〉, while for the
heavy neutrinos, the diagonalised mass matrix is DM = diag(M1,M2,M3). Although mν
produed via the seesaw formula (2.4) is unaeted by the basis hange, in general, hν in
(2.6) would have texture zeros dierent from Yν (in fat, the texture zeros would disappear
in most ases; see Table 2.3). Using U ≡ U
PMNS
to diagonalise mν and hoosing the sign
onvention that Dm = −U †mνU∗, one obtains Dm = diag(m1,m2,m3), where mi denotes
the ith light neutrino mass.
Sine m1 = 0 (or m3 = 0 for inverted hierarhy) in these models, we have a strongly
hierarhial LH neutrino mass spetrum, and the values for mi's an be evaluated using
5
In general, ν′L 6= ν (the mass eigenstate for light neutrinos). ν
′
L and ν
′
R are new elds from the hange
of basis.
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Eqs. (1.10) and (1.11) as
m2 = msol , m3 = matm , (m1 = 0,normal hierarhy) (2.7)
m1 =
√
m2
atm
−m2
sol
, m2 = matm , (m3 = 0, inverted hierarhy) (2.8)
where m
sol
=
√∣∣∆m2
sol
∣∣ ≈ 9×10−3 eV and m
atm
=
√∣∣∆m2
atm
∣∣ ≈ 0.05 eV from the best-t
values shown in (1.13). It must be added that all the results presented so far remain valid
under one-loop renormalisation group running [129℄.
2.1.1 Parameters ne-tuning
In order to make these models workable, the Higgs setor was expanded to aommodate
the real singlet χ. Its addition has inevitably introdued a new energy sale, 〈χ〉, to the
theory. Sine MR = Yχ〈χ〉 + Mbare depends on this, it is essential to understand the
impliations of the sale of 〈χ〉 in relation to other parameters in the model. The most
general and renormalisable Higgs potential inorporating χ is given by
V (Φ, χ) =
1
2
µΦ(Φ
†Φ) +
1
4
λΦ(Φ
†Φ)2 +
1
2
µχχ
2 +
1
4
λχχ
4 + µΦχ(Φ
†Φ)χ2 , (2.9)
where µΦ and µχ are in general funtions of temperature (T ). Also, if the potential is to
be bounded from below, then µΦχ > −
√
λΦλχ/2.
From the seesaw mehanism, we expet that 〈χ〉 ≫ 〈Φ〉, and hene, Tc,χ ≫ Tc,Φ ≃
O (102) GeV, where Tc denotes the ritial temperature for symmetry restoration. In fat,
one would need Tc,χ > Treh, the reheating temperature, so that any topologial defets
(domain walls) reated by the spontaneous breaking of the Z2 disrete symmetry of χ an
be eliminated via ination. The required hierarhy, 〈χ〉 ≫ 〈Φ〉, is ensured (to tree-level) if
µΦχ → 0. This an be seen from the tree-level minimum ondition for (2.9):
µΦ = −λΦ〈Φ〉2 − 2µΦχ〈χ〉2 , (2.10)
µχ = −λχ〈χ〉2 − 2µΦχ〈Φ〉2 . (2.11)
If O (λΦ) ≃ O (λχ) = O (1), then µΦχ → 0 guarantees that µΦ remains at O
(〈Φ〉2). In
this limit, it also means that Φ and χ elds are deoupled from eah other.
Beause in the typial thermal leptogenesis analysis it is usually assumed that the
reheating temperature (T
reh
) after ination is larger than the mass of the deaying heavy
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neutrino Mj , so we demand:
6
Tc,χ > Treh > Mj ≫ Tc,φ . (2.12)
This relation implies that Yχ must be suitably ne-tuned so that Yχ〈χ〉 ≃ O (Mj). In other
words, elements of Yχ annot be arbitrarily small, and as a result, radiative orretions to
the potential V (Φ, χ) due to χ's oupling to other elds in the model may destroy the hier-
arhy between 〈Φ〉 and 〈χ〉. This presents a notable drawbak for this lass of models and
thus the benet of parameter redution is not unonditional. Nonetheless, for the purpose
of our investigation, we shall work in the assumption that suh stability problem and any
additional ne-tuning of the framework will be inonsequential to our main disussion.
2.2 Implications in standard leptogenesis
In order to understand the potential impliations of our spei models on leptogenesis
preditions, it is helpful to rst reall all the elements of the standard senario and reast
them, where appropriate, into the notations introdued in this hapter
7
. The key relation
that aptures the dependene of the predited baryon-to-photon number ratio (ηB) at
reombination time on the elements of thermal leptogenesis an be written as
ηB = d˜
3∑
j=1
εj κ
f
j ,
≃ d˜ ε1 κf1 , (N1-dominated ase) (2.13)
where d˜ is the dilution fator that aounts for the partial onversion of the generated exess
B − L into ηB through sphaleron proesses, as well as the inrease of photon number per
omoving volume from the onset of leptogenesis to reombination; εj measures the CP
asymmetry in the deays of Nj and is dened by:
εj =
Γ(Nj → ℓΦ)− Γ(Nj → ℓ¯ Φ¯)
Γ(Nj → ℓΦ) + Γ(Nj → ℓ¯ Φ¯)
≡ Γj − Γj
Γj + Γj
, (2.14)
6
This restrition is only important if one wants to minimise theoretial unertainties. In ertain regimes,
this may be relaxed without any appreiable hange to the preditions. The deaying neutrino Mj refers
to the one that dominates the L asymmetry generation whih is N1 for our investigations here.
7
It also serves to provide more details on the quantitative issues regarding the leptogenesis analysis,
some of whih we have skimmed through earlier.
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while κfj represents the (nal) eieny fator for B−L prodution from Nj deays whih
takes into aount the initial onditions and the dynamis of partile interations in the
leptogenesis era, in partiular, the interplay between deays, inverse deays and ∆L 6= 0
satterings. Hene, there are potentially three plaes where our models may modify the
overall ηB predition. We shall disuss eah of them as follows.
2.2.1 Dilution fator
As hinted towards the later part of Se. 1.4.1, to trak the time evolution of the number
density of a quantity, X (eg. Nj , B−L or B), in an expanding universe, it is onvenient to
onsider the number of partiles, NX(t), in a portion of omoving volume (R3(t)) that on-
tains one photon at some time t′ ≪ t
lepto
, where t
lepto
denotes the time at the onset of lepto-
genesis
8
. The onventional number density is then related to this via NX(t) = nX(t)R3(t).
We hoose the normalization for R3(t) suh that in relativisti thermal equilibrium, it on-
tains on average N eqNj (t ≪ tlepto) = 1 heavy RH neutrino. So, for the baryon-to-photon
ratio at reombination time (i.e. the ratio observed today), we have the relation:
ηB =
N fB
Nγ(tre) , (2.15)
where t
re
is the reombination time while N fB denotes the nal B exess after the leptoge-
nesis era and with sphaleron eets already aounted for. In the simplest ase of onstant
entropy and assuming standard photons prodution from t′ to t
re
, one has
Nγ(tre) = Nγ(tre)Nγ(t′) =
4
3
× g
∗
s(t
′)
g∗s (tre)
=
4
3
× 434/4
43/11
≈ 37 . (2.16)
Note that Nγ(t′) = 1 by denition. The pre-fator of 4/3 originates from our hoie
of normalisation and g∗s(t) is the relativisti degrees of freedom at time t . In (2.16),
we have already assumed the N1-dominated senario for leptogenesis in taking g
∗
s(t
′) =
427/4 + 7/4 = 434/4 whih is the degrees of freedom from all SM partiles and N1 only.
g∗s(tre) is equivalent to g∗s(ttoday) whih is given by 2 + 21/11 = 43/11 and aounts for
the ontribution oming from the relativisti photons and the three generations of light
neutrinos (see for example [66℄).
Up to this point, the alulation is as per usual beause the only new partile in our
models is the physial HiggsHχ whih is expeted to gain mass at a very high energy (Tc,χ),
and by the time t′, it would have beome non-relativisti. Although one an argue that
8
This is usually orresponds to the time when temperature T ≃M1 for the N1-dominated senarios.
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sine MHχ depends on λχ (whih is unspeied), the mass of Hχ annot be determined.
However, as in Se. 2.1.1, we may assume that O (λχ) ≃ O (λφ) = O (1), whih is not
unreasonable if one expets to nd the Higgs (Hφ) at the TeV sale. As a result, this
implies that MHχ ≃ O (〈χ〉) would be very heavy. Besides, even if Hχ is inluded in the
alulation of g∗s(t′), the numerial value only diers from (2.16) by less than 2%.
Another important element that ontributes to the dilution fator omes from the
imperfet onversion of N fB−L into N fB . In the simplied piture whih assumes that
sphaleron proesses are mostly ative after the leptogenesis era, one an use the standard
sphaleron onversion fator of a
sph
= N fB/N fB−L = 28/79 in models with only one Higgs
doublet [83, 84℄
9
. Then, the dilution fator is given by
d˜ =
28
79
× 1
37
≈ 0.96 × 10−2 , (2.17)
where we have ombined with the result from (2.16). For a more thorough analysis when the
ombined eet of all spetator proesses [101,102℄ in the plasma (eg. Yukawa interations,
QCD and eletroweak sphalerons) is taken into aount, the resultant value reeives a
20% to 40% enhanement or suppression [102℄ depending on the spei leptogenesis
temperature T
lepto
assumed
10
. The astute reader may have realised that this temperature
T
lepto
is the same that will ditate the importane of avor eets in leptogenesis . But
in order to avoid onfusion, we shall not elaborate on it here. It sues to say that the
hange in the onversion rate omes about beause the hemial potential for partiles in
thermal equilibrium are modied during leptogenesis, and not all of these potentials are
independent as there are SM and sphaleron interations relating them [83,84℄. As a result,
the nal value for a
sph
an be slightly dierent from the naive alulation.
Applying these ideas to our models, it is not hard to see that a
sph
reeives no signiant
modiations from the existene of Hχ. This is beause interations suh as Hχ ↔ NjNj
and NjNj ↔ NkNk (see Fig 2.1a) do not hange NL or NΦ in the plasma, while proesses
like: ℓΦ ↔ HχNj (Fig. 2.1d) annot be in equilibrium for most temperatures due to the
heaviness of Nj and Hχ. Furthermore, even if Hχ is light, the potentially relevant four-
partile interation HχHχ ↔ Φ Φ¯ whih an hange NΦ (and hene NL) is impotent sine
µΦχ → 0. Therefore, we an onlude that our spei models have essentially the same
9
This fator is somewhat dierent if eletroweak sphalerons remain in equilibrium until slightly after
Tc,Φ [133℄. Note that this ase is highly probable beause the eletroweak phase transition seems to be not
strongly rst order. However, this is an issue that will aet not just our neutrino models but all models,
and so it will be inonsequential to our omparison here.
10
The dependene on temperature is originated from the fat that an inreasing number of Yukawa or
sphaleron proesses omes into equilibrium as T dereases.
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Figure 2.1: Examples of new interations involving Hχ, Nj and other SM partiles.
dilution fator d˜ as the standard seesaw model whether or not spetator proesses are
onsidered.
2.2.2 CP asymmetry
While dilution d˜ and eieny fator κfj govern the portion of the generated asymmetry
that would survive after the entire proess, it is the CP and L violating deays of the
heavy neutrino (Nj → lΦ or lΦ†) that give rise to suh asymmetry in the rst plae. The
size of this quantity is ontrolled by the so-alled seesaw geometry [114℄ and in general
highly dependent on the neutrino Yukawa struture. Using the notation of (2.6), we rst
note that the tree-level partile and antipartile deay rates are idential (as expeted):
Γj = Γj =
(h†νhν)jj
16π
Mj , (2.18)
and so no asymmetry is generated at this level. Reall from Chapter 1 that the leading
ontribution to εj must ome from the interferene of the one-loop vertex and self-energy
orretions with the tree-level oupling (see Fig. 1.7 on page 35). With the appropriate
hange in notations from Eq. (1.97), we have [9092℄
εj =
1
8π
∑
k 6=j
Im
[
(h†νhν)2jk
]
(h†νhν)jj
{
fV
(
M2k
M2j
)
+ fS
(
M2k
M2j
)}
, (2.19)
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where fV (x) and fS(x) are given by
fV (x) =
√
x
[
1− (1 + x) ln
(
1 + x
x
)]
and fS(x) =
√
x
1− x (2.20)
whih denote the vertex and self-energy ontributions respetively. For j = 1 and in the
limit of hierarhial RH neutrino with M1 ≪M2,3 (i.e. x≫ 1), we have
fV (x) + fS(x) ≃ − 3
2
√
x
. (2.21)
Therefore, the CP asymmetry for N1 deays in this limit is given by
ε1 ≃ − 3M1
16π(h†νhν)11
∑
k 6=1
Im
[
(h†νhν)
2
1k
] 1
Mk
, (2.22)
= − 3M1
16π(h†νhν)11
Im
[
(h†νhνD
−1
M h
T
ν h
∗
ν)11
]
. (2.23)
Invoking the Casas-Ibarra parametrisation [115℄, hν in (2.23) an be expressed in terms of
the omplex orthogonal matrix Ω:
Ω = 〈Φ〉D−1/2m U † hν D−1/2M ≡ D−1/2m U †mDD−1/2M with ΩTΩ = I , (2.24)
where mD = hν〈Φ〉, D1/2m = diag(√m1,√m2,√m3) and D1/2M = diag(
√
M1,
√
M2,
√
M3),
with all other symbols as dened in Se. 2.1. As in Chapter 1, we shall adopt the sign on-
vention suh that Dm = −U †mνU∗. Using (2.24) in (2.23) and after some manipulations,
one gets [115℄
ε1 ≃ 3M1
16π〈Φ〉2
∑
km
2
k Im(Ω
2
k1)∑
kmk |Ω2k1|
, (2.25)
=
3M1matm
16π〈Φ〉2 β(m1, m˜1,Ω
2
k1) , (2.26)
where we have introdued the dimensionless quantity [114℄
β(m1, m˜1,Ω
2
k1) ≡
∑
km
2
k Im(Ω
2
k1)
m
atm
∑
kmk |Ω2k1|
, (2.27)
=
∑
km
2
k Im(Ω
2
k1)
m
atm
m˜1
. (2.28)
Here m˜1 is the eetive neutrino mass assoiated with N1 deays and its denition is
shown in (1.139) on page 47. For the purpose of the urrent analysis, we may assume
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that m˜1 and M1 have been xed due to other onsiderations suh as the washout regime
seleted or the poteny of avor eets. Then, it an be easily seen that the size of the
CP asymmetry is ontrolled only by m1 and the onguration of the three Ω
2
k1's (whih
are neutrino model dependent). Note that even though the Ω2k1's are generally omplex,
the orthogonality ondition (
∑
k Ω
2
k1 = 1) means that only 3 real independent parameters
are needed to speify them. Moreover, sine the numerator of (2.28) depends on the
imaginary part of Ω2k1, only 2 of these 3 parameters will manifest itself in β(m1, m˜1,Ω
2
k1)
when m˜1 =
∑
kmk|Ω2k1| is a onstant.
In the light of this, it is onvenient to dene Ω2k1 = Xk + iYk, where Xk, Yk ∈ R.
Moreover, in order to analyse both the normal and inverted hierarhy ases at the same
time, we introdue a new subsript labeling system for the light neutrino masses: m(k)
suh that m(1) < m(2) < m(3) is always obeyed. In other words, we identify
m(1) = m1 , m(2) = m2 , m(3) = m3 , for normal hierarhy , (2.29)
m(1) = m3 , m(2) = m1 , m(3) = m2 , for inverted hierarhy . (2.30)
The orresponding squared orthogonal matries are rewritten as Ω2(k)1 ≡ X(k) + iY(k) so
that we have m˜1 =
∑
(k)m(k)|Ω2(k)1| and
∑
(k)Ω
2
(k)1 = 1.
In this new notations and using the orthogonality ondition, (2.28) beomes
β(m(1), m˜1,Ω
2
(k)1) =
Y2(m
2
(2) −m2(1)) + Y3(m2(3) −m2(1))
m
atm
m˜1
. (2.31)
For a typial analysis, one is interested in whih form of Ω2(k)1's will yield a maximum CP
asymmetry given xed values for m(1) and m˜1. Thus, it is useful to asertain the upper
bound
11
on β(m(1), m˜1,Ω
2
(k)1). To this end, we break up the dependene on m(1), m˜1 and
Ω2(k)1 and introdue an eetive leptogenesis phase δL as follows [93, 114, 134, 135℄
β(m(1), m˜1,Ω
2
(k)1) = βmax(m(1), m˜1) sin δL , (2.32)
= β1(m(1))β2(m(1), m˜1) sin δL , (2.33)
where δL is in general a ompliated funtion of m(1), m˜1 and Ω
2
(k)1. βmax ≤ 1 represents
the maximal value for β given a partiular m(1) and m˜1, while β1 is the upper bound for
β when m(1) is xed. If m˜1 is also xed, then β2 provides the neessary orretion to β1.
11
Without loss of generality, we may adopt the onvention that the CP asymmetry is positive and hene
the lower bound is given by 0 ≤ β(m(1), em1,Ω2(k)1).
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By arefully analysing (2.31), one nds that [93, 114℄
β1(m(1)) =
m(3) −m(1)
m
atm
. (2.34)
To get β2, one observes that for a generi Ω matrix, a onguration that maximises β while
keeping m˜1 the same is ahieved when Ω
2
(2)1 = 0 [114℄. This allows one to rewrite (2.31) as
β =
Y(3)(m
2
(3) −m2(1))
m
atm
m˜1
, (2.35)
=
Y(3)m sin δL(m
2
(3) −m2(1))
m
atm
m˜1
, (2.36)
where Y(3)m is the maximum value of Y(3) when Ω
2
(2)1 = 0. By putting (2.33), (2.34) and
(2.36) together, one gets
β2 =
β
β1 sin δL
=
m(1) +m(3)
m˜1
Y(3)m . (2.37)
In general, Y(3)m will depend on the light neutrino masses. For a fully hierarhial neutrino
spetrum, i.e. m(1) = 0 (like our spei models), we have β1 = m(3)/matm and β2 = 1
(with X(2) = Y(2) = X(3) = 0 and Y(3)m = m˜1/m(3)). Furthermore, if the hierarhy is
normal, β1 = 1 as m(3) = matm (see (2.7)).
Applying this deomposition of the CP asymmetry to our models, it is then straight
forward to dedue the spei preditions oming from the strutures of hν presented in
Table 2.3
12
. To begin with, we note that in Case 2, the orresponding Ωmatrix is arbitrary
sine all entries of hν in this ase are unonstrained by the symmetry. As a result, from
the above general analysis, it is ertain that Case 2 has enough parameter freedom to
produe a suient CP asymmetry for the leptogenesis purpose, and in fat it predits
no additional restritions other than those implied by the model independent analysis on
fully hierarhial LH neutrinos.
The situation for Case 1 is slightly dierent as there are texture zeros in the matrix hν .
To study the behaviors of Ω given this hν struture, it is better to replae all zero entries
with an innitesimal parameter ̺, and so we have
hν =

w11 w12 ̺
w21 w22 ̺
w31 w32 ̺
 , where wij ∈ C . (2.38)
12
We shall ignore Case 3 for it is eetively idential to Case 1.
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Using (2.24), the omplex orthogonal matrix then has the form
13
Ω =

w′11/
√
m1M1 w
′
12/
√
m1M2 w
′
13 ̺/
√
m1M3
w′21/
√
m2M1 w
′
22/
√
m2M2 w
′
23 ̺/
√
m2M3
w′31/
√
m3M1 w
′
32/
√
m3M2 w
′
33 ̺/
√
m3M3
 , (2.39)
where w′ij is an arbitrary omplex number. Note that we have kept all mj 's and Mj 's as
variables and only assumed Ue3 = 0 in deriving this. For deniteness, let's assume the
normal hierarhy
14
, and so in the limit ̺→ 0, one an immediately onlude that entries
Ω23,Ω33 → 0 beause m2,3 and M3 are nite and nonzero. On the other hand, sine this
model predits m1 = 0, hene at rst glane, Ω13 is indeterminate while Ω11 and Ω12 are
innite as m1, ̺→ 0. But by appealing to the orthogonality ondition, both issues an be
resolved and Ω simplies to
Ω =

0 0 1√
1− Ω231 −Ω31 0
Ω31
√
1− Ω231 0
 , where Ω31 ∈ C . (2.40)
It is interesting to note that this orthogonal seesaw matrix is idential to the speial
form derived from models with M3 → ∞ [136138℄, or analogously models with only two
RH neutrinos. Therefore, this further illustrates that Case 1 and 3 of our models are
phenomenologially equivalent.
The only distintion between these generi models and ours is that (2.40) is originated
from the Yukawa ouplings and family symmetry (whih gives m1 = 0 as a by-produt)
rather than the imposition of M3 → ∞. Hene, the onstraints from our Case 1 on the
CP asymmetry and their subsequent impliations in thermal leptogenesis would be very
similar to those models with only two RH neutrinos [139℄.
Firstly, for this ase, m˜1 is bounded from below as
m˜1 = m(2)|1− Ω2(3)1|+m(3)|Ω2(3)1| , (2.41)
where we have used the generalised version of (2.40), whih takes are of both normal and
inverted ases, in the denition for m˜1. So when |Ω2(3)1| ≪ 1, then m˜1 ≃ m(2) whereas
13
Note that we have momentarily swithed bak to the original notations to avoid the need to displaying
the two hierarhial ases separately.
14
The orresponding onlusion for the inverted ase will be the same with the only hange oming from
the reloation of the 0's and 1 in Ω.
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when |Ω2(3)1| ≫ 1, then m˜1 ≫ m(2). Thus, we have m˜1 & m(2). It is worth mentioning
that in the previous ase, we an safely set X(2) = Y(2) = X(3) = 0 in order to maximise β2
whih leads to the relation: m˜1 = m(3)Y(3)m, and hene no bounds on m˜1, whereas in the
urrent ase, X(2) and Y(2) are no longer arbitrary. This is due to the fat that Ω(1)1 = 0
and thus the freedom to hange X(2) and Y(2) while keeping m˜1 onstant has been lost.
Seondly, the redution in free variables in Ω allows us to onsider the funtion β for
this model diretly whih has beome
β =
(m2(3) −m2(2))Y(3)
m
atm
m˜1
, (2.42)
with
m˜1 = m(2)
√
(1−X(3))2 + Y 2(3) +m(3)
√
X2
(3)
+ Y 2
(3)
, (2.43)
where we have imposed X(2) = 1−X(3) and Y(2) = −Y(3) (from orthogonality). As a result
of the bound: m˜1 & m(2), the size of β (and hene the CP asymmetry) is very sensitive
to the size of Y(3). This is beause when m˜1 is unbounded, Y(3) ≫ 1 and Y(3) ≪ 1 lead to
m˜1 ≫ 1 and m˜1 ≪ 1 respetively and so β (whih is proportional to Y(3)/m˜1) approahes
the same limit (≃ 1) for both situations, whereas in (2.42) we have instead
β =
(m2(3) −m2(2))
m
atm
×

Y(3)
m(2)
Y(3)
(m(3) +m(2))Y(3)
−→

0 if Y(3) ≪ X(3) ≪ 1 ,
m(3) −m(2)
m
atm
if Y(3) ≫ X(3) ≫ 1 .
(2.44)
Therefore in order to obtain maximum CP asymmetry, m˜1 must be very large. However,
this is potentially detrimental to the suess of thermal leptogenesis beause m˜1 ≫ 1 also
implies large washout rates (see next subsetion). Therefore, m˜1 would atually be upper
bounded. Fortunately, M1 also ditates the nal eieny fator and the net result is
that in order to irumvent the problem, one requires a larger lower bound for M1 at the
same time [100℄. Within the non-supersymmetri ontext, the mass ofM1, whih is related
to T
reh
, is not too tightly onstrained and thus Case 1 of our model will be workable in
leptogenesis.
Another observation from (2.44) is that the maximum attainable β value in the limit
of Y(3) ≫ X(3) ≫ 1 is drastially dierent depending on the hierarhy sheme assumed for
the light neutrinos. For normal hierarhy, β
max
≃ (m
atm
−m
sol
)/m
atm
≈ 0.82 whereas in
the inverted ase β
max
≃ m
sol
/m
atm
≈ 0.18. Although this result alone is not suient
to rule out the inverted ase, it is lear that, for Case 1 at least, the inverted hierarhy is
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strongly disfavored.
Overall, we have demonstrated in this subsetion that our spei neutrino models
with family symmetry an naturally generate the required raw CP asymmetry neessary
for suessful leptogenesis. The parameter spae in these models is not overly restritive,
and the preditions are idential to a ouple of speial ases in the default seesaw, namely,
the fully hierarhial light neutrinos limit (Case 2) and the two RH neutrinos senario
(Case 1 or 3).
2.2.3 Eieny fator
In the N1-dominated senario, the dynamial generation of a B − L asymmetry in the
leptogenesis era depends on the out-of-equilibrium deays of the heavy N1's, as well as
other interations in the thermal plasma. These non-equilibrium proesses whih ontrol
the evolution of NN1 and NB−L are quantied by a system of two Boltzmann kineti
equations as rst disussed in Se. 1.4. An important issue in setting up these is the
identiation of all relevant interations whih an modify NN1 and NB−L (see Table 2.4
and Fig. 2.1). Following Eqs. (1.127) and (1.128), and making a hange of variable from t
to the dimensionless quantity z = M1/T (for onveniene) [66, 96, 98100℄, we have
dNN1
dz
= −(D + S)(NN1 −N eqN1) , (2.45)
dNB−L
dz
= −ε1D (NN1 −N eqN1)−W NB−L , (2.46)
where N eqN1 denotes the equilibrium value for NN1 whih is now a funtion of z. The term
D,S,W = ΓD,S,W/(zH) enapsulate the reation rate of the various proesses with ΓD,S,W
denoting the deay, sattering and washout (thermally averaged) rates respetively, and H
being the Hubble parameter whih is given by
H ≃ 1.66√g∗s M21M
Pl
1
z2
, (2.47)
where g∗s(z ≃ 1) = 106.75 is the number of relativisti degrees of freedom 15, MPl ≈
1.22 × 1019 GeV is the Plank mass. The thermally averaged (total) deay rate ΓD whih
aounts for deays and inverse deays (N1 ↔ ℓΦ), is related to the zero-temperature deay
15
This inludes all SM partiles only. The N1 degrees of freedom is not inluded beause in the
preferred strong washout regime (see e.g. [96℄), they are non-relativisti at t
lepto
(orresponding to
z
lepto
=M1/T
lepto
≃ 1).
2.2 Implications in standard leptogenesis 71
∆L = 0 ∆L = ±1
Hχ ↔ NjNj (tree + loop)⋆ Nj ↔ ℓΦ (tree + loop)
NjNj ↔ NkNk (Hχ, s)⋆ Nj ℓ↔ t q (Φ, s)
Nj t↔ ℓ q (Φ, t)
NjNj ↔ NjNj (Hχ, s)⋆ Nj q ↔ ℓ t (Φ, t)
NjNj ↔ NjNj (Hχ, t)⋆
NjNk ↔ NjNk (Hχ, t)⋆ Nj ℓ↔ Φ Vµ (Φ, s)
Nj ℓ↔ Φ Vµ (ℓ, t)
NjNj ↔ HχΦ¯Φ (Hχ, s)⋆ Nj Vµ ↔ Φ ℓ (Φ, t)
NjHχ ↔ NjΦ¯Φ (Hχ, t)⋆ Nj Vµ ↔ Φ ℓ (ℓ, t)
NjΦ¯↔ Vµ ℓ (Φ, t)
∆L = ±2 NjΦ¯↔ Vµ ℓ (ℓ, s)
ℓΦ↔ ℓΦ¯ (Nj , s)
ℓΦ↔ ℓΦ¯ (Nj , t) ℓΦ↔ NjHχ (Nj , s)⋆
ℓ ℓ↔ Φ¯Φ¯ (Nj , t) Nj ℓ↔ HχΦ¯ (Nj , t)⋆
Hχ ℓ↔ NjΦ¯ (Nj , t)⋆
Table 2.4: A olletion of potentially important proesses in leptogenesis. The type of proess (eg. tree-
level, vertex/self-energy loop, s- or t-hannel) and, where appliable, the mediating partile are in brakets.
Interations that are not in the default see-saw are marked by a ⋆. q, t and Vµ denote the (3rd generation)
quark doublet, top quark singlet and gauge boson respetively.
rate Γ
(T=0)
D ≡ Γ1 + Γ1 via 16
ΓD = Γ
(T=0)
D
K1(z)
K2(z) , (2.48)
where Kn(z) is the nth order modied Bessel funtion of the seond kind. ΓS represents
the ∆L = ±1 satterings (eg. N1ℓ ↔ tq ) but ignores satterings whih involve gauge
bosons Vµ to rst approximation
17
. The washout rate ΓW , whih inorporates everything
that tends to erase the B − L asymmetry, is dependent on the rates for inverse deay
(ℓΦ → N1), all ∆L = ±1 satterings (exept those with Vµ), as well as, the ∆L = ±2
proesses mediated by N1 (eg. ℓΦ↔ ℓ¯Φ¯) 18.
To desribe the behavior of the solutions to (2.45) and (2.46), it is ustomary to intro-
due the deay parameter [66, 96, 98100℄
K1 =
Γ
(T=0)
D
H(z = 1)
≡ m˜1
m∗
, (2.49)
16
This redenition of ΓD absorbs the pre-fator of 2 appeared in (1.127) and (1.128). Subsequently,
ΓS,W have also been redened aordingly.
17
It turns out that they are only ritial if one onsiders the weak washout regime. See for example
[97, 140℄.
18∆L = ±2 proesses mediated by N2,3 are suppressed at z ≃ 1 beause M2,3 ≫M1.
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where
m∗ =
16
3
√
π5g∗s
5
〈Φ〉2
M
Pl
= O (10−3) eV , (2.50)
is the equilibrium neutrino mass. m˜1 is the eetive neutrino mass as dened in the previous
setion whih measures how strongly oupled N1 is to the thermal plasma. It should be
noted that the size of m˜1 relative to m∗ marks the boundary between the so-alled weak
(m˜1 < m∗) and strong (m˜1 > m∗) washout regimes where the orresponding analyses
are qualitatively dierent [96℄. This dependene of the solutions omes about beause the
interation terms D,S andW1 (dened asW1 = W−δW , where δW = (ΓN,s+ΓN,t)/(zH)
represents the ontribution from non-resonant ∆L = ±2 proesses, i.e. on-shell omponent
of the propagator of N1 has been properly subtrated) are proportional to m˜1 [100℄:
D,S,W1 ∝ MPl m˜1〈Φ〉2 , while δW ∝
M
Pl
M1m
2
〈Φ〉4 , (2.51)
where m2 = m21 +m
2
2 +m
2
3. For hierarhial light neutrinos and M1 ≪ 1014 GeV (note
that both of these are satised in our models
19
), it turns out that ontribution from δW
an be safely negleted [96,100℄, and therefore the generated B−L asymmetry is to a good
approximation independent of M1. In the interesting ase of strong washout, the W1 term
is dominated by inverse deays [96, 97℄. Moreover, in this regime, the heavy N1's in the
plasma an reah thermal abundane before t
lepto
even if the sattering term S is turned
o. As a result, the details of N1's prodution prior to their deays beome irrelevant and
all subsequent analyses are greatly simplied. In the light of this, we shall onentrate on
the strong washout regime in muh of our disussions here.
With the above simpliations, (2.45) and (2.46) redue to
dNN1
dz
= −D (NN1 −N eqN1) , (2.52)
dNB−L
dz
= −ε1D (NN1 −N eqN1)−W ID1 NB−L , (2.53)
whereW ID1 (≃W1) is the dominant piee in the washout term whih originates from inverse
deays. The solution for NB−L an be expressed in an integral form [96, 141℄
NB−L(z) = N iB−L e−
R z
z
i
dz′W ID1 (z
′) − ε1 κ1(z) , (2.54)
where N iB−L and zi denote the initial values for NB−L and z respetively. The orrespond-
19
The only restrition on M1 is oming from (2.12) whih does not limit the possibility of M1 ≪ 10
14
GeV.
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ing eieny fator is given by
κ1(z) = −
∫ z
z
i
dz′
dNN1
dz′
e−
R z
z′ dz
′′W ID1 (z
′′) . (2.55)
Sine in the strong washout regime one an invoke the approximation dNN1/dz′ ≃ dN eqN1/dz′,
the nal value as z →∞ may be readily worked out and one obtains [96℄
κf1(K1) ≃
2
K1 zB(K1)
[
1− e−K1 zB(K1)2
]
, for K1 & 1 , (2.56)
where we have expressed κf1 as a funtion of the deay parameter K1, and zB (≫ zlepto ≃ 1)
is the value around whih the asymptoti expansion of the z′ integral in (2.55) reeives a
dominant ontribution. The temperature TB that orresponds to zB (≡M1/TB) is referred
to as the baryogenesis temperature. For pratial purposes, (2.56) is well approximated by
the simple power law [96℄:
κf1 ≃ (2± 1)× 10−2
[
0.01 eV
m˜1
]1.1±0.1
, for m˜1 > m∗ . (2.57)
Assuming we are working in the strong washout region, we will now argue that the standard
results desribed above are diretly appliable to our models with family symmetry. Of
the ∆L = 0 or ∆L = ±1 new interations originating from oupling to Hχ, all involving
an external Hχ in the initial state (e.g. Hχ → NjNj) an be disregarded beause the
reation density for Hχ is almost zero at z ≃ 1 while the reverse proesses are kinematially
forbidden due to the heaviness of Hχ
20
. Furthermore, the Nj-Nk satterings mediated
by a virtual Hχ do not play a role beause in the strong washout regime, the analysis is
insensitive to the initial Nj abundane in the thermal plasma. Hene, there is no new
important ontribution from the list of starred (⋆) reations in Table 2.4 to the standard
sattering and washout terms, and we an onlude that our models do not predit a
modiation to the eieny fator κf1 given by the default seesaw ase.
Weak washout regime
We end this setion by inluding a short disussion of the phenomenologies that might be
essential to the analysis of our extended seesaw models in the ontext of weak washout
21
.
While the eieny fator is typially enhaned in this regime, one obvious drawbak is
20
It should be noted that the 2↔ 3 reations suh as NjNj ↔ HχΦ
†Φ are in any ase impotent beause
of µφχ → 0.
21
For a omplete review of the analysis in the weak washout regime, see for example [96, 97℄.
74 CHAPTER 2. ABELIAN FAMILY SYMMETRY AND LEPTOGENESIS
that the predition is no longer independent of initial onditions as in the senario for
strong washout. As a result, the Nj-Nk satterings via a Hχ may be signiant sine these
an atively modify N iN1 in the plasma while inverse deays are no longer strong enough
to ensure thermal abundane before the onset of leptogenesis.
However, upon loser inspetion and assuming a hierarhial RH neutrino mass spe-
trum, one would not expet a sizable hange to N iN1 . This is beause in Table 2.4 there is
no (∆L = 0) reation or annihilation proess whih involves N1's and some lighter parti-
les. Note that one does not need to be onerned with ∆L 6= 0 proesses in this analysis
beause they are in general too weak to bring Nj 's into equilibrium at high temperature
(T
lepto
≪ T < T
reh
). Thus only proesses suh as N1N1 ↔ NkNk (k = 2, 3) an bring
N1's into equilibrium. But as has been shown in a similar model in [99℄ where the addi-
tional Nj-Nk interations ome from ouplings to massive neutral gauge bosons (related to
GUT breaking), these satterings have very little eet on the nal asymmetry predition
if one has a pronouned RH neutrino mass hierarhy
22
. In addition, the N1-dominated
approximation remains valid.
It should be pointed out that all interations involving an external Hχ remain unim-
portant. When z ≪ 1, proesses that an produe Nj (e.g. Hχ → NjNj) are irrelevant
beause they are only potent before the inationary stage (see (2.12)) and any exess Nj
reated will be diluted away. On the other hand, for z ≃ 1, reation density for Hχ is
almost zero as in the strong washout regime.
Other issues that are potentially important in the weak washout regime inlude the
eets of sattering proesses that ouple to gauge bosons Vµ [97℄ (see Table 2.4), as well as
thermal orretions to ΓD and ΓS [97,140℄. These elements provides an additional soure of
theoretial unertainty to the overall analysis and hene making the weak washout senario
less attrative than the strong washout ase. For the purpose of our work though, these
eets unneessarily ompliate the analysis and therefore will be ignored.
Although we have not shown by expliit alulations that preditions of our models
will not signiantly deviate from (or bias towards ertain parameter spae within) the
standard ase with weak washout, it is apparent from the above disussion that a lot of
it will be highly dependent on the assumptions made on the mass of Nj , Hχ and their
Yukawa ouplings. Given that all of these are free parameters in our models, any devia-
tions with respet to the standard see-saw ase will therefore stay within the amount of
22
The model presented in [99℄ provides a good guide to the phenomenology expeted in ours with the
exeption that our models do not possess interations that link Nj to SM partiles. Consequently, our
models would predit even less modiations than in the ase of [99℄.
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these unertainties. Hene, we an onlude that their preditions are eetively the same
as the default ase.
2.3 Implications in flavored leptogenesis
As outlined in Se. 1.4.2, avor eets beome important when the assumption on the
temperature range in whih leptogenesis happens is altered [103110℄. This arises beause
Yukawa interations beome more prominent at temperatures T . 1012 GeV and as a result
they an destroy the oherent evolution of the lepton doublets, ℓ's in the early Universe.
To elaborate this a bit more, onsider the lepton states, | ℓ(j)〉's 23 generated by the
deays of Nj 's. Normally, in the one-avor approximation, | ℓ(j)〉 will evolve oherently as
the Universe ools. But the presene of harged lepton Yukawa interations in equilibrium
essentially introdues a soure of deoherene whereby the | ℓ(j)〉's are projeted onto one
of the three avor eigenstates, | ℓα〉's (α = e, µ, τ) with probability |〈ℓ(j)| ℓα〉|2.
Beause of the dierene in size between the tauon and muon Yukawa ouplings, there
exist two temperature thresholds: T eqτ and T
eq
µ , whih govern the range where tauon and
muon interations ome into equilibrium respetively. When T > T eqτ ≃ 1012 GeV, both
the τ - and µ-Yukawa interations are out-of-equilibrium and avor eets an be ignored.
For the temperature range T eqτ & T & T
eq
µ ≃ 109 GeV [104, 107, 108℄, only τ -Yukawas are
in equilibrium and one eetively has a two-avor (τ and a linear ombination of µ and e)
problem. Finally, in the ase of T eqµ & T , both reations are strong enough to instigate a
full three-avor system. In our disussion here, we do not expliitly distinguish between the
two situations and simply assume the three-avor regime. Furthermore, spetator eets
in the form disussed in [101, 102℄ will be ignored for brevity
24
.
To illustrate the origin of the avor aeted CP asymmetry, we begin by rewriting
Lagrangian (2.6) with sub-indies
25
L
mass
= −1
2
N j DMj Nj − ℓα (hℓ)α Φ eα − ℓα (hν)αj Φ˜Nj + h.. , (2.58)
where j = 1, 2, 3 and α = e, µ, τ . It is then lear that the state | ℓ(j)〉 and | ℓ(j)〉 in (2.14) are
in general not a CP onjugate of eah other owning to the omplex entries in matrix hν . If
23
The subsript (j) highlights the fat that the avor deomposition of ℓ(j) an be dierent for eah Nj .
24
These eets typially hange the result by a fator of O (1) in most senarios, besides they aet both
our models and the standard framework in the same way, hene, they an be safely ignored.
25
A proper disussion of this should be done within the density matrix framework [104, 107℄. But for
our purpose, it is enough to follow the more intuitive approah as in [106℄.
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we are onsidering the temperature ranges where the relevant lepton Yukawa interations
are either fully in equilibrium or out-of-equilibrium but not in between suh that state
| ℓ(j)〉 will quikly deohere into one of the | ℓα〉 states available, then we an eetively
think of Γj as an inoherent sum (over α) of the partial deay rates Γjα ≡ Γ(Nj → ℓαΦ).
Likewise for | ℓ(j)〉, | ℓα〉,Γj and Γjα ≡ Γ(Nj → ℓαΦ¯). Note here that | ℓα〉 and | ℓα〉 are CP
onjugate states of eah other.
From this, it is straightforward to see that CP violation in Nj deays an manifest
itself in two plaes:
(A). The amount of | ℓα〉 and | ℓα〉 produed are not the same beause | ℓ(j)〉 and | ℓ(j)〉 are
produed at dierent rates whih orresponds to Γj 6= Γj .
(B). The amount of | ℓα〉 and | ℓα〉 produed are not the same beause Γjα 6= Γjα (regard-
less of the relation between Γj ,Γj).
Obviously, the seond eet is only relevant when one is onsidering the evolution of the
individual lepton avor asymmetry Lα. For the one-avor approximation, one traks the
evolution of L =
∑
α Lα instead, and hene only the rst eet omes into play. However,
an important orollary is that when avor eets are inluded, the assoiated avored CP
asymmetry, εjα, an be nonzero even if Γj = Γj (i.e. εj = 0)
26
. To properly quantify all
these, it is onvenient to introdue the avor projetors [106℄
Pjα ≡ Γjα
Γj
= |〈ℓ(j)| ℓα〉|2 , (2.59)
P jα ≡ Γjα
Γj
= |〈ℓ(j)| ℓα〉|2 , (j = 1, 2, 3; α = e, µ, τ) (2.60)
where Γj =
∑
α Γjα and Γj =
∑
α Γjα. Therefore, by denition,
∑
α Pjα =
∑
α P jα = 1.
The assoiated α avor CP asymmetry is given by [104, 106℄
εjα ≡ Γjα − Γjα
Γj + Γj
=
ΓjPjα − ΓjP jα
Γj + Γj
, (2.61)
=
Pjα + P jα
2
εj +
Pjα − P jα
2
, (2.62)
≃ P 0jα εj +
δPjα
2
, (2.63)
where P 0jα is the tree-level ontribution to the projetor Pjα with P
0
jα = P
0
jα, while δPjα ≡
Pjα − P jα is the quantity that haraterises the CP violating eet of type (B). From
26
See Se. 1.4.2 for related disussion on this.
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(2.63), it is lear that even if εj = 0 and hene P
0
jα εj vanishes
27
, εjα does not neessarily
go to zero. In addition,
∑
α
δPjα =
∑
α
(Pjα − P jα) = 1− 1 = 0 , (2.64)
demonstrating that εj ≡
∑
α εjα will not depend on δPjα, and hene it is onsistent with
our laim that only type (A) eet an ontribute to the overall asymmetry when avor
eets is negleted.
Putting these quantities in terms of parameters in (2.58) and setting j = 1 for the
N1-dominated senario, we get [106℄
P 01α = P
0
1α =
(h∗ν)α1(hν)α1
(h†νhν)11
, (2.65)
=
|∑k √mk Uα1Ωk1|2∑
k mk|Ω2k1|
, (2.66)
and [90℄
ε1α = − 1
8π(h†νhν)11
∑
k 6=1
Im
{
(h∗ν)α1(hν)αk
M1
Mk
[
3
2
(h†νhν)1k +
M1
Mk
(h†νhν)k1
]}
, (2.67)
with ε1 given by (2.22). Using these denitions, one an then alulate δP1α via (2.63).
It is worth highlighting that in (2.67), the term proportional to (h†νhν)k1 drops out upon
summing over α. This is beause when ombined with the pre-fator outside the brakets,
it beomes (h†νhν)1k(h
†
νhν)k1 whih is real. As a result, it indiates that this term atually
orresponds to δP1α type CP eet.
To derive the network of Boltzmann equations, rst we note that the nal asymmetry
N fB−L would now depend on the evolution of all individual avor asymmetries NQα where
Qα ≡ B/3 − Lα and N fB−L =
∑
α N fQα . Seondly, the washout terms would be modied
in the multi-avor ase beause ∆L 6= 0 interations involving Φ ouple to state | ℓ(1)〉 and
not | ℓα〉. Hene, washout eets will be dependent on P1α (or approximately P 01α).
If the Yukawa interations are either strongly in equilibrium or out-of-equilibrium but
not in the transition region
28
, then the kineti equations are greatly simplied as avor
dynamis due to the oherenes (i.e. o-diagonal terms of the relevant density operator)
may be negleted. Otherwise, the analysis must be done in the density matrix formalism
[104, 107℄ so that eets from partial losses of oherene and orrelations in avor spae
27
This term orresponds to type (A) CP violating eet.
28
See [103℄ for a thorough disussion on the loation of this region for various setups.
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an be fully aounted for.
Appealing to the approximation (as in Se. 2.2 for the unavored ase) that deays and
inverse deays dominate over the washout and sattering term, then overall we get [106,110℄
dNN1
dz
= −D (NN1 −N eqN1) , (2.68)
dNQα
dz
= −ε1αD (NN1 −N eqN1)− P 01αW ID1 NQα , (2.69)
whih are very similar to (2.52) and (2.53). So, just like (2.54), the solution to NQα an
be expressed in an integral form:
NQα(z) = N iQα e
−P 01α
R z
z
i
dz′W ID1 (z
′) − ε1α κ1α(z) , (2.70)
where the avor dependent eieny fator is given by
κ1α(z) = −
∫ z
z
i
dz′
dNN1
dz′
e−P
0
1α
R z
z′
dz′′W ID1 (z
′′) . (2.71)
In the strong washout regime, one then gets (f. (2.56)) [110℄
κf1α(K1α) ≃
2
K1α zB(K1α)
[
1− e−K1α zB(K1α)2
]
, (2.72)
where K1α ≡ P 01αK1. Sine P 01α ≤ 1, we have K1α ≤ K1, and so (2.72) implies that
washout is in general redued beause of avor eets. As a onsequene of this, one nds
that the region of parameter spae orresponding to the strong washout regime is also
redued [110℄.
From the above disussion, it is lear that muh of the analysis done in Se. 2.2 for
our models will be appliable to the ase when avor eets are inluded. Comparing
(2.68) and (2.69) with (2.52) and (2.53), we observe that P 01α and ε1α are the only two
new ingredients whih ontain all the additional model dependent information originating
from avor eets. Hene, it sues to investigate the impliations of our spei models
on these two quantities.
To begin with, we note that both P 01α and ε1α depends expliitly on the mixing matrix
U , unlike in the one-avor approximation where everything an be written in terms of the
seesaw orthogonal matrix Ω. This an be seen from (2.66) and by expanding the two terms
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ontaining hν 's in (2.67) using (2.24) to obtain
(h∗ν)α1(hν)αk(h
†
νhν)1k =
M1Mk
〈Φ〉4
∑
n
mnΩ
∗
n1Ωnk
∑
ℓ,m
√
mℓmm Ω
∗
ℓ1ΩmkU
∗
αℓUαm , (2.73)
and
(h∗ν)α1(hν)αk(h
†
νhν)k1 =
M1Mk
〈Φ〉4
∑
n
mnΩn1Ω
∗
nk
∑
ℓ,m
√
mℓmm Ω
∗
ℓ1ΩmkU
∗
αℓUαm . (2.74)
These general expressions illustrate how the low energy CP violating phases enter expliitly
into the preditions of leptogenesis when avor eets are important. But it is also lear
from them that suh eets are usually masked by the omplex phases in Ω (or hν) and
an only have a diret impat when Ω is real as mentioned in Se. 1.4.2. In the ontext of
our models with family symmetry, sine the predition is Ue3 = 0, the Dira phase δ from
U
PMNS
does not enter into the theory at all, and hene CP violating eets arising from
low energy parameters would entirely ome from the Majorana phases.
Regarding whether our models would give rise to a signiant departure in the predi-
tions of leptogenesis (with avors), there are some general observations we an make
29
.
Firstly, by examining (2.65) and (2.67), we an safely onlude that for Case 2 of our mod-
els (see Table 2.3) there is essentially no modiations to the standard seesaw senario.
This is due to the fat that all entries in hν for this ase are unonstrained by the symmetry
and therefore it an, in priniple, aommodate all spei senarios the default seesaw
allows (exept m(1) = 0 must be obeyed).
Seondly, using expression (2.66) for P 01α, we see that both Case 1 and 2 do not provide
any preditions or restritions on the projetors P 01α's
30
. This is beause P 01α depends
either on the 21- and 31-entries (normal hierarhy) or the 11- and 21-entries (inverted
hierarhy)
31
in both U and Ω and we know from before that these are unonstrained by
the symmetry (see for example matrix (2.40) for the normal hierarhy).
To study the impliations of Case 1 (normal hierarhy) on ε1α, we an apply m1 = 0,
Ue3 = 0 and Ω given in (2.40) to expressions (2.73) and (2.74). A key feature whih
results is that both (2.73) and (2.74) vanishes when k = 3, whih is in aordane with
the previous onlusion that Case 1 orresponds to the seesaw ase with only two RH
29
Note that there is nothing in all ases of our models whih speially indiates whether avor eets
should be inluded or not as M1 is a free parameter in the theory. Thus, leptogenesis with avor eets is
phenomenologially not exluded by our models.
30
Again Case 3 is automatially aounted for when onsidering Case 1.
31
No dependene on the 11-entry in the normal mass spetrum beause m1 = 0 and ontribution to the
sum in (2.66) automatially disappears. Similarly for the inverted spetrum when m3 = 0.
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neutrinos. In fat, this is the only denite predition from the model. Although one
gets signiant simpliation to (2.73) and (2.74) for partiular values of k and α, the
resulting expressions are still a funtion of unonstrained parameters, hene one has to
impose additional onditions in order to restrit the result. For instane, when k = 2 and
α = e, (2.74) simplies to
(h∗ν)e1(hν)e2(h
†
νhν)21 =
m2|Ue2|2M1M2
〈Φ〉4
[
m2|Ω231||1− Ω231| −m3Ω231(1− Ω231)∗
]
, (2.75)
where we have used m1 = 0, Ue3 = 0 and (2.40). Plugging this into (2.67) and dening
Ω231 = X3 + iY3, we simply get (ignoring O
(
(M1/M2)
2
)
terms):
ε1e ≃ − 3M1
16π〈Φ〉2 m˜1 m
2
2 |Ue2|2 Y3. (2.76)
This example illustrates that although the texture zeros an lead to partial simpliation,
in the end, one has to speify Ω231 and Ue2 (in this ase) in order to make any preditions
about ε1e. Besides, the nal asymmetry would in general depends on all of the ε1α's and
not just ε1e. Therefore, all we may onlude is that Case 1 of these models will possess
the phenomenologies given by the standard seesaw with two RH neutrinos. An extensive
study on this partiular situation in the ontext of leptogenesis with avor eets has been
performed reently in [108℄.
So far, we have assumed the strong washout senario exlusively. The reason for that
is in the weak washout regime, the alulation of the nal asymmetry relies on a good
knowledge of the thermal history of all RH neutrinos in the plasma. Sine our models do
not provide spei information on that front and avor eets annot atually alter the
phenomena we disussed in Se. 2.2.3, therefore, our onlusion on this regard would be
similar. In the light of all these, it is lear that impliations of our models in leptogenesis
with avor eets are basially the same as those from the normal seesaw with one massless
LH neutrino.
2.4 Summary of results
Given the intriate onnetion between neutrino properties and leptogenesis, it is natural
to ask whether a spei lass of onstrained seesaw models whih has less free parameters
than the default setup, an solve the baryogenesis problem. In this hapter, we have
performed a thorough hek in this ontext on suh neutrino models as those proposed
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in [129℄. These models obey ertain abelian family symmetries and ontain one additional
singlet in the Higgs setor suh that the total number of arbitrary parameters in the seesaw
theory is redued. In partiular, they predit that θ13 = 0 in the UPMNS matrix and a fully
hierarhial light LH neutrino spetrum.
By disseting the dependene of the nal asymmetry on sphalerons, CP violating
deays and washouts, we have identied the key elements that an modify the leptogenesis
preditions. Consequently, the impliations of dierent seesaw neutrino models an be
easily ompared. It was found that in all ases of our models, leptogenesis preditions are
almost idential to those allowed by the default seesaw model, with the exeption that our
models naturally selet the hierarhial light neutrino solution (for m1 or 3 = 0 is one of the
main features). This onlusion is true for both the one-avor approximation, as well as
when avor eets are inluded, sine all of the essential elements that an hange the nal
asymmetry turn out to be unonstrained in our models. In one ase, the phenomenology is
very muh the same as the standard situation with three RH neutrinos whereas in the two
other ases, they orrespond to the senario with only two RH neutrinos. Furthermore, for
leptogenesis with avor eets, we have found that Majorana phases in the light neutrino
mixing matrix an play an important role sine in our models the Dira phase disappears
due to the fat that θ13 = 0.
It should be noted that the entire investigation has been done assuming the limit of
hierarhial RH neutrinos with emphasis on the N1-dominated senario in all situations.
However, it is not hard to see that both the N2-dominated senario (see Se. 1.4.3) and
resonant leptogenesis (see Se. 1.4.4) are viable alternatives as the weakly onstrained
nature of our models on the standard leptogenesis parameter spae suggests.
Although in muh of this work the analyses are done in the strong washout regime, there
are lear indiations that our general onlusion an be extended to the weak washout ase.
A more preise alulation on this front, however, annot be arried out sine our models
do not provide any spei preditions on the RH neutrino setor. On one hand, this
means that nothing new is predited by our models, but on the other, this non-existene
of heavy onstraints ensures that these models an lead to suessful leptogenesis in most
senarios. Consequently, the ompatibility with thermal leptogenesis highlights another
benet of these simple seesaw neutrino models with abelian family symmetry.

Chapter
3
Seesaw sector and low-energy
observables
A
s we have seen in Chapter 2, enlarging the SM symmetry (as well as the Higgs setor)
an give rise to a theory that ontains less arbitrary inputs and, in some ases, also
provides denite preditions. Therefore, within the framework of type I seesaw, it
is natural to ask whether the largely unrestrited RH neutrino setor an be determined
through symmetries. This possibility is espeially attrative beause of the onnetion
between seesaw parameters and leptogenesis. As a result, osmologial onstraints may
provide important hints on the seletion of the underlying symmetries employed in model
building.
To understand the role symmetries an play in this regard, we rst notie that through
the seesaw mehanism [43℄, a relation between the heavy RH neutrino mass matrix and
the low-energy neutrino data an be established although this link is inomplete as there
are many parameters remaining to be xed. Seondly, the neutrino Dira mass matrix
struture may have some resemblanes to those of quarks and harged leptons suh as
when the SM originates from a GUT or partial uniation sheme. Hene, there are key
regions in the parameter spae where the powers of symmetry an be used to bridge the
gap between low-energy observables and the unknown seesaw setor.
In the following, we begin by eluidating all the model building strategies while estab-
lishing the notations. Then, we onstrut a few representative models whih an realise
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this onnetion between low- and high-energy parameters, before presenting a phenomeno-
logial study of them.
3.1 Seesaw structure and relation to the low-energy sector
The basi link between the heavy RH seesaw and the low-energy setors omes from the
seesaw relation (rst disussed in Se. 1.2.3) involving the eetive light neutrino mass
matrix mν whih is dened through
1
2
ν mν ν
c + h.. , (3.1)
and the heavy RH Majorana mass matrix MR oming from
1
2
(νR)cMR νR + h.. , (3.2)
where ν and νR are the eetive light and RH Majorana neutrino eld respetively. Ex-
pliitly, the formula is given by
1
mν ≃ −mDν M−1R (mDν )T , (3.3)
where mDν is the neutrino Dira mass matrix, dened through
νLm
D
ν νR + h.. , (3.4)
with νL being the LH neutrino eld in the weak eigenbasis
2
. Let νm = Vν ν be the mass
eigenstates for LH Majorana neutrinos, where Vν is the unitary diagonalization matrix for
mν . Then the diagonal light neutrino mass matrix, m̂ν is given by
3
m̂ν ≡ diag(m1,m2,m3) = −Vνmν V Tν , (3.5)
where mi denotes the ith light neutrino mass. With this, Eq. (3.3) implies that
m̂ν ≃ Vν mDν M−1R (mDν )TV Tν . (3.6)
1
We have ignored terms of O
`
(mDν )
3/M2R
´
or higher.
2
The relationship between ν and νL was disussed in Se. 1.2.3
3
Diagonalized matries will always be denoted by a arat in this hapter.
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The matrix m̂ν has been experimentally determined up to an absolute light neutrino mass
sale, and as a result we shall onveniently parametrize it through the lightestmν eigenvalue
m1 (normal hierarhy) or m3 (inverted hierarhy). Other neutrino mass eigenvalues are
then expressed in terms of this and the experimentally measured square-mass dierenes:
∆m2
sol
and ∆m2
atm
[23℄, as in (1.10) and (1.11) on page 6.
If we suppose further that emL = VeL eL are the mass eigenstates for LH harged leptons,
then the leptoni weak interation Lagrangian beomes
L
weak
= ig emL /W VeLV
†
ν νm + h.. , (3.7)
where VeLV
†
ν ≡ U
PMNS
is identied to be the leptoni mixing matrix, and as disussed
in Chapter 1, its entries are onstrained by low-energy neutrino experiments. Similarly,
one an dene the quark mixing matrix as U
CKM
≡ VuLV †dL, where VuL and VdL are the
left-diagonalization matries for the up- and down-type quark matries respetively
4
.
In order to onnet the high- and low-energy setors, one must have MR ompletely
determined by known quantities. One way to ahieve this is to have MR onstruted from
some ombination of m̂ν , the harged fermion mass matries, m̂f with f = e, d, u, and the
mixing matries (U
PMNS
and U
CKM
) respetively. As a onsequene, Eq. (3.6) demands
that
The neutrino Dira mass matrix, mDν , must be predited by the theory. (3.8)
Suppose that the use of symmetries allows one to impose
mDν = mf for one of f = e, f = d or f = u , (3.9)
then (3.6) an be written as
m̂ν ≃ Vν mf M−1R mTf V Tν . (3.10)
Note that there are ustodial SU(2), uniation and quark-lepton symmetries that an
enfore eah of the onditions in (3.9) at tree-level, as we shall explain later. But if we
simply take (3.9) as an ansatz at this point, then by diagonalizing the fermion mass matrix:
m̂f = VfLmf V
†
fR , (3.11)
4
CKM stands for Cabibbo-Kobayashi-Maskawa.
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where VfL and VfR are the left- and right-diagonalization matries for mf respetively, we
an put (3.10) into a more onvenient form:
m̂ν ≃ Vν V †fL m̂f VfRM−1R V TfR m̂f V ∗fL V Tν ,
= (VfL V
†
ν )
† m̂f VfRM−1R V
T
fR m̂f (VfL V
†
ν )
∗ . (3.12)
From this, we see that another neessary ondition to have MR ompletely determined is:
The matrix produt, VfLV
†
ν and the right-diagonalization matrix, VfR must be known.
(3.13)
However, sine the VfR annot be measured as the weak interation is known to be left-
handed
5
, it must be predited from the theory. As will be elaborated later, this issue an
be resolved by inluding a avor (or family) symmetry in the model so that fully determined
diagonalisation matries with their entries only made up of known onstants an result.
These onstants are usually related to the Clebsh-Gordon oeients assoiated with the
avor symmetry group under onsideration.
Regarding the matrix produt VfLV
†
ν in (3.12), it may be a diretly measurable quantity
or partly provided by the theory or both. A distintive feature of this produt is that its
form is similar to the denitions of both U
PMNS
and U
CKM
(re-stated here for onveniene):
U
PMNS
= VeLV
†
ν , UCKM = VuLV
†
dL . (3.14)
The simplest possibility is perhaps when f = e whih leads to VfLV
†
ν = U
PMNS
. If at the
same time, the model predits VfR = VeR = I, then we have a very speial ase where MR
is ompletely determined through
MR ≃ m̂e U∗
PMNS
m̂−1ν U
†
PMNS
m̂e . (3.15)
Two other possibilities, arising from the enforement of (ν ↔ d, u) and the appropriate
avor symmetries, are that
f = d , with VdR = I , VdL = VeL , (3.16)
and f = u , with VuR = I , VuL = VeL , (3.17)
5
The disovery of right-handed weak interations would of ourse hange this situation. But we shall
not onsider that possibility here.
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leading to
MR ≃ m̂d,uU∗
PMNS
m̂−1ν U
†
PMNS
m̂d,u . (3.18)
Beause of the automati presene of Vν in the formula for MR, it is relatively straightfor-
ward to nd symmetries leading to Eqs. (3.15) and (3.18) where the leptoni PMNS mixing
matrix is a key feature. However, it may also be of interest to onsider symmetry strutures
that an lead to the PMNS matrix being replaed by the CKM matrix (or a produt of
the two). One possibility is to have the symmetries to ditate that VuL = VdR = Vν = I
always holds and so when we identify f = d in (3.12), this will give rise to the relation
MR ≃ m̂d UT
CKM
m̂−1ν UCKM m̂d , (3.19)
where U
CKM
= V †dL in this ase. Alternatively, one an onsider the ase where d and
u have their roles interhanged. Other options whih ould equally well be ontemplated
inlude enforing V †dLVeL = VuR = I while keeping VuL and V
†
ν arbitrary, leading to the
situation with MR given by
MR ≃ m̂u U∗
CKM
U∗
PMNS
m̂−1ν U
†
PMNS
U †
CKM
m̂u , (3.20)
with U
CKM
= VuLV
†
dL and UPMNS = VeLV
†
ν .
Finally, there is the relatively mundane ase where all of the diagonalization matries
in the formula for MR are equal to the identity, so that one simply gets
MR ≡ M̂R ≃ diag
(
m2f1
m1
,
m2f2
m2
,
m2f3
m3
)
. (3.21)
Interestingly, this is not possible for the f = e hoie, beause the PMNS matrix is known
to be very dissimilar to the identity. However, avor symmetries allowing, Eq.(3.21) an in
priniple be ahieved for f = d or u. In these situations, one would then get U
PMNS
= VeL
and U
CKM
= VuL (if f = d) or V
†
dL (if f = u).
In summary, the general properties of enforing a (ν ↔ e, d, u) symmetry in parallel
with some avor symmetries motivate relations of the form
6
MR = MR(m̂e , m̂d , m̂u , UPMNS , UCKM) (3.22)
6
Note that although the analysis was framed in terms of the leading seesaw expression mν ≃
−mDν M
−1
R (m
D
ν )
T
, it generalizes to ases where additional terms on the right-hand side are kept, beause
the higher-order terms ontain a priori the same unknowns as does the leading term.
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of whih Eqs.(3.15), (3.18), (3.19), (3.20) and (3.21) are important examples.
3.2 The use of symmetries
One of the key assumption leading to result (3.12) is that the neutrino Dira mass matrix
must be equal to one of the quark or harged lepton matries as indiated in (3.9). In
addition, ompletely derivingMR requires a good knowledge of the diagonalisation matries
beause of ondition (3.13). So, the aim of this setion is to briey illustrate how mass
relations of the type:
mDν = K m̂e, d or u , (where K is a known matrix) (3.23)
may be enfored, as well as the role of avor symmetry in determining the diagonalisation
matries of interest. We will present some onrete examples that utilise these ideas to
good eet in the next setion.
It is well known that in a minimal SO(10) framework one obtains the mass relations
mDν = me = md = mu, beause all fermions are in the same multiplet and the eletroweak
Higgs lies in a real fundamental of SO(10). However, these relations are too strong from
a phenomenologial perspetive. While we desire the equality between the neutrino Dira
mass matrix and that of one other fermion, the rest of the mass preditions me = md = mu
are learly ruled out by experiments. Therefore, the aim is to searh for gauge groups that
ontain the SM as a subgroup and have enough power to establish the mass relation we
seek without violating any observations. Indeed, given the partial suess of the minimal
SO(10) setup, subgroups that are ontained in SO(10) will make exellent starting points
in the searh for a workable model. Furthermore, the use of disrete rather than ontinuous
symmetries to relate dierent multiplets onstitutes another sensible strategy outside of
the SO(10)-like ideas.
To implement the strategy of using SO(10)-inspired models, let us highlight some of
the key features of several popular uniation groups (whih are subgroups of SO(10))
that may be of relevane. Firstly, we have the standard SU(5) setup [142℄ where the LH
harged leptons (νL, eL) and down antiquarks (d
c
R) are pakaged into the 5 representation
(or 5-rep for short), while the other SM fermions (ucR, uL, dL and e
c
R) are plaed in the
10-rep. In the SM with heavy singlet neutrinos, the νcR an be inluded as the 1-rep of
SU(5). Then, given a minimal Higgs setor (with Φ in the 5-rep) whih aompanies
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these, it an seen that the Yukawa term that links the 5-rep and 10-rep together will lead
to the relation me = md, whereas mu and m
D
ν remain unrelated due to the fat that the
respetive fermion elds are in separate representations, leading to independent Yukawa
ouplings in general.
Seondly, there is the ipped-SU(5) (≡ SU(5) ⊗ U(1)X) setup [143℄ where the down
antiquarks (dcR) and harged antileptons (e
c
R) ip roles with the up antiquarks (u
c
R) and
singlet antineutrinos (νcR) respetively. As a result of these new partile assignments, the
model in its minimal version an then indue mDν = mu without enforing the unwanted
mass relation of me = md. This observation makes the ipped-SU(5) group a prime an-
didate for our purpose, unlike both the minimal SO(10) and SU(5) uniation shemes 7.
Thirdly, we have the left-right symmetry group: SU(3)c⊗SU(2)L⊗SU(2)R⊗U(1)B−L
[145℄ whih has the power to enfore mass degeneray between weak isospin partners:
md = mu and me = m
D
ν [146℄. Suh a degeneray follows from requiring a bidoublet Higgs
to be real
8
, whih at the SO(10) level is equivalent to having a real Higgs 10-plet. Hene,
we see that both the ipped-SU(5) (Se. 3.3.1) and left-right (Se. 3.3.3) setup provide the
basi starting points in ahieving relations of the type of (3.23).
To obtain the remaining possibility of mDν = md, one an employ the other strategy
of introduing a disrete symmetry. In partiular, as we shall show in Se. 3.3.2, a dis-
rete quark-lepton symmetry [147℄ would be appropriate. This is beause the extended
gauge struture ontains a new SU(3)ℓ leptoni olor group whih now permits a disrete
interhange symmetry between the SM quarks and (generalised or olored) leptons. After
spontaneous symmetry breaking, leptons of one of the olors are identied as the SM lep-
tons, and as a result mDν = md an follow by virtue of the disrete transformation giving
these fermions ommon Yukawa ouplings.
It is worth mentioning that one an also ontemplate the situations where the model
diretly provides the generi relation (3.23) as the starting point. In suh ases, the matrix
K is normally a matrix of Clebsh-Gordan oeients related to the gauge group being
employed. For instane, at the SO(10) level, this an ome about when the eletroweak
Higgs doublet is embedded in a higher-dimensional representation rather than the usual 10-
rep or there are multiple Higgses that ontribute to the Yukawa ouplings. This situation is
analogous to the well-known Georgi-Jarlskog [148℄ modiation of the me to md relation in
SU(5) uniation. Although this may be an interesting alternative, it is not the approah
7
Alternatively, a Pati-Salam-like [144℄ subgroup SU(4)⊗SU(2)L ⊗SU(2)R an also be used to enfore
mDν = mu.
8
This basially auses SU(2)R to beome ustodial SU(2).
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we pursue in this work.
One the appropriate fermion-mass-onstraining group is seleted, the remaining hal-
lenges are twofold. The rst, as well-illustrated by minimal SO(10), is the removal of
byproduts suh as unwanted mass relations or interations. The seond is the need to
have preditable diagonalization matries. Quite frequently, it is possible to meet both of
these hallenges by introduing a avor symmetry and a non-minimal Higgs setor. For
the former, the presene of a larger symmetry an naturally restrit the type of oupling
one an have, hene removing some or all of the undesirable terms. In ases where this is
not suient, unbroken global non-avor symmetries may also be imposed. To resolve the
latter issue, the key onept is that of a form-diagonalizable matrix [24℄. This is a matrix
ontaining relations amongst its elements and perhaps also texture zeros so as to make the
diagonalization matries fully determined while leaving the eigenvalues arbitrary.
It is interesting to note that for the SM with RH neutrinos but no mass terms, the
largest avor symmetry possible is U(3)qL ⊗U(3)uR ⊗U(3)dR ⊗U(3)ℓL ⊗U(3)eR ⊗U(3)νR ,
whih orresponds to one independent U(3)f for eah fermion multiplet. If the SM origi-
nates from some GUT, then this underlying avor group is neessarily smaller. For instane
in SO(10) GUT, the largest of suh symmetry is U(3) as all SM fermions (inluding νR)
are plaed in the fundamental 16-rep. Eventually though, when all fermions (inluding LH
and RH neutrinos) gain mass, suh an underlying group is in general ompletely broken.
But the point is that in model building, there are often many possible avor (sub)groups
and their subsequent breaking patterns one may selet given a gauge struture.
Although the restritions oming from the gauge group may dier, one sensible hoie
is to pik groups with 3-dimensional irreduible representations suh as SU(3) [149℄, SO(3)
[150℄, Z7⋊Z3 [151℄, ∆(27) [152℄, S4 [153℄ or A4 [26℄ to be the starting point, beause there
are three generations of fermions
9
. Then, the hallenge is to ensure that the subsequent
breaking of the underlying avor symmetry hosen an enfore form-diagonalizability for a
partiular setup. In priniple, all of the groups mentioned above an be viable andidates
for this purpose, and whih one to take is often merely a model building deision.
For the representative models presented in the next setion, we selet the disrete group
A4 to be the underlying avor symmetry. This hoie is motivated by the relatively simple
nature of group, as well as the fat that it has been well-studied [26, 154156℄. Using this
and the mass-relating symmetry disussed earlier, we will demonstrate that relation (3.23)
an be readily implemented.
9
It is worth adding that all of these groups have in reent years been widely used to try to understand
the tribimaximal form for leptoni mixing [2527℄. See Se. 1.1.4.
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3.3 Some representative models
In this setion, we illustrate the ideas disussed previously by onstruting three realisti
models that an enfore mDν = K m̂e,d or u, and subsequently lead to relations (3.15) and
(3.18) respetively.
3.3.1 Relating mDν to m̂u via a ipped-SU(5) model
As hinted before, we an relate the neutrino Dira mass and the up-quark mass matries
using a ipped-SU(5) framework. To this end, we onsider the following group struture
[143℄ augmented by a A4 avor symmetry [26, 156℄:
G1 = SU(5) ⊗ U(1)X ×A4 , (3.24)
⊃ SU(3)c ⊗ SU(2)L ⊗ U(1)T ⊗ U(1)X︸ ︷︷ ︸
U(1)Y
×A4 . (3.25)
We shall hoose the normalization suh that hyperharge Y is given by:
Y = −1
5
T +
2
5
X , (3.26)
where T = diag(−2/3,−2/3,−2/3, 1, 1) is the generator for U(1)T . The advantage of this
setup is that we an also avoid the bad mass-relation of me = md as we will demonstrate
below. For this model, the partile ontents and their transformation properties under G1
are given by:
ψLα =

u1cR
u2cR
u3cR
eL
−νL

∼ (5,−3)(3) ; ecR ∼ (1, 5)(1 ⊕ 1′ ⊕ 1′′) ;
χαβL =
1√
2

0 d3cR −d2cR −u1L −d1L
−d3cR 0 d1cR −u2L −d2L
d2cR −d1cR 0 −u3L −d3L
u1L u
2
L u
3
L 0 −νcR
d1L d
2
L d
3
L ν
c
R 0

∼ (10, 1)(1 ⊕ 1′ ⊕ 1′′) ;
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Φσ(3) =

h1d
h2d
h3d
φ0∗(3)
−φ+(3)

∼ (5,−2)(3) ; Φσ(1⊕1′⊕1′′) ∼ (5,−2)(1 ⊕ 1′ ⊕ 1′′) ;
∆αβγδ ∼ (50, 2)(1 ⊕ 1′ ⊕ 1′′) , (3.27)
where the supersripts 1,2 and 3 and Greek letters are the olor and SU(5) indies respe-
tively
10
. 1, 1′, 1′′ and 3 denote the irreduible representations of A4 (see Appendix B.1).
In matrix form, the G1 invariant interation Lagrangian then ontains the following terms:
−L1 = Yλ1 ψLΦ∗(3) eR +
√
2 Yλ2 ψL χ
c
LΦ(3) +
Yλ3
4
(χL)αβ(χ
c
L)γδ
(
Φ∗(1⊕1′⊕1′′)
)
σ
ǫαβγδσ
+ Yλ4(χL)αβ(χ
c
L)γδ∆
αβγδ + h.. , (3.28)
where ǫαβγδσ is the Levi-Civita tensor. When the neutral omponents of Φ and ∆ obtain
nonzero vauum expetation values (VEVs), one gets mass terms of the form
= Yλ1 eL 〈φ0(3)〉 eR − Yλ2 (uL 〈φ0∗(3)〉uR + νL 〈φ0∗(3)〉 νR)
+
Yλ3
2
(
dcR d
c
L + dL dR
) 〈φ0(1⊕1′⊕1′′)〉+ Yλ4 νcR νR〈∆0(1⊕1′⊕1′′)〉+ h.. , (3.29)
where we have used ucR〈φ0∗(3)〉ucL ≡ uL 〈φ0∗(3)〉uR. Note that 〈∆0〉, whih provides the heavy
Majorana mass, breaks G1 down to the SM, and is expeted to be at a muh higher energy
sale than 〈Φ〉 whih breaks eletroweak symmetry.
Writing out the A4 struture of the Yλ1- and Yλ2-terms in Eq. (3.29) with the vauum
〈φ0(3)〉 ≡ 〈φ0∗(3)〉 = (v(3), v(3), v(3)) where v(3) ∈ R, one gets
me : λ1 (eL 〈φ0(3)〉)1 eR + λ′1 (eL 〈φ0(3)〉)1′ e′′R + λ′′1 (eL 〈φ0(3)〉)1′′ e′R + h.. , (3.30)
mu : − λ2 uL(〈φ0∗(3)〉uR)1 − λ′2 u′′L(〈φ0∗(3)〉uR)1′ − λ′′2 u′L(〈φ0∗(3)〉uR)1′′ + h.. , (3.31)
mDν : − λ2 (νL 〈φ0∗(3)〉)1 νR − λ′2 (νL 〈φ0∗(3)〉)1′ ν ′′R − λ′′2 (νL 〈φ0∗(3)〉)1′′ ν ′R + h.. . (3.32)
By expanding out the A4 invariants using the tensor produt rules in Appendix B.1 and
ollet them into matrix form, one an easily examine the struture of these mass matries:
10
For the branhing rules of SU(5) and other groups see for example [157℄.
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me harged lepton mass matrix
λ1 (eL 〈φ0(3)〉)1 eR + λ′1 (eL 〈φ0(3)〉)1′ e′′R + λ′′1 (eL 〈φ0(3)〉)1′′ e′R + h.. ,
=
(
eL1 eL2 eL3
)
λ1 v(3) λ
′
1 v(3) λ
′′
1 v(3)
λ1 v(3) ωλ
′
1 v(3) ω
2λ′′1 v(3)
λ1 v(3) ω
2λ′1 v(3) ωλ
′′
1 v(3)


eR
e′′R
e′R
+ h.. , (3.33)
=
(
eL1 eL2 eL3
) 1√
3

1 1 1
1 ω ω2
1 ω2 ω

︸ ︷︷ ︸
Uω
√
3 v(3)

λ1 0 0
0 λ′1 0
0 0 λ′′1

︸ ︷︷ ︸
bme

eR
e′′R
e′R
+ h.. , (3.34)
where subsripts 1,2,3 of eL are the avor indies and ω = e
2πi/3
. From this, we an readily
dedue that
V †eL = Uω and VeR = I . (3.35)
mu up-type quark mass matrix
− λ2 uL(〈φ0∗(3)〉uR)1 − λ′2 u′′L(〈φ0∗(3)〉uR)1′ − λ′′2 u′L(〈φ0∗(3)〉uR)1′′ + h.. ,
=−
(
uL u
′′
L u
′
L
)√
3 v(3)

λ2 0 0
0 λ′2 0
0 0 λ′′2

︸ ︷︷ ︸
bmu
1√
3

1 1 1
1 ω ω2
1 ω2 ω


uR1
uR2
uR3
+ h.. . (3.36)
mDν neutrino Dira mass matrix
− λ2 (νL 〈φ0∗(3)〉)1 νR − λ′2 (νL 〈φ0∗(3)〉)1′ ν ′′R − λ′′2 (νL 〈φ0∗(3)〉)1′′ ν ′R + h.. ,
=−
(
νL1 νL2 νL3
) 1√
3

1 1 1
1 ω ω2
1 ω2 ω
√3v(3)

λ2 0 0
0 λ′2 0
0 0 λ′′2

︸ ︷︷ ︸
bmu

νR
ν ′′R
ν ′R
+ h.. . (3.37)
Inspeting (3.36) and (3.37), it immediately reveals the following relations:
V †uL = I , VuR = −Uω ≡ −V †eL and mDν = −Uω m̂u , (3.38)
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whih implies
mDν = −V †eL m̂u . (3.39)
Therefore, we have suessfully ahieved the form we seek. Putting it into (3.6) and using
denition (3.14), we get
m̂ν ≃ Vν V †eL m̂uM−1R (V †eL m̂u)TV Tν ,
= U †
PMNS
m̂uM
−1
R m̂u U
∗
PMNS
,
⇒ MR ≃ m̂u U∗
PMNS
m̂−1ν U
†
PMNS
m̂u . (3.40)
To hek the preditions of the rest of the theory, we turn our attention to the Yλ3- and
Yλ4-terms in (3.29):
md down-type quark mass matrix
1
2
λ
(11)
3 (d
c
Rd
c
L + dLdR)〈φ0(1)〉+
1
2
λ
(22)
3 (d
c
R
′′
(dcL)
′′ + d′′Ld
′′
R)〈φ0(1′′)〉
+
1
2
λ
(33)
3 (d
c
R
′
(dcL)
′ + d′Ld
′
R)〈φ0(1′)〉+
1
2
λ
(12)
3 (d
c
R
′′
dcL + d
′′
LdR)〈φ0(1′)〉
+
1
2
λ
(13)
3 (d
c
R
′
dcL + d
′
LdR)〈φ0(1′′)〉+
1
2
λ
(23)
3 (d
c
R
′
(dcL)
′′ + d′L(dR)
′′)〈φ0(1)〉+ h.. ,
= λ
(11)
3 dLdR〈φ0(1)〉+ λ(22)3 d
′′
Ld
′′
R〈φ0(1′′)〉+ λ(33)3 d
′
Ld
′
R〈φ0(1′)〉
+
1
2
λ
(12)
3 (dLd
′′
R + d
′′
LdR)〈φ0(1′)〉+
1
2
λ
(13)
3 (dLd
′
R + d
′
LdR)〈φ0(1′′)〉
+
1
2
λ
(12)
3 (d
′′
Ld
′
R + d
′
Ld
′′
R)〈φ0(1)〉+ h.. ,
=
(
dL d
′′
L d
′
L
)
λ
(11)
3 v(1)
1
2λ
(12)
3 v
′
(1)
1
2λ
(13)
3 v
′′
(1)
1
2λ
(12)
3 v
′
(1) λ
(22)
3 v
′′
(1)
1
2λ
(23)
3 v(1)
1
2λ
(13)
3 v
′′
(1)
1
2λ
(23)
3 v(1) λ
(33)
3 v
′
(1)

︸ ︷︷ ︸
md

dR
d′′R
d′R
+ h.. , (3.41)
where we have substituted 〈φ0(1)〉 = v(1), 〈φ0(1′)〉 = v′(1), 〈φ0(1′′)〉 = v′′(1). From (3.41), it is
lear that md is a general omplex symmetri matrix, and hene we have V
†
dL = V
T
dR is
arbitrary. Similarly, for MR:
MR neutrino Majorana mass matrix
λ
(11)
4 ν
c
RνR〈∆0(1)〉+ λ(22)4 νcR
′′
ν ′′R〈∆0(1′′)〉+ λ(33)4 νcR
′
ν ′R〈∆0(1′)〉+ λ(12)4
[
νcRν
′′
R + ν
c
R
′′
νR
]
〈∆0(1′)〉
+ λ
(13)
4
[
νcRν
′
R + ν
c
R
′
νR
]
〈∆0(1′′)〉+ λ(23)4
[
νcR
′′
ν ′R + νcR
′
ν ′′R
]
〈∆0(1)〉 + h.. , (3.42)
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=
(
νcR ν
c
R
′′
νcR
′
)
λ
(11)
4 vδ λ
(12)
4 v
′
δ λ
(13)
4 v
′′
δ
λ
(12)
4 v
′
δ λ
(22)
4 v
′′
δ λ
(23)
4 vδ
λ
(13)
4 v
′′
δ λ
(23)
4 vδ λ
(33)
4 v
′
δ

︸ ︷︷ ︸
MR

νR
ν ′′R
ν ′R
 + h.. , (3.43)
where 〈∆0(1)〉 = vδ, 〈∆0(1′)〉 = v′δ, 〈∆0(1′′)〉 = v′′δ . So as we an see, MR is also a general
omplex symmetri matrix. Consequently, the diagonalization matrix Vν is this model will
be arbitrary sine mν is a funtion of MR via (3.40). The two results from md and MR
imply that this model plaes no restritions on the neutrino and the quark mixing matries,
whih are given by U
PMNS
= VeLV
†
ν = UωV
†
ν and U
CKM
= VuLV
†
dL = V
†
dL respetively, and
therefore one an set them to math the experimental values by tuning the λ3,4's.
3.3.2 Relating mDν to m̂d via a quark-lepton symmetri model
Next, we onstrut a slightly more ompliated model within the framework of a disrete
quark-lepton symmetry [147℄. As well as the usual A4 avor symmetry, we also introdue
an additional unbroken Z2 global symmetry to forbid ertain interation terms in the
Lagrangian. The symmetry group for this model is:
G2 = Gqℓ ×A4 × Z2 ,
= SU(3)ℓ ⊗ SU(3)q︸ ︷︷ ︸
Z
QL
⊗SU(2)L ⊗ U(1)X ×A4 × Z2 , (3.44)
⊃ (SU(2)ℓ ⊗ U(1)T )⊗ SU(3)q ⊗ SU(2)L ⊗ U(1)X ×A4 × Z2 , (3.45)
where Z
QL
is the disrete quark-lepton symmetry that relates the leptoni and quark olor
groups (SU(3)ℓ
Z
QL←→ SU(3)q) while hyperharge Y is given by
Y = X +
1
3
T , (3.46)
where T = diag(−2, 1, 1) is a generator of SU(3)ℓ. The eld ontents are
FL =
NL
EL
 ∼ (3, 1, 2,−1/3)(3)(1) ZQL←→ QL =
uL
dL
 ∼ (1, 3, 2, 1/3)(3)(1) ,
ER ∼ (3, 1, 1, 4/3)(1 ⊕ 1′ ⊕ 1′′)(1) ←→ uR ∼ (1, 3, 1,−4/3)(1 ⊕ 1′ ⊕ 1′′)(1) ,
NR ∼ (3, 1, 1, 2/3)(1 ⊕ 1′ ⊕ 1′′)(−1) ←→ dR ∼ (1, 3, 1,−2/3)(1 ⊕ 1′ ⊕ 1′′)(−1) ,
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χ
(0)
1 ∼ (3, 1, 1, 2/3)(1 ⊕ 1′ ⊕ 1′′)(1)
Z
QL←→ χ(0)2 ∼ (1, 3, 1,−2/3)(1 ⊕ 1′ ⊕ 1′′)(1) ,
χ
(1)
1 ∼ (3, 1, 1, 2/3)(1 ⊕ 1′ ⊕ 1′′)(−1) ←→ χ(1)2 ∼ (1, 3, 1,−2/3)(1 ⊕ 1′ ⊕ 1′′)(−1) ,
φ1 =
φ01
φ−1
 ∼ (1, 1, 2,−1)(3)(1) ←→ φ2 =
φ+2
φ02
 ∼ (1, 1, 2, 1)(3)(1) ,
φc2 =
 φ0∗2
−φ−2
 ∼ (1, 1, 2,−1)(3)(1) ←→ φc1 =
 φ+1
−φ0∗1
 ∼ (1, 1, 2, 1)(3)(1) ,
φcd =
 φ0∗d
−φ−d
 ∼ (1, 1, 2,−1)(3)(−1) ←→ φd =
φ+d
φ0d
 ∼ (1, 1, 2, 1)(3)(−1) ,
∆1 ∼ (6s, 1, 1,−4/3)(1 ⊕ 1′ ⊕ 1′′)(1) ←→ ∆2 ∼ (1, 6s, 1, 4/3)(1 ⊕ 1′ ⊕ 1′′)(1) ,
(3.47)
where
EL,R =

E1L,R
E2L,R
eL,R
 , NL,R =

N1L,R
N2L,R
νL,R
 are triplets in SU(3)ℓ spae . (3.48)
E1L,R, E2L,R, N1L,R, N2L,R are exoti leptoni-olor partners of the usual leptons. The
disrete Z
QL
symmetry is broken and these exoti leptons gain mass when χ
(0,1)
1 piks up
a nonzero VEV:
〈χ(0,1)1 〉 =

0
0
v
(0,1)
χ
 while 〈χ(0,1)2 〉 = 0 . (3.49)
We arrange 〈∆1〉 6= 0 to give a large Majorana mass while keeping 〈∆2〉 = 0. The φ's
will break eletroweak symmetry as usual. In order to avoid domain walls
11
and allow
the implementation of the seesaw mehanism, we demand the following hierarhy for the
energy sales:
〈χ(0,1)1 〉 > Tination > 〈∆1〉 ≫ 〈φ1〉 ≃ 〈φ2〉 ≃ 〈φd〉 = O
(
102
)
GeV . (3.50)
11
Cosmologial domain walls will form when the disrete quark-lepton symmetry is spontaneously broken.
Arranging for this breaking sale to be large allows these observationally unaeptable topologial defets
to be inated away [158℄.
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Overall, the symmetry group G2 will give rise to an interation Lagrangian with the fol-
lowing terms (ǫαβγ is the Levi-Civita tensor):
−L2 =
[
λf1
(
F cLα FLβ χ
(0)
1γ +Q
c
LαQLβ χ
(0)
2γ
)
+ λf2
(
EcRαNRβ χ
(1)
1γ + u
c
Rα dRβ χ
(1)
2γ
)]
ǫαβγ
+ λg1
(
QLuRφ1 + FLERφ2
)
+ λg2
(
QLuRφ
c
2 + FLERφ
c
1
)
+ λg3
(
QLdRφd + FLNRφ
c
d
)
+ λh1
(
N cRαNRβ ∆
αβ
1 + d
c
Rα dRβ ∆
αβ
2
)
+ h.. ,
(3.51)
where α, β, γ are SU(3)ℓ or q indies and the terms proportional to λf1,2 are the mass terms
for the exoti fermions. From (3.51) and taking 〈φ01〉 = v1, 〈φ02〉 = v2 and 〈φ0d〉 ≡ 〈φ0∗d 〉 = vd,
we expet the following mass relations from this model:
mu = λg1v1 + λg2v
∗
2 , md = λg3vd , (3.52)
me = λg1v2 − λg2v∗1 , mDν = λg3vd . (3.53)
So, in general, me 6= mu but mDν = md. Writing out the A4 struture of the relevant terms
in (3.51) we have:
me : g1 (eL 〈φ02〉)1 eR + g′1 (eL 〈φ02〉)1′ e′′R + g′′1 (eL 〈φ02〉)1′′ e′R
− g2 (eL 〈φ0∗1 〉)1 eR − g′2 (eL 〈φ0∗1 〉)1′ e′′R − g′′2 (eL 〈φ0∗1 〉)1′′ e′R + h.. , (3.54)
mu : g1 (uL 〈φ01〉)1 uR + g′1 (uL 〈φ01〉)1′ u′′R + g′′1 (uL 〈φ01〉)1′′ u′R
+ g2 (uL 〈φ0∗2 〉)1 uR + g′2 (uL 〈φ0∗2 〉)1′ u′′R + g′′2 (uL 〈φ0∗2 〉)1′′ u′R + h.. , (3.55)
md : g3 (dL 〈φ0d〉)1 dR + g′3 (dL 〈φ0d〉)1′ d′′R + g′′3 (dL 〈φ0d〉)1′′ d′R + h.. , (3.56)
mDν : g3 (νL 〈φ0∗d 〉)1 νR + g′3 (νL 〈φ0∗d 〉)1′ ν ′′R + g′′3 (νL 〈φ0∗d 〉)1′′ ν ′R + h.. . (3.57)
Following a similar proedure as in Se. 3.3.1 and hoosing the vauum patterns: 〈φ0(∗)1,2 〉 =
(v
(∗)
1,2 , v
(∗)
1,2 , v
(∗)
1,2) , 〈φ0d〉 ≡ 〈φ0∗d 〉 = (vd, vd, vd), we nd that 12
me = Uωm̂e , mu = Uωm̂u , md = m
D
ν = Uωm̂d , (3.58)
i.e. V †eL = V
†
uL = V
†
dL = Uω , VeR = VuR = VdR = I , (3.59)
where
m̂e =
√
3 diag
(
g1v2 − g2v∗1 , g′1v2 − g′2v∗1 , g′′1v2 − g′′2v∗1
)
, (3.60)
12
See Appendix B.2 for the detailed steps leading to these.
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m̂u =
√
3 diag
(
g1v1 + g2v
∗
2 , g
′
1v1 + g
′
2v
∗
2 , g
′′
1v1 + g
′′
2v
∗
2
)
, (3.61)
m̂d =
√
3 diag
(
g3 vd , g
′
3 vd , g
′′
3 vd
)
. (3.62)
In addition, it an be shown that when the A4 singlets 〈∆01〉, 〈∆01′〉 and 〈∆01′′〉 aquire
nonzero VEVs, the resulting neutrino Majorana mass matrix, MR is an arbitrary omplex
symmetri matrix (see Appendix B.2).
Putting all these together we see that this model predits the relation:
MR ≃ m̂d U∗
PMNS
m̂−1ν U
†
PMNS
m̂d , (3.63)
where U
PMNS
= VeLV
†
ν = U
†
ωV
†
ν is unonstrained whereas U
CKM
= VuLV
†
dL = U
†
ωUω = I.
Hene, at tree-level, there is no quark mixing. However, sine the symmetry enforing
this result is now broken, radiative orretions an generate nonzero quark mixing
13
.
Furthermore, it is interesting that the form of the mixing matries predited by this model
is onsistent with small quark mixing (U
CKM
≃ I), whereas neutrino mixing (U
PMNS
=
U †ωV †ν ) is large [156℄. This is beause U †ω is a trimaximal mixing matrix, and so, unless
V †ν ≈ Uω, one expets the produt of the two would be very dissimilar to the identity.
3.3.3 Relating m
D
ν to m̂e via a left-right model
Finally, we explore the possibility of relating mDν to the harged lepton mass matrix via a
left-right model [145℄ with A4 avor symmetry. The symmetry group under onsideration
is
G3 = SU(3)c ⊗ SU(2)L ⊗ SU(2)R ⊗ U(1)B−L ×A4 . (3.64)
Here, the imposition of the disrete L ↔ R parity symmetry is not neessary, and hene
will be omitted for simpliity. The omplete list of relevant partile ontents for this setup
is:
ℓL =
νL
eL
 ∼ (1, 2, 1,−1)(3) ; ℓR =
νR
eR
 ∼ (1, 1, 2,−1)(1 ⊕ 1′ ⊕ 1′′) ;
13
We have not attempted to prove that realisti mixing angles an be obtained sine the quark setor is
not the main fous of our work here.
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qL =
uL
dL
 ∼ (3, 2, 1, 1/3)(3) ; qR =
uR
dR
 ∼ (3, 1, 2, 1/3)(3) ;
Φℓ =
φ0 φ+
φ− −φ0∗
 ∼ (1, 2, 2, 0)(3) ; Φ˜ℓ = τ2Φ∗ℓτ2 =
−φ0 −φ+
−φ− φ0∗
 ∼ (1, 2, 2, 0)(3) ;
Φq =
φ0A φ+B
φ−A φ
0
B
 ∼ (1, 2, 2, 0)(1 ⊕ 1′ ⊕ 1′′) ;
Φ˜q = τ2Φ
∗
qτ2 =
 φ0∗B −φ+A
−φ−B φ0∗A
 ∼ (1, 2, 2, 0)(1 ⊕ 1′ ⊕ 1′′) ;
∆R =
δ+/√2 δ++
δ0 −δ+/√2
 ∼ (1, 1, 3, 2)(1 ⊕ 1′ ⊕ 1′′) , (3.65)
where we have deliberately embedded the same Higgs doublet into Φℓ to form a real bidou-
blet. In matrix form, the G3 invariant Lagrangian has the following terms:
−L3 = λy1 ℓLΦℓ ℓR + λ˜y1 ℓL Φ˜ℓ ℓR + λy2 qLΦℓ qR + λ˜y2 qL Φ˜ℓ qR + λy3 qLΦq qR
+ λ˜y3 qL Φ˜q qR + λy4 ℓ
c
R iτ2∆R ℓR + h.. , (3.66)
where (iτ2)12 = −(iτ2)21 = 1 and (iτ2)11 = (iτ2)22 = 0. When the symmetry is broken
spontaneously by the nonzero VEVs,
〈Φℓ〉 =
vℓ 0
0 −vℓ
 ; 〈Φq〉 =
vA 0
0 vB
 ; 〈Φ˜q〉 =
v∗B 0
0 v∗A
 ; 〈∆R〉 =
 0 0
vδ 0
 ,
(3.67)
where 〈Φℓ〉 ≡ −〈Φ˜ℓ〉, vℓ ∈ R and O (vδ)≫ O (vℓ,A,B), we obtain mass relations of the form:
mu = (λy2 − λ˜y2) vℓ + λy3 vA + λ˜y3 v∗B , mDν = (λy1 − λ˜y1) vℓ , (3.68)
md = −(λy2 − λ˜y2) vℓ + λy3 vB + λ˜y3 v∗A , me = −(λy1 − λ˜y1) vℓ . (3.69)
In avor spae, the harged-lepton and neutrino Dira-mass terms beome
me : −
[
y1 (eL 〈φ0∗〉)1 eR + y′1 (eL 〈φ0∗〉)1′ e′′R + y′′1 (eL 〈φ0∗〉)1′′ e′R
]
+ y˜1 (eL 〈φ0∗〉)1 eR + y˜′1 (eL 〈φ0∗〉)1′ e′′R + y˜′′1 (eL 〈φ0∗〉)1′′ e′R + h.. , (3.70)
mDν : y1 (νL 〈φ0〉)1 νR + y′1 (νL 〈φ0〉)1′ ν ′′R + y′′1 (νL 〈φ0〉)1′′ ν ′R
− [y˜1 (νL 〈φ0〉)1 νR + y˜′1 (νL 〈φ0〉)1′ ν ′′R + y˜′′1 (νL 〈φ0〉)1′′ ν ′R]+ h.. . (3.71)
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Taking 〈φ0∗〉 ≡ 〈φ0〉 = (vℓ, vℓ, vℓ) and then omparing Eqs. (3.70) and (3.71), one gets 14
me = Uωm̂e , m
D
ν = −Uωm̂e = −V †eLm̂e , (3.72)
where m̂e = diag(
√
3(−y1+y˜1)vℓ ,
√
3(−y′1+y˜′1)vℓ ,
√
3(−y′′1+y˜′′1)vℓ). Whereas the neutrino
Majorana mass matrix is a general omplex symmetri just like in our other examples, the
quark mass matries have a speial form. For mu the expanded Lagrangian,
y2s (uL uR)3s 〈φ0〉+ y2a (uL uR)3a 〈φ0〉 − y˜2s (uL uR)3s 〈φ0〉 − y˜2a (uL uR)3a 〈φ0〉
+ y3 (uL uR)1 〈φ0A〉+ y′3 (uL uR)1′ 〈φ0A′′〉+ y′′3 (uL uR)1′′ 〈φ0A′〉+ y˜3 (uL uR)1 〈φ0∗B 〉
+ y˜′3 (uL uR)1′ 〈φ0∗B ′′〉+ y˜′′3 (uL uR)1′′ 〈φ0∗B ′〉+ h.. (3.73)
gives rise to a mass matrix of the form (See Appendix B.3)
mu =

Y
(1)
A Y
+
2 Y
−
2
Y −2 Y
(1′)
A Y
+
2
Y +2 Y
−
2 Y
(1′′)
A
 , (3.74)
while it an be shown that mass matrix md also has a similar struture:
md =

Y
(1)
B −Y +2 −Y −2
−Y −2 Y (1
′)
B −Y +2
−Y +2 −Y −2 Y (1
′′)
B
 , (3.75)
where Y ±2 , Y
(1),(1′),(1′′)
A and Y
(1),(1′),(1′′)
B are ompliated funtions of the VEVs and Yukawa
ouplings. Equations (3.74) and (3.75) imply that the diagonalization matries VuL and
VdL are not ompletely arbitrary. However, it is easy to see that there are enough degrees
of freedom in the resulting U
CKM
= VuLV
†
dL suh that experimental data an be tted.
Returning to (3.72), it is lear that the main predition of this model is
MR ≃ m̂e U∗
PMNS
m̂−1ν U
†
PMNS
m̂e , (3.76)
where U
PMNS
= VeLV
†
ν = U
†
ωV
†
ν is a priori arbitrary and to be tted to the experimental
observations.
14
See Appendix B.3 for details.
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The general onlusion from the previous setion is that it is possible to use symmetries
to onstrut the relation
MR ≃ m̂f U∗
PMNS
m̂−1ν U
†
PMNS
m̂f , f = e, d or u , (3.77)
that links the high-energy seesaw setor to low-energy observables. Using the urrent ex-
perimental data on quarks and leptons, the properties of the heavy RH Majorana neutrinos
in these models an therefore be inferred diretly, and interesting onsequenes may arise.
So in this setion, we disuss some of the impliations of these models.
To begin with, we reall that U
PMNS
an be onveniently parametrized by the generi
form given in (1.2) on page 4, where the mixing matrix is ompletely dened by three
mixing angles: θ23, θ12, θ13, one CP violating Dira phase: δ, and two Majorana phases:
α1, α2. However, in alulations, it is often onvenient to absorb the Majorana phases into
m̂ν in (3.77) and allow the mi's to be omplex masses instead. This way the expressions
are muh simpler without loss of generality, and one an always reintrodue the Majorana
phases when needed.
In our numerial analyses, we use the best t values for the mixing angles displayed
in (1.12) on page 7, while for the analytial work, we assume that U
PMNS
has an exat
tribimaximal form [25℄ (see (1.15)). In other words, we take
sin2 θ12 =
1
3
, sin2 θ23 =
1
2
, sin2 θ13 = 0 . (3.78)
The inputs to the light neutrino mass matrix m̂ν will be governed by the square-mass
dierenes of (1.13) and the implied upper limit from osmology [40, 41℄ of
|mi| . 0.2 eV , (3.79)
for eah ith LH neutrino 15. Furthermore, we study (3.77) by taking a generi form for
m̂f ≡ diag(ξ1, ξ2, ξ3) where ξ1 ≪ ξ2 ≪ ξ3 is assumed. It is obvious that one m̂f has been
hosen (i.e. ξi's are known), only δ, α1, α2 and |m1| (or |m3| for the inverted hierarhy
ase) an potentially hange the form of MR and its eigenvalue spetrum. Moreover, if
θ13 ≃ 0, it is expeted that the Dira phase, δ, would not play a signiant role whih
will redue the parameter spae even further. But it should be pointed out that when
15
See disussion on page 10.
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the 13-mixing is nonzero (e.g. at the best t value of 5.7◦), the hoie of Dira phase an
inuene the MR mass eigenvalues signiantly (almost 2 orders of magnitude) for tiny
sets of Majorana phases and |m1,3| values as our numerial san of the parameter spae
have indiated. Therefore, are must be taken when analysing MR, espeially in the study
of their leptogenesis impliations.
Using the presription desribed above, we approximate U
PMNS
with the tribimaximal
form and absorb α1,2 into m1,2 respetively. So after expanding out the RHS of (3.77), we
obtain
MR ≡MTR =

2ξ21
3m1
+
ξ21
3m2
− ξ1ξ23m1 +
ξ1ξ2
3m2
− ξ1ξ33m1 +
ξ1ξ3
3m2
· · · ξ226m1 +
ξ22
3m2
+
ξ22
2m3
ξ2ξ3
6m1
+ ξ2ξ33m2 −
ξ2ξ3
2m3
· · · · · · ξ236m1 +
ξ23
3m2
+
ξ23
2m3
 . (3.80)
The leading behaviors of the mass spetrum for MR an be studied by investigating the
limiting ases of Eq. (3.80). Consequently, with the support of numerial analyses, im-
portant insights into the onnetion between the RH and LH seesaw setors, as well as
preditions in leptogenesis and ollider phenomenologies an be gained. We present our
studies on these in the next few subsetions.
3.4.1 Fully hierarhial light neutrinos
For the normal hierarhy sheme, we have |m1| → 0 with |m2,3| related to |m1| via (1.10).
Therefore, in this limit, we an write Eq. (3.80) as
MR = MR0 +∆MR , where MR0 ≡

2ξ21
3m1
− ξ1ξ23m1 −
ξ1ξ3
3m1
· · · ξ226m1
ξ2ξ3
6m1
· · · · · · ξ236m1
 (3.81)
is the dominant part of the matrix as |m1| → 0, while ∆MR is onsidered to be a small
perturbation. Suppose that the eigenvalue equation for MR0 reads
MR0 ui0 = Ei0 ui0 , (3.82)
where Ei0 and ui0 denote the ith eigenvalues and eigenvetors respetively. Then, pertur-
bation theory implies that the true solutions for MR may be expressed as
Ei = Ei0 +∆Ei , (3.83)
3.4 Phenomenology 103
ui = ui0 +∆ui , (3.84)
with the variation in the eigenvalues given by
16
∆Ei = u
T
i0 · (∆MR) · ui0 , i = 1, 2 and 3 , (3.85)
to rst order. Solving Eq. (3.82) for Ei0, one immediately gets
E10 , E20 = 0 , E30 =
4ξ21 + ξ
2
2 + ξ
2
3
6m1
≃ ξ
2
3
6|m1| , (3.86)
and
u10 =
1
k1k2

ξ3k1
2ξ1ξ2
−2ξ1k2
 , u20 = 1k1

0
k2
ξ2
 , u30 = 1k1k2

2ξ1k1
−ξ2ξ3
ξ3k2
 , (3.87)
where k1 =
√
4ξ21 + ξ
2
2 + ξ
2
3 and k2 =
√
4ξ21 + ξ
2
3 . Using these in (3.85) and in the limit of
ξ3 ≫ ξ1,2 and |m3| ≫ |m2|, one obtains
∆E1 ≃ 3ξ
2
1
m2
, ∆E2 ≃ 2ξ
2
2
m3
, ∆E3 ≃ 2ξ
2
3
m2
. (3.88)
Hene to leading order, the heavy RH neutrino masses are given by
|M1| ≃ 3ξ
2
1
|m2| , |M2| ≃
2ξ22
|m3| , |M3| ≃
ξ23
6|m1| . (3.89)
It is interesting to note that due to the large neutrino mixing, the expeted orrespondene
between mi and the Dira masses, mi ∝ ξ2i , no longer holds and that only the largest RH
neutrino mass is a funtion of |m1| 17. Substituting in the running fermion masses m(µ)
at µ ≃ 109 GeV [161℄ as typial values for ξi's, the preditions of the RH neutrino masses
for all ases: f = u, d, e (and assuming normal hierarhy for light neutrinos) are
u : |M1| ≃ 5.6 × 105 GeV , |M2| ≃ 5.5× 109 GeV , |M3| & 2.0× 1014 GeV , (3.90)
d : |M1| ≃ 2.3 × 106 GeV , |M2| ≃ 1.1× 108 GeV , |M3| & 3.8× 1010 GeV , (3.91)
e : |M1| ≃ 9.0 × 104 GeV , |M2| ≃ 4.8× 108 GeV , |M3| & 5.7× 1010 GeV . (3.92)
16
Here, ui0's have been hosen to be orthonormal to eah other.
17
These results are onsistent with those in referenes [159,160℄.
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The plots ofM1,2,3 as a funtion of |m1| for the ase m̂f = m̂u and for many dierent values
of δ, α1,2 are shown in Fig. 3.1 while similar plots for the d- and e-ase an be found in
Fig. 3.2. These numerial results validate the trend predited by the theoretial analysis.
The tallest spikes in the diagrams of Fig. 3.1 are loations where level rossing ours (M1,2
or M2,3 are quasi-degenerate) for ertain speial values of Dira and Majorana phases, an
eet that has been previously studied in [160, 162℄.
For the inverted hierarhy sheme (|m3| ≪ |m1| ≃ |m2|), we return to Eq. (3.80) and
note that the dominant part of the matrix looks like
MR0 ≡

0 0 0
· · · ξ222m3
−ξ2ξ3
2m3
· · · · · · ξ232m3
 . (3.93)
Following the proedure outlined previously, we nd that (3.93) gives rise to
E10 , E20 = 0 , E30 =
ξ22 + ξ
2
3
2m3
≃ ξ
2
3
2|m3| , (3.94)
and
u10 =
1
k3

0
ξ3
ξ2
 , u20 =

1
0
0
 , u30 = 1k3

0
−ξ2
ξ3
 , (3.95)
where k3 =
√
ξ22 + ξ
2
3 . These results then leads to the following expressions for the MR
masses:
|M1| ≃ ξ
2
1
|m2| , |M2| ≃
2ξ22
|m2| , |M3| ≃
ξ23
2|m3| +
ξ23
2|m2| ≃
ξ23
2|m3| . (3.96)
Invoking relation (1.11) on page 6 and taking |m3| → 0, it an be shown that the resulting
numerial values for (3.96) are very similar to those shown in Eqs. (3.90) to (3.92).
3.4.2 Quasi-degenerate light neutrinos
When the lightest neutrino mass approahes the upper bound of (3.79), we have |m1| ≃
|m2| ≃ |m3|. Furthermore, if we assume that the Majorana phases α1,2 are negligible, then
Eq. (3.80) has a simple form:
MR ≃

ξ21
|m1| 0 0
· · · ξ22|m1| 0
· · · · · · ξ23|m1|
 . (3.97)
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So, it follows immediately that the approximate sale for the Mi's for quasi-degenerate
light neutrinos is given by
u : |M1| ≃ 8.5× 103 GeV , |M2| ≃ 6.8× 108 GeV , |M3| ≃ 5.9× 1013 GeV , (3.98)
d : |M1| ≃ 3.4× 104 GeV , |M2| ≃ 1.3× 107 GeV , |M3| ≃ 1.1× 1010 GeV , (3.99)
e : |M1| ≃ 1.4× 103 GeV , |M2| ≃ 5.9× 107 GeV , |M3| ≃ 1.7× 1010 GeV . (3.100)
Inspeting the numerial results forMR near |m1| ≃ 0.1 in Fig. 3.1 and 3.2, we see that the
above estimates agree well (within about 1 order of magnitude) with the more enompassing
treatment where Majorana phases α1,2 are not ignored.
3.4.3 Thermal leptogenesis
Using the MR mass spetrum information presented above, several general omments on
the possibility of baryon asymmetry generation via thermal leptogenesis for the models
disussed in Setion 3.3 an be made. First of all, we note that for both the hierarhial
and quasi-degenerate ases, M1 is typially in the range of 10
3 − 106 GeV. In addition, it
is lear that the RH Majorana neutrinos are strongly hierarhial (M1 ≪ M2 ≪ M3) in
all these situations. Therefore, based on our disussion in Se. 1.4.1, and in partiular, the
resultant lower bound onM1 (see (1.131)), onventional leptogenesis where the asymmetry
is generated predominantly by the deay of N1's would not be suessful in these mod-
els
18
. However, as we have illustrated in Se. 1.4.2 to Se. 1.4.4, there exists other speial
solutions to the leptogenesis senario whih an irumvent those restritions imposed by
the standard setup.
As was pointed out earlier, the tall spikes in the plots of Figs. 3.1 and 3.2 indiate
that there are regions in the parameter spae for these models where M1 and M2 beome
almost degenerate. Consequently, it has been shown in a similar model in [160℄ that a
suient baryon asymmetry an be generated from resonant enhanement [117122℄ to
the raw CP asymmetry in the deays of N1's (see Se. 1.4.4). Furthermore, a similar
enhanement to the deay of the next-to-the-lightest RH neutrino N2, when M2 and M3
beome degenerate, an also produe the desired asymmetry in priniple, as long as washout
eets mediated by the lighter N1's are insuient [114℄. In other words, both resonant
N1- and N2-leptogenesis are realisti possibilities for the representative models disussed
in Se. 3.3.
18
A similar onlusion was reahed in [160℄ where they studied the impliations of having a neutrino
Dira mass matrix with strongly hierarhial eigenvalues.
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Figure 3.1: Plots of M1,2,3 vs. |m1| in the bmf = bmu ase with normal hierarhy for light neutrino masses
assumed. Input running masses used: mu(µ) = 1.3 MeV, mc(µ) = 0.37 GeV, mt(µ) = 1.1 × 10
2
GeV,
where µ ≃ 109 GeV. Eah plot ontains approximately 3.18 × 105 data points produed by systematially
sweeping the |m1| and δ, α1,2 ∈ (0, 2π) parameter spae.
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Figure 3.2: Plots of M1,2,3 vs. |m1| in the bmf = bmd ase (LEFT olumn) and bmf = bme ase (RIGHT
olumn) with normal hierarhy for light neutrino masses assumed. Input running masses used: (LEFT)
md(µ) = 2.6 MeV, ms(µ) = 52 MeV, mb(µ) = 1.5 GeV, and (RIGHT) me(µ) = 0.52 MeV, mµ(µ) =
1.1 × 102 MeV, mτ (µ) = 1.8 GeV, where µ ≃ 10
9
GeV. Eah plot ontains approximately 1.0 × 105 data
points produed by systematially sweeping |m1| and the δ, α1,2 ∈ (0, 2π) parameter spae.
Another interesting observation is that, reently, Ref. [163℄ investigated the possibility
of suessful leptogenesis (without the need for resonant enhanement) in models with
SO(10)-inspired mass relations whih have properties similar to those presented here (see
also [164℄). In the analysis of [163℄, they explored the situation where the asymmetry is
predominantly generated by N2 deays and when avor eets [103110℄ are important.
Speially, N2-leptogenesis (see Se. 1.4.3) in the relevant range of 10
9 .M2 . 10
12
GeV
was studied. This results in a two-avor regime where the lepton asymmetry is stored
in the τ -omponent, as well as a oherent superposition of (e, µ)-omponents. Subse-
quently, avor dependent washout eets (see Se. 1.4.2) oming from interations with
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N1's would not ompletely erase all omponents of the asymmetry generated by the N2's
under ertain situations. One entral onlusion in [163℄ is that, for this mehanism to
generate enough asymmetry, the mass of the next-to-the-lightest RH neutrino must be
about M2 ≃ 1011 GeV.
Inspeting theM2-plot of Fig. 3.1 (orresponding to the m̂f = m̂u ase), we an see that
the ondition of M2 ≃ 1011 GeV an be marginally met by a small region of the parameter
spae (near the various spikes for |m1| values between 2× 10−3 and 8× 10−2 eV), whereas
the m̂f = m̂d,e ases are denitely ruled out for this senario due to the smallness of
M2. Therefore, it appears that for some speial values of |m1| with ertain sets of phases
(δ, α1,2), leptogenesis via N2 deays taking into aount the eets of avor is also possible
(for the m̂f = m̂u model) in addition to resonant leptogenesis.
Moreover, if this piture of avored N2-leptogenesis is indeed the mehanism respon-
sible for generating the baryon asymmetry of the Universe, then the orresponding sets
of low energy phases in our model (δ, α1,2) whih make this possible will generally lead
to modiations of the eetive Majorana neutrino mass, mββ (see Se. 1.2.1 and (1.17)
on page 9) responsible for ontrolling the neutrinoless double beta deay rate. For ex-
ample, taking |m1| = 0.070 eV and assuming normal hierarhy, the phases implied by
N2-leptogenesis will lead to mββ ≈ 0.047 eV, whih is a notieable redution from 0.070 eV
in ases where both Majorana phases are turned o
19
. However, present experimental
upper limits on mββ lie somewhere between 0.16 and 0.68 eV [34℄, and so it is diult
to distinguish suh dierenes. The detetion of this may only be possible in future ex-
periments suh as CUORE [37℄, GERDA [38℄ and Majorana [39℄ whih have a projeted
sensitivity down to about 0.05 eV
20
.
In summary, while the models presented in Se. 3.3 do not generially lead to suessful
baryon asymmetry generation via thermal leptogenesis, some ne-tuned speial ases do
exist. Furthermore, it is possible that the enlargement of the workable parameter spae for
leptogenesis an result from modiations to the Higgs setor of these models, however,
suh analyses are beyond the sope of this work.
19
The reason we have piked |m1| = 0.070 eV in this disussion is beause so far we have not found any
set of phases for |m1| & 0.08 in whih N2-leptogenesis is atually viable.
20
See Se. 1.2.1 when this was rst disussed.
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3.4.4 Collider signatures
21
It is interesting to note that in the ase with m̂f = m̂e, the lightest heavy Majorana
neutrino mass, M1 an be as low as about 1 TeV, opening up the possibility of seeing
signals of suh a partile at the Large Hadron Collider (LHC) and or a future International
Linear Collider (ILC). But as we shall demonstrate below, it turns out that suh signal are
too weak to be observable.
Firstly reall that through the type I seesaw mehanism, the heavy Majorana neu-
trinos, N (where we have dropped the subsript for brevity) may interat with the SM
gauge bosons beause of their mixing between light neutrinos (see Eqs. (1.30) to (1.33)).
We parametrize this mixing through the quantity VℓN (ℓ = e, µ, τ), and the interation
Lagrangians look like
LW = − g√
2
VℓN ℓ /W PLN + h.. ,
LZ = − g
2 cos θW
VℓN ν /Z PLN + h.. , (3.101)
where PL,R = (1 ∓ γ5)/2. With these interations, it is possible to produe signals for
heavy neutral leptons through qq′ → W ∗ → ℓN followed by N → ℓW or νZ. Note
that the prodution of N by qq → Z∗ → νN is muh harder to study due to large
bakgrounds. However, sine the dominant omponent of the heavy neutral leptons, N is
the RH eletroweak singlets νR, the amplitude of the mixing quantity, VℓN is in general
very tiny and is of order mℓM
−1
N , where mℓ and MN denote the masses of harged lepton
ℓ and heavy neutrino N respetively. So typially, one has about VℓN ≃ O
(
10−7
)
.
Moreover in [165℄, a model-independent study assuming only VℓN ≃ O
(
10−2
)
was done
for suh mehanism, and it was found that in order to lead to a detetable heavy neutral
lepton signal, the mass of N must be of order 100 GeV or less, for the initial stage of
LHC running with luminosity of order 10 fb
−1
. Hene, even if our models an satisfy the
ondition for VℓN , the N1 masses are too large for this purpose. Besides, our numerial
results have indiated that the amplitudes of VℓN are atually too tiny even in the best ase
senarios. For instane, assuming |m1| ≃ 0.2 eV whih will saturate the bound of (3.79),
and speial hoie of phases, one obtains |VeN | ≃ 2.3 × 10−7 (with M1 ≃ 1.2 × 103 GeV
in the inverted hierarhy sheme). This is muh less than the minimum O (10−2) required
to produe an observable signal in any of the hannels [166℄. The suppression is even
greater for the µ or τ avor beause of the hierarhial struture of MR. As a result, it
21
X. G. He has made signiant ontribution to this subsetion.
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is very diult to detet the heavy neutral leptons through this mehanism even with an
integrated luminosity up to 300 fb
−1
.
It is worth mentioning that if there is only one Higgs doublet, there is also a light
neutrino and heavy neutral lepton interation with the Higgs partile given by
LH = −gMN
2Mw
(VℓN ν H PRN + h..) . (3.102)
This interation, although not of muh help in the prodution of heavy neutral leptons
through qq¯ → H∗ → νN , does provide another hannel for N deay. If the Higgs mass is
not too muh larger than the W boson mass, the deay rate is similar to that for N → ℓW
or νZ.
In the models we are onsidering, there are several Higgs doublets. The neutral Higgs
ouplings to light neutrinos and heavy neutral leptons are then not neessarily proportional
to MNVℓN and an inrease the deay rate. Besides, in our models there are harged Higgs
bosons interating with light neutrinos and heavy neutral leptons whih provide additional
hannels for detetion of the N 's. Unfortunately, given the smallness of the mixing quantity
VℓN mentioned above, it is still very diult to detet a heavy neutral lepton with mass
of order 1 TeV at the LHC even with 300 fb
−1
of luminosity.
Finally, harged Higgs ouplings to harged leptons and heavy neutral leptons may
have interesting signals at the ILC through e+e− → H+H− with t-hannel heavy Higgs ex-
hange, and e±e± → H±H± with u-hannel N exhange [127℄. In partiular, the proesses:
e±e± → H±H± are very sensitive to the heavy neutral lepton mass. It has been shown
in [127℄ that if |VℓN | is in the range of 10−2 to 10−4, the ILC with an energy of 500 GeV an
probe heavy neutral lepton masses up to 104 TeV. In our ase, the harged Higgs oupling
to harged leptons and heavy neutral leptons an be larger than VℓN ∼ mℓM−1N , but still
too small to be probed using the proesses mentioned above.
3.5 Summary and outlook
If the type I seesaw mehanism is the orret theory in explaining how ordinary neutrinos
gain their tiny but nonzero mass, then the extended SM neessarily ontains a high-energy
RH neutrino setor. But owing to the largely unonstrained nature of the heavy seesaw pa-
rameter spae, suh a framework per se laks the genuine preditive powers one would need
for testing it in low-energy experiments. Indeed, the seesaw relation implies that the sale
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of MR must be muh higher than the eletroweak sale, and hene diret measurements of
this setor are beyond the reah of urrent and next-generation olliders.
In the light of this missing link, we explored the possibility of onstraining the heavy
seesaw setor through symmetries suh that the RH neutrino mass matrix is given in terms
of only low-energy fermion masses, mixing angles and CP phases. The general strategy
employed in this work involves, rstly, expanding the symmetry of the gauge group so that
the Yukawa ouplings of the neutrinos are fored to be the same as some of the harged
leptons or quarks, and seondly, introduing an underlying avor symmetry relating the
dierent generations in suh a way that the relevant diagonalisation matries are ompletely
known. We have shown by expliit examples that suh symmetries exist and the simplest
models of this type yield a relation: MR ≃ m̂f U∗
PMNS
m̂−1ν U
†
PMNS
m̂f where f = e, d, u.
Sine the onnetion between the high- and low-energy setors is omplete in these mod-
els, it is essential to examine their improved preditability and testability. Most notably,
the strong dependene of leptogenesis on the RH neutrino setor provides an important
avenue to rule in or out models of this type based on studies from osmology. In partiular,
for our representative models, we have found that suessful leptogenesis is only possible
in the f = u ase and within ertain ne-tuned regions of the parameter spae. As a
result, future preision measurements on the low-energy CP phases an be a diret way to
distinguishing these models with others in the ontext of the leptogenesis.
Furthermore, we have disovered that the f = e ase an supply a heavy neutral lepton
with a mass being as low as a few TeV, opening the prospet for diretly probing them
in olliders. Although the detailed investigation has onluded that the signals oming
from the heavy neutral leptons are far too weak to be detetable at either the LHC or a
future ILC, it is nonetheless an illustrative example of the new possibilities suh models
an provide.
Potential extension to the work presented here may inlude exploring the role of the
CKM matrix in plae of U
PMNS
in the urrent models, or the eet of having both mixing
matries in the formula forMR. Seondly, given that many of the diagonalization matries
in our expliit models are fored to be the identity by the seleted avor symmetry, it
may be fruitful to examine other symmetry groups that an give rise to a riher struture.
Finally, another obvious line of investigation ould be to generalize the relationship between
the neutrino Dira mass matrix and m̂f away from being a strit equality by the use of
Clebsh-Gordan oeients and a more ompliated Higgs setor.

Chapter
4
Electromagnetic leptogenesis
R
e  a l l from our disussion in Se. 1.2.6 that the existene of neutrino eletro-
magneti dipole moments (EMDM) is a major onsequene of neutrinos having a
nonzero mass. Although in ases where neutrinos are Majorana partiles (e.g. in
the type I seesaw mehanism) only their transition dipole moments are nonzero due to the
Hermitiity of the Lagrangian [53, 54℄, the role played by these interations are important
in their own right. For instane, the ative-ative neutrino transitions through suh mo-
ments an have interesting impliations in astrophysis when they are resonantly enhaned
in matter [167, 168℄. Also, it is known that neutrino EMDM an provide ruial hints on
the nature of neutrinos (Majorana or otherwise) [58, 59℄. Therefore, further studies into
their eets are well-motivated.
Our interest here is the ative-sterile interations between the LH light and RH heavy
neutrinos via the eetive transition dipole operator and their potential impliations in
osmology. Speially, we would like to investigate whether the lepton number violating
radiative deay of the heavy sterile neutrinos (N → ν γ) an give rise to a baryon asymme-
try, in analogy to the standard leptogenesis senario where N -deays are mediated by the
Yukawa ouplings (N → ℓ φ¯). This issue is worth exploring not only beause the presene
of these transition moments are very likely, but also from the neutrino model building point
of view, suh new proesses may lead to signiant hange in the region of appliability
for suessful leptogenesis.
In the following, we outline the relevant properties of the EMDM ouplings and present
113
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expliit alulations of the CP asymmetry indued by the deays of N through suh ee-
tive operators, with the aim to demonstrate the viability of lepton number reation in this
newly added setor. To this end, we also revisit the topi on the neessary requirements
for a deay proess to manifestly violate CP and disuss the simplied Majorana Feyn-
man rules employed in the alulations. We shall onlude by omparing this senario of
eletromagneti leptogenesis with the standard Yukawa-mediated ase, as well as omment
on the onnetion between EMDM operators and neutrino mass.
4.1 EMDM coupling between light and heavy neutrinos
In order to dedue the potential impliations of the EMDM operators in leptogenesis, it is
imperative to understand the properties of the transition form fators µjk and djk in the
generi dipole moment oupling between light (ν) and heavy (N) neutrinos: 1
L
EM
= νj (µjk + iγ
5djk)σαβ Nk F
αβ + h.. , (4.1)
where νj = e
iϑj νcj and Nk = e
iϕk N ck (j, k are the mass labels) are Majorana neutrino
elds
2
while Fαβ denotes the photon eld tensor as usual. Also, we use the denition:
σαβ = i [γ
α, γβ ]/2. Rewriting νj and Nk using the Majorana ondition, we obtain
L
EM
≡ (eiϑjνcj ) (µjk + iγ5djk)σαβ eiϕk N ck Fαβ + h.. ,
= −e−i(ϑj−ϕk)νTj C−1 (µjk + iγ5djk)σαβ CNTk Fαβ + h.. , (4.2)
where C is the harge onjugation operator with the following onventions:
ψc = Cψ
T
, C† = C−1 , CT = −C , C†CT = C∗C = −I , C−1γ5C = (γ5)T ,
C−1γµC = (−γµ)T , C−1σµνC = (−σµν)T , C−1PR,LC = (PR,L)T , (4.3)
where PR,L ≡ (1 ± γ5)/2. Transposing the rst term in (4.2) and using (4.3) to simplify
the expression, one eventually gets after some algebra
L
EM
= −e−i(ϑj−ϕk)Nk (µjk + iγ5djk)σαβ νj Fαβ + h.. . (4.4)
1
See also Eq. (1.51) on page 19.
2
Sine we shall work within the type I seesaw framework (with three RH neutrinos) throughout, neu-
trinos will always assumed to be Majorana with eiϑj and eiϕk denoting the harge onjugation phase
fators.
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If we write out the h.. term (whih is Nk (µ
∗
jk + iγ
5d∗jk)σαβ νj F
αβ
) and ompare it with
the rst term in (4.4), we an onlude that
µjk = −ei(ϑj−ϕk)µ∗jk and djk = −ei(ϑj−ϕk)d∗jk . (4.5)
From this, we get
µ2jk = |µjk|2 ei(ϑj−ϕk+π) , (4.6)
⇒ µjk = |µjk| i ei(ϑj−ϕk)/2 . (4.7)
Similarly, we have the analogous expression for djk. An important note on this is that
although the relations between µjk and µ
∗
jk, as well as djk and d
∗
jk depends on the hoie
of the harge onjugation phase fator, one ϑj and ϕk are hosen, they are xed. In par-
tiular, when ϑj = ϕk, we have the situation where µjk and djk must be purely imaginary.
Furthermore, it is worth mentioning that if Lagrangian (4.1) is CP invariant, then only
one of µjk and djk survives [53,54℄. But in our work here we do not impose suh ondition
and the only assumptions we shall make are Hermitiity and CPT invariane.
In alulations, it is often muh simpler to onsider the EMDM oupling between
the assoiated hiral omponents of the ν and N (instead of using the form written in
(4.1)) beause the resultant Lagrangian ontains only one type of eletromagneti dipole
moment oupling rather than distint magneti (µjk) and eletri (γ
5djk) moment terms
as γ5PR,L = ±PR,L. Letting νj = νLj + eiϑjνcLj and Nk = NRk + eiϕkN cRk where νL and
NR are the usual LH and RH neutrino states, then (4.1) an be rewritten into
L
EM
= νLj (µjk + idjk)σαβ NRk F
αβ + e−i(ϑj−ϕk)(νLj)c (µjk − idjk)σαβ N cRk Fαβ
+ ei(ϑj−ϕk)(NRk)c (µ∗jk + id
∗
jk)σαβ ν
c
Lj F
αβ +NRk (µ
∗
jk − id∗jk)σαβ νLj Fαβ ,
= νLj (µjk + idjk)σαβ NRk F
αβ − e−i(ϑj−ϕk)NRk (µjk − idjk)σαβ νLj Fαβ
− ei(ϑj−ϕk)νLj (µ∗jk + id∗jk)σαβ NRk Fαβ +NRk (µ∗jk − id∗jk)σαβ νLj Fαβ , (4.8)
where in the last step we have followed the same proedure as that leading to (4.4). Using
(4.7) and the analogous form for djk, the Lagrangian simplies to the form (after absorbing
the ommon fator of 2 into the denitions of µ and d):
L′
EM
= νLj (µjk + idjk)σαβ NRk F
αβ + h.. , (4.9)
= νLj λjk σαβ PRNk F
αβ + h.. , (4.10)
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where we have dened the EMDM oupling, λjk ≡ µjk + idjk. It is ruial to realise that
although both µjk and djk are individually restrited by relations like (4.7), the quantity
λjk appearing in the eetive operator is in general omplex. As a result, we an assume
that the EMDM oupling matrix λ is ompletely arbitrary in all of our subsequent analyses.
4.2 Feynman rules and other useful tools
The purpose of this setion is to highlight all the relevant results and graphial rules used
in the subsequent setions. In partiular, the simplied set of Feynman rules for Majorana
fermions adopted in our alulations will be disussed. Although we shall not attempt to
prove these rules from rst priniples, the Lagrangian from whih they are derived and
their proper usage will be explained. In addition, expliit examples are presented (in this
setion and in Appendix C) to demonstrate the ability of these rules to reprodue known
results, as well as to eluidate all the intriate steps involved.
4.2.1 Simplied rules for Majorana fermions
Some of the major diulties in a typial alulation of Feynman graphs involving Majo-
rana fermions originate from the fat that there are several dierent verties and propa-
gators one may need to onsider. This multipliity and other ambiguities suh as spinor
assignments for external lines and fator of 1/2 in loops are diret onsequenes of the self-
onjugay of Majorana partiles. Although these subtleties have been properly addressed
in the literature [169173℄ (see also [56,174℄), the resulting graphial rules that attempt to
resolve the issues are often very ompliated themselves. Besides, in some extreme ases,
one is probably better o to forego these rules and revert to Wik's theorem for an un-
equivoal treatment. Therefore, it is sensible to develop a simplied approah in handling
the Majorana fermions whih aptures many of the essential features without the over-
ompliations that plague the onventional methods. This is espeially appropriate for
performing alulations of our type, where absolute preision is not a paramount require-
ment. Indeed, most parameters in leptogenesis arry a high degree of unertainty, hene a
multipliative onstant or an overall sign error in the expression for the CP asymmetry is
manifestly unimportant.
With this in mind, we shall follow the approah outlined in [98℄ and write down the
orresponding rules for Majorana fermions based on a four-omponent version (rather than
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the usual two) of the Weyl spinor eld, Ψ ≡ ΨR + eiφΨcR (i.e. the Majorana eld). The
advantage of this method is that it yields only one type of propagator for the Majorana
fermion, and similarly a single vertex fator is suient for eah physial proess. While it
has been laimed in [171℄ that not all ambiguities may be resolved in this way due to the lak
of a onserved quantum number arried by the Majorana fermions, and that extra rules are
required to x the fermion-ow problems, we have found that (by experimenting with many
dierent graphs related to our work) suh subtleties are inonsequential for our alulations,
and the simplied approah of [98℄ is self-onsistent. Furthermore, the (partially) simplied
rules presented in [171173℄, while universal, do not speially disuss the best way to
handle loop graphs, thus we have made a onsious deision to adopt the approah of [98℄
whih naturally eliminates the onfusion oming from loops with both Dira and Majorana
fermions a situation whih often appears in leptogenesis diagrams.
In the following, we rst write down the list of key rules and observations resulting from
this simplied formulation, before presenting two examples from standard leptogenesis to
demonstrate their usage.
Majorana fermion propagator
Sine the Majorana fermion of interest in leptogenesis is the RH neutrino νR, it makes
sense to base our disussion of the Majorana propagator on it. To begin with, we write
down the theory in terms of the two-omponent RH neutrino eld, νR = (νR1, νR2, νR3)
T
,
where the subsripts are indies in avor spae:
LνR = i νR /∂ νR −
1
2
(νR)cMR νR − 1
2
νRM
∗
R ν
c
R . (4.11)
To diagonalise MR, we let νR = η
∗V †NR, where η = diag(eiϕ1/2, eiϕ2/2, eiϕ3/2) and V is a
unitary matrix. Note that one an always selet V in suh a way that the eigenvalues for
MR are all real and positive. We have pulled out the phase ϕk, and will identify it as the
harge onjugation phase fator later. So, LνR beomes
LNR = iNR /∂ NR −
1
2
(NR)cDM (η
∗)2NR − 1
2
NRDM η
2N cR , (4.12)
where DM = diag(M1,M2,M3) is the diagonal mass matrix for the RH neutrinos. At this
point, it is onvenient to swith to index form and rewrite LNR as follows:
LNR =
1
2
[
iNRk /∂ NRk + i (NRk)c /∂ N
c
Rk −Mk e−iϕk(NRk)cNRk −Mk eiϕkNRkN cRk
]
,
118 CHAPTER 4. ELECTROMAGNETIC LEPTOGENESIS
=
1
2
[
i (NRk + e
−iϕk(NRk)c) /∂ NRk + i (NRk + e−iϕk(NRk)c) /∂ eiϕkN cRk
−Mk (NRk + e−iϕk(NRk)c)NRk −Mk (NRk + e−iϕk(NRk)c)eiϕkN cRk
]
,
=
1
2
[
iNk /∂ Nk −MkNkNk
]
, (4.13)
where we have introdued the four-omponent Majorana eld, Nk = NRk+e
iϕkN cRk whih
satises Nk ≡ eiϕkN ck. Using the harge onjugation onventions of (4.3), we note that
Nk = eiϕkN
c
k = −e−iϕkNTk C†. Therefore, one may rewrite (4.13) as
LNR = −
1
2
e−iϕkNTk C
† [i /∂ −Mk]Nk . (4.14)
From this, the Majorana propagator for Nk an be readily read o as
3
p
B A
: [SNk(p)]AB =
[−i (/p +Mk)C
p2 −M2k + iǫ
]
AB
, (4.15)
where A,B are spinor indies and p is the four-momentum. Note that this is the one and
only Majorana fermion propagator arising in this approah. Beause the Majorana partile
does not arry any onserved quantum number, we denote it by a solid line with no arrows.
Consequently, it is often the ase that the diretion of fermion-ow through the propagator
in a diagram is ambiguous (an issue we have alluded to earlier). To resolve this, we set the
ow diretion to be the same as the arbitrarily dened internal momentum p for a given
diagram. In other words, if p ows from B to A as in (4.15), we write down the matrix
element in the order shown. Otherwise, for p owing from A to B, we use [· · · ]BA instead.
This sheme is onsistent as long as when we draw the onjugate version of a given graph
(i.e. the graph with all Dira fermion arrows reversed), we reverse the diretion of the
internal momentum p for the Majorana propagator while keeping all other momenta the
same as before
4
. This way, the relative sign between the two graphs will be orret with
their amplitudes being omplex onjugates of eah other
5
.
3
While we have been arefully arrying around the phase ϕk up to this point, it is not atually needed
as it an always be eliminated via appropriate redenition of elds and ouplings onstants. In addition,
it will be apparent later (after we have disussed the vertex fators) that they do not enter into the nal
expression in any alulation beause eiϕk and its omplex onjugate always appear together. Hene, for
onveniene, we shall drop this phase fator from our Feynman rules.
4
See the example of vertex ontribution to the CP asymmetry in Se. 4.2.3 on page 125 for further
disussion of the fermion-ow issue.
5
It is highly probable that an ambiguity in the overall sign may remain, but fortunately it is not a
ruial issue for us.
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Vertex fators involving a Majorana fermion
There are basially two types of interations whih are relevant to our disussion of lepto-
genesis. Firstly, we have the Yukawa oupling between ℓL and NR, and seondly, we have
the eletromagneti dipole interation of (4.10). To be onsistent with the notation used
in the last setion, let us again begin by writing down the interation Lagrangian in terms
of the hiral eld νR
L
int
= −ℓL Y νR φ− νL λ˜ σαβ νR Fαβ + h.. , (4.16)
where ℓL = (νL, eL)
T
and φ = (φ0, φ−)T are doublets of SU(2)L. Using νR = η∗V †NR to
write (4.16) in the mass eigenbasis for the RH neutrinos, where all symbols are as dened
in the previous setion, the Lagrangian beomes
L
int
= −η∗ ℓL hNR φ− η∗ νL λσαβ NR Fαβ + h.. , (4.17)
where we have set h = Y V † and λ = λ˜V †. Writing this in index form and introduing the
four-omponent Majorana eld, Nk = NRk + e
iϕkN cRk, we then get
L
int
= −e−iϕk hjk ℓLj PRNk φ− eiϕk h∗jkNk PL ℓLj φ†
− e−iϕk λjk νLj σαβ PRNk Fαβ − eiϕk λ∗jkNk σαβ PL νLj Fαβ , (4.18)
= e−iϕk
[
−hjk ℓLj PRNk φ+ h∗jkNTk C† PL ℓLj φ†
−2λjk νLj σαβ PRNk ∂αAβ + 2λ∗jkNTk C† σαβ PL νLj ∂αAβ
]
, (4.19)
where in the last step we have used the fat that Fαβ = ∂αAβ − ∂βAα with A being the
photon eld, and σαβ = −σβα, to simplify the expression. It is important to note that
the transition EMDM term displayed in (4.18) has the same form as Eq. (4.10), hene
everything that we have disussed in Se. 4.1 regarding the oupling λjk remains valid.
Returning to (4.19), the vertex fators for the four proesses are given by :
Nk → ℓLj φ¯ : N
ℓ
φ¯
= −i hjk PR (4.20)
Nk → ℓ¯Lj φ : N
ℓ
φ
= i h∗jk C
†PL (4.21)
Nk → νLj Aρ : N
ν
γq
= 2λjk PR σ
αρqα (4.22)
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Nk → ν¯Lj Aρ : N
ν
γq
= −2λ∗jk C†σαρqαPL (4.23)
where we have again dropped the phase fator for onveniene
6
. As stated before, this
method gives rise to only one vertex fator per proess. In addition, beause of the presene
of the heliity projetion operators, PR,L, in the denition of these verties, the number of
spin states propagating in any losed Majorana fermion loop will automatially be orret.
Therefore, unlike other approahes, this eliminates the need to inlude a fator of 1/2
for loops, and it is espeially advantageous in situations where both Dira and Majorana
fermions appear together.
External lines for Majorana fermion
Beause of the self-onjugay of Majorana fermions, there are several possible hoies in
assigning spinor wave funtions to the external lines. To avoid onfusion, we selet one
onvention that is onsistent and use it for all diagrams. Speially, our assignment is as
follows
inoming N : N
p
= uc(p) (4.24)
outgoing N : N
p
= u(p) (4.25)
4.2.2 Frequently used results and utting rules
For ompleteness and to establish the notations, in this subsetion, we onisely state
all the standard Feynman rules and other tools (e.g. polarization sums, deay rates and
utting rules) whih are relevant for our alulations
7
.
Propagators and external elds
salar partile φ :
p
D(p) =
i
p2 −m2φ + iǫ
(4.26)
6
The i is missing from (4.22) and (4.23) beause when dierentiating Aρ one gets a fator of iqρ, and
this extra i will anel with the i originating from the Dyson series.
7
For a omplete treatment, see [175℄.
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massless spin-1 partile :
p
ν µ
Dµν(p) =
−igµν
p2 + iǫ
(4.27)
Dira fermion ℓ :
p
B A
[Sℓ(p)]AB =
[
i(/p +mℓ)
p2 −m2ℓ + iǫ
]
AB
(4.28)
external salar partile : 1 (4.29)
inoming/outgoing photon : εµ(p) / ε
∗
µ(p) (4.30)
inoming/outgoing Dira fermion : u(p) /u(p) (4.31)
inoming/outgoing Dira antifermion : v(p) / v(p) (4.32)
In the above, p denotes four-momentum as usual.
Polarization sums and deay rates
In alulations, the following results are often useful:
∑
s
uu = /p+m ,
∑
s
vv = /p−m ,
∑
pol
ε∗µεν = −gµν ,
C
[∑
s
uu
]T
C† = C
(
/p
T +m
)
C† = −/p+m ,
(uc)T = uCT , (uc)† = −uTC†γ0 , (uc)∗ = C∗γ0u ,
γµ† = γ0γµγ0 , σµν† = γ0σµνγ0 , (4.33)
where p and m are momentum and mass respetively, and pol stands for polariza-
tions. The harge onjugation onventions are as in (4.3) while the signature for gµν is
(+,−,−,−). Other important formulas inlude the 2-body deay rate in the entre-of-mass
frame:
Γ
m
=
|~q|
8πE2
m
|M|2 , (4.34)
where ~q is the momentum of one of the nal state partile, E
m
is the entre-of-mass energy
and |M|2 is the deay amplitude averaged over initial and summed over nal degrees of
freedom, and the 3-body (Ψ1 → Ψ2 +Ψ3 +Ψ4) dierential deay rate:
dΓ1→234 =
1
2E1
d3p2
(2π)32E2
d3p3
(2π)32E3
d3p4
(2π)32E4
(2π)4δ(4)(p1 − p2 − p3 − p4)|M|2 . (4.35)
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Cutkosky's utting rules
It has been shown in the toy model of Se. 1.3.4 that the CP asymmetry oming from
a partile deay is diretly proportional to the imaginary part of the interferene term
of the deay amplitude. As a result, a salient feature of any Feynman graph alulation
in leptogenesis involves isolating and omputing the imaginary omponent. However, it
is often quite diult to evaluate this quantity diretly, so one usually resorts to other
methods of extrating it.
A typial way of handling this is to invoke the optial theorem for Feynman diagrams
and the assoiated utting rules [176,177℄. It is well-known that a Feynman graph will give
rise to an imaginary part for the amplitude M only when the internal partiles running
in a loop go on-shell. The reason for this is that at the momentum values for whih the
virtual partiles are on-shell, the omplex funtion orresponding to the amplitude has a
branh ut singularity. Suh disontinuity aross the ut is related to the imaginary part
of the amplitude via
Dis(M) = 2i Im(M) , (4.36)
where Dis(M) denotes the disontinuity ofM. Sine it has been proved by Cutkosky [176℄
that there is a simple algorithm to evaluate Dis(M) for any Feynman diagram, the om-
putation of Im(M) an be simplied. This method of extrating the disontinuity involves
applying the following utting rules to a given Feynman graph
1. Dedue all possible ways to ut the graph suh that all ut propagators an simulta-
neously put on-shell.
2. For eah ase, the inverse of the denominator of all ut propagators are replaed by
the mass-shell δ-funtion, i.e.
1
p2 −m2 + iǫ → −2πi δ(p
2 −m2)Θ(±|E|) , (4.37)
where p2 = E2 − |~p|2 with E denoting total energy, while δ(x) and Θ(x) are the
Dira-delta and unit step funtions respetively
8
.
3. Perform the loop integrals in eah ase.
4. Sum up all ontributions.
The imaginary omponent an then easily be obtained from (4.36).
8
The hoie of +|E| or −|E| in (4.37) depends on how the momentum-ow is dened in the diagram.
We selet the +|E| when four-momentum is owing forward in time, otherwise we pik −|E|.
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4.2.3 Some illustrative examples
The aim of this setion is to provide some onrete examples
9
showing the appliation of the
simplied Majorana Feynman rules introdued in Se. 4.2.1. In doing so, we demonstrate
that these rules are apable of reproduing the standard results while highlighting all the
intriaies involved. It will also serve as a guide for our alulations in eletromagneti
leptogenesis later.
Tree-level ontribution to Nk → ℓ φ¯
Our rst example is to alulate the tree-level ontribution to the deay rate of Nk → ℓ φ¯,
using the rules and onventions desribed in the previous two subsetions. The orrespond-
ing Feynman diagram for this proess is shown in Fig. 4.1a.
Following the rules outlined in Se. 4.2.1 and Se. 4.2.2, we an immediately write down
the amplitude for this deay as
−iM = uj(−i hjkPR)uck ,
= uj(−i hjkPR)CuTk . (4.38)
|M|2 = uj(−i hjkPR)CuTk [uj(−i hjkPR)uck]† ,
= uj(−i hjkPR)CuTk (i h∗jk)(−uTkC†PLuj) ,
= −(h∗jkhjk)ujPRCuTk uTkC†PLuj , (4.39)
|M|2 = −(h∗jkhjk)PR C
[
1
2
∑
s
ukuk
]T
C† PL
∑
s′
ujuj (index form) .
When the universe was hot enough, ℓj and φ are strongly relativisti, so mℓj ,mφ ≈ 0 and
|M|2 = −(h
∗
jkhjk)
2
Tr
[
PR(−/p+Mk)PL(/p′)
]
, (4.40)
=
1
2
(h∗jkhjk)Tr
[
PR/p /p
′] , (4.41)
= (h∗jkhjk)(p · p′) . (4.42)
The four-momenta in the entre-of-mass frame are given by
p = (Mk , ~0) , p
′ = (Mk/2 , −~q) , q = (Mk/2 , ~q) , (4.43)
9
More examples are presented in Appendix C.1.
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(b)
Nk
(V ∗h )jk
ℓj
φ
p
p′
q
Nk
(Vh)jk
ℓj
φ¯
(a)
p
p′
q
Figure 4.1: (a) The Feynman graph for the proess Nk → ℓjφ¯. (b) The graph for Nk → ℓ¯jφ. Here
q = p− p′, and (Vh)jk ≡ −i hjk PR and (V
∗
h )jk ≡ i h
∗
jk C
†PL are the vertex fators.
and one an quikly dedue that |~q| = Mk/2 and p · p′ = p · q = p′ · q = M2k/2.
Therefore, we obtain
|M|2 = (h∗jkhjk)
M2k
2
,
= (h†h)kk
M2k
2
. (after summing over j) (4.44)
Using Eq. (4.34), the deay rate for Nk → ℓ φ¯ is then
Γ(Nk → ℓ φ¯) = 2× |~q|
8πE2
m
|M|2 ,
= 2(h†h)kk
M2k
2
1
8π
Mk
2
1
M2k
, (E
m
≡Mk) ,
=
(h†h)kk
16π
Mk , (4.45)
where the fator of 2 omes from the fat that there are two possible deay hannels:
Nk → νφ0 and Nk → e−φ+. When k = 1, result (4.45) is idential to the rate quoted
earlier in (1.99) on page 36.
Tree-level ontribution to Nk → ℓ¯ φ
We shall repeat the exerise the for the antipartile deay, Nk → ℓ¯ φ and hek for on-
sisteny. The Feynman graph for this is depited in Fig. 4.1b. From this we have for the
amplitude
−iM = (uck)T (i h∗jk C† PL) vj ,
= −ih∗jkukPLvj . (4.46)
|M|2 = −i h∗jk uk PL vj
[−i h∗jk uk PL vj]† ,
= (h∗jkhjk)ukPL vj vj PR uk . (4.47)
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Averaging over initial and summing up nal spin states, it then beomes
|M|2 = (h∗jkhjk)PL
∑
s′
vjvj PR
1
2
∑
s
ukuk PL (index form) ,
=
(h∗jkhjk)
2
Tr
[
PL/p
′PR(/p+Mk)
]
, mℓj ,mφ → 0 ,
=
1
2
(h∗jkhjk)Tr
[
PL/p
′
/p
]
,
= (h∗jkhjk)(p · p′) , (4.48)
whih is exatly (4.42). Hene, we must have Γ(Nk → ℓ¯ φ) = Γ(Nk → ℓ φ¯). This should
ome as no surprise sine there an be no CP violation at tree-level as mentioned in
Se. 1.3.4, therefore, the rates are neessarily equal.
Vertex ontribution to the CP asymmetry
Before onluding this subsetion, we present the expliit omputation of the vertex on-
tribution to the CP asymmetry in standard leptogenesis. This is extremely instrutive for
our purposes here (and later) as it an put all the tools and formulas we have mentioned
previously to the test.
To begin with, we note that the required ontribution omes from the interferene
between the one-loop vertex graph in Fig. 4.2 and its tree-level ounterpart in Fig. 4.1a.
So from the result displayed in (1.82) on page 30, it is lear that one needs to ompute the
imaginary part of the interferene of the two amplitudes (shematially speaking):
Im
[
(M
tree
)†M
loop
]
∝ ε
vertex
. (4.49)
Looking at Fig. 4.2, the rst hallenge appears to be writing down the matrix elements for
the amplitude in the orret order. Indeed, this is one of the major issues with Majorana
Feynman rules disussed in Se. 4.2.1. For our simplied sheme, we use the following
onventions:
• We always assign the external Majorana fermions to ow in the diretion whih
ensures that fermion-ow at the vertex it onnets to is not broken. For example, if
the ow from another fermion is into the vertex, then the external Majorana must
be hosen to ow out of it and vie-versa. Note that there are no verties involving
three fermions in any of the models that interest us, as a result there is no potential
ontradition with this onvention.
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NmNk
ℓn
ℓj
φ¯
(V ∗h )nk
(Vh)jm
(Vh)nm
[B]
[A]
[E]
q3
p
p′
q1
q2
q
[C]
[D]
[F ]
Figure 4.2: One-loop vertex orretion graph for the proess Nk → ℓjφ¯. LEFT: (Vh)ab ≡ −i hab PR and
(V ∗h )ab ≡ i h
∗
ab C
†PL are the vertex fators; RIGHT: we have inluded the momentum ows and spinor
indies [X], where q = p− p′, q2 = p− q1 and q3 = q1 − q.
• If the fermion-ow through the entire diagram is unbroken (this usually happens
when the ow through the Majorana propagators are unambiguous), then use the
normal onvention, i.e. follow the reverse fermion-arrow diretion in writing down
all matrix elements.
• When some of the Majorana propagators have ambiguous fermion-ow, follow the
onvention used in (4.15) for these, and use the normal onvention for all other
fermions and verties (inluding those at the two ends of the Majorana propagators).
Thus, for the diagram in Fig. 4.2, the orderings are:
[C]→ [A]→ [B] and [D]→ [E]→ [F ]→ [B] . (4.50)
From this, the amplitude of the interferene term in index form is given by
I ′
vertex
=
∫
d4q1
(2π)4
(−ihjm)(−ihnm)(ih∗nk) [uj ]1C [PR]CA [SNm(q3)]AB [PR]FB
× [Sℓ(−q1)]EF [C†PL]DE [uck]D1 [D(q2)]11
[
−ih∗jkuTkC†PLuj
]
11︸ ︷︷ ︸
(M
tree
)†
, (4.51)
where all symbols are as dened previously. So letting Ah = h
∗
jkhjmhnmh
∗
nk, this beomes
(in matrix notation)
I ′
vertex
= Ah
∫
d4q1
(2π)4
uj PR(−i)(/q3 +Mm)C P TR i(−/q1)TP TL C∗uck(i)(−1)uTk C†PLuj
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
= −iAh
∫
d4q1
(2π)4
uj PR(/q3 +Mm)C C
†PRC C†/q1CC
†PLCC∗ CuTk u
T
kC
†PLuj
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
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and using the tools introdued earlier to simplify, we obtain
I ′
vertex
=
iAh
2
∫
d4q1
(2π)4
PR(/q3 +Mm)PR/q1PL C (
∑
s ukuk)
T C†PL
∑
s′ ujuj
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
=
iAh
2
∫
d4q1
(2π)4
Tr
[
PR(/q3 +Mm)PR/q1PL C
(
/pT +Mk
)
C†PL/p′
]
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
.
.
.
= iAhMkMm
∫
d4q1
(2π)4
q1 · p′
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
. (4.52)
Let us onentrate on the integral:
I ′ = iMkMm
∫
d4q1
(2π)4
q1 · p′
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
. (4.53)
To pik out the disontinuity, we apply the utting rules disussed on page 122. Firstly, we
note that of the three possible ways to ut the diagram, only one of them an simultaneously
put both ut propagators on-shell, due to the heaviness of Nm:
✔ ✘ ✘
(4.54)
This only way (leftmost diagram) orresponds to utting through the propagators assoi-
ated with momenta q1 and q2 (see Fig. 4.2). Thus, we make the replaement
1
q21 + iǫ
→ −2πiδ(q21)Θ(E1) ,
1
q22 + iǫ
→ −2πiδ(q22)Θ(E2) = −2πiδ((p − q1)2)Θ(Mk − E1) , (4.55)
in (4.53), where q1 = (E1, ~q1) and q2 = (E2, ~q2). Using the denitions in (4.43) for p, p
′
and q, we an evaluate
q1 · p′ = E1Mk
2
− ~q1 · (−~q) = E1Mk
2
+ |~q1||~q| cos θ = Mk
2
(E1 + |~q1| cos θ) , (4.56)
where θ is the smaller angle between ~q1 and ~q. Putting all these together and substituting
q3 = q1 − q, we obtain (ǫ→ 0):
Dis(I ′) =
iM2kMm
2
∫
d4q1
(2π)4
(−2πi)2(E1 + |~q1| cos θ)δ(q21)δ((p − q1)2)Θ(E1)Θ(Mk − E1)
(q1 − q)2 −M2m
,
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=
−iM2kMm
8π2
∫
dE1d
3q1 δ(E
2
1 − |~q1|2) δ
[
(Mk −E1)2 − |~q1|2
]
Θ(E1)Θ(Mk − E1)
× (E1 + |~q1| cos θ)
(E1 − Mk2 )2 − |~q1 − ~q|2 −M2m
. (4.57)
Applying the identity: δ(x2−a2) = [δ(x − a) + δ(x + a)] /2|a|, we an rewrite δ(E21−|~q1|2)
as
δ(E21 − |~q1|2) =
1
2|~q1| [δ(E1 − |~q1|) + δ(E1 + |~q1|)] . (4.58)
Integrating over E1, the terms orresponding to the unphysial energy option of E1 = −|~q1|
will drop out automatially beause of the step funtion Θ(−|~q1|) = 0 and one obtains after
some algebra
Dis(I ′) =
−iM2kMm
16π2
∫
|~q1|2d|~q1|dΩ 1| − 2Mk| δ
[
|~q1| − Mk
2
]
Θ(Mk − |~q1|)
× 1 + cos θ
(|~q1| − Mk2 )2 − |~q1|2 −
M2k
4 + |~q1|Mk cos θ −M2m
, (4.59)
where we have used the identity δ(ax) = δ(x)/|a| and the fat that
−|~q1 − ~q|2 = −
[|~q1|2 + |~q|2 − 2|~q1||~q| cos(θ)] = −|~q1|2 − M2k
4
+ |~q1|Mk cos θ . (4.60)
Note that θ is again the smaller angle between ~q1 and ~q. We perform the d|~q1| integral in
(4.59) to obtain
Dis(I ′) =
−iMkMm
32π2
∫
dΩ
M2k
4
1 + cos θ
−M2k4 −
M2k
4 +
M2k
2 cos θ −M2m
,
=
−iMkMm
32π2
∫
dΩ
1 + cos θ
−1− 1 + 2 cos θ − 4z , (4.61)
where z ≡M2m/M2k . We then evaluating
∫
dΩ:
Dis(I ′) =
−iMkMm
32π2
∫
dφ
∫
d(cos θ)
1 + cos θ
−2(1− cos θ)− 4z ,
=
iMkMm
32π2
(2π)
∫ 1
−1
dx
1 + x
2(1− x) + 4z ,
=
iMkMm
16π
[−z ln(−2z) − ln(−2z)
+z ln(−2(z + 1)) + ln(−2(z + 1)) − 1] ,
=
−iM2k
16π
√
z
(
1− (z + 1) ln
[
z + 1
z
])
. (4.62)
4.2 Feynman rules and other useful tools 129
Therefore, the imaginary part of I ′ is given by
Im
(
I ′
)
=
1
2i
Dis
(
I ′
)
,
= −M
2
k
32π
√
z
(
1− (z + 1) ln
[
z + 1
z
])
. (4.63)
The two last piees of information we require before evaluating the CP asymmetry is the
total deay rate, whih we an get from (4.45)
Γ
tot
= Γ + Γ = 2× (h
†h)kk
16π
Mk =
(h†h)kk
8π
Mk , (4.64)
and the 2-body phase spae fator whih may be readily read o using (4.34) as
Vϕ = 2 ×︸ ︷︷ ︸
two hannels
|~q|
8πE2
m
= 2× 1
8π
Mk
2M2k
=
1
8πMk
. (4.65)
Putting all these together into the general formula derived in (1.85) on page 31, and
summing over all heavy Majorana neutrino speies m 6= k, as well as the internal lepton
speies n, the expression for the CP asymmetry due to the vertex ontribution is therefore
ε
vertex
= − 4
Γ
tot
∑
m6=k
∑
n
Im(Ah) Im(I
′ Vϕ) , (4.66)
where we have used Im(I ′ Vϕ) ≡ Im(I ′)Vϕ as Vϕ ∈ R, and so
ε
vertex
= 4× 8π
(h†h)kk Mk
∑
m6=k
∑
n
Im(h∗jkhjmhnmh
∗
nk)
× M
2
k
32π
√
z
(
1− (z + 1) ln
[
z + 1
z
])
1
8πMk
,
=
1
8π
∑
m6=k
Im
[
h∗jkhjm(h
†h)km
]
(h†h)kk
√
z
(
1− (z + 1) ln
[
z + 1
z
])
, (4.67)
with z ≡M2m/M2k . Eq. (4.67) is idential to the standard result given in [90, 92℄ 10. Upon
summing over avor j, this then beomes the usual expression mentioned in Chapters 1
and 2. Hene, we have suessfully demonstrated that these simplied Feynman rules an
give rise to the orret result while avoiding most of the subtleties in other approahes,
and we shall use them extensively in our alulations here on eletromagneti leptogenesis.
10
See Appendix C.1 for the alulation of the self-energy ontributions.
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4.3 Lepton number creation from EMDM interactions
The stage has now been set for us to takle the main theme of this work to investigate
the viability of eletromagneti leptogenesis. In doing so, we must rst hek that the out-
of-equilibrium deay of the RH neutrinos an give rise to a nonzero CP asymmetry under
the most general situations. In addition, beause of the onstraints from other setors of
the theory, it is also neessary to examine whether the parameter spae has enough degrees
of freedom to produe an asymmetry of the orret magnitude.
Below, after revisiting the issue of CP violation in partile deays where a general
proof of the need to go beyond the lowest order is presented, we alulate the deay rates
and CP asymmetry indued in a toy model with EMDM interations between the light
and heavy neutrinos of the form shown in (4.10). The aim is to obtain expliit expressions
for the relevant quantities so that a omparison with the standard senario an be made.
Later, we shall modify this toy model to ensure that the EMDM interation is ompatible
with the SM gauge symmetry. We then repeat some of the alulations and disuss the
impliations of this extension.
4.3.1 CP violation in deays: revisited
As was mentioned in Se. 1.3.4, CP violating rate dierenes between CP onjugate deays
of a heavy partile an only appear one higher order terms are inluded. While it was
demonstrated in our examples from the last setion that this is indeed the ase for standard
leptogenesis proesses, it is important to note that the result an be generalised to models
with any type of interations as long as we have CPT invariane.
At rst glane, this may not seem obvious in models where the same partiles an
interat via more than one distint ouplings. For instane, if one onsiders the dipole
Lagrangian of (4.1) where there ould be independent magneti (µjk) and eletri (djk)
transition moments linking νj and Nk (for a given j and k), then one may suspet that
the tree-level interferene between the amplitudes from µjk and djk would be suient to
reate a dierene between the deay rates for Nk → νj γ and its CP onjugate. But as we
prove below
11
, the two rates an never be dierent until one goes beyond the rst order
in the underlying Hamiltonian.
Suppose we have a partile X with the deay proess, X → a1 + a2 + · · · (in the rest
11
This proof is due to B. J. Kayser.
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frame of X). If CPT invariane holds, the amplitude for this deay obeys the onstraint
|〈a1(~p1, s1) a2(~p2, s2) · · · |T |X(m̂)〉|2 = |〈a1(~p1,−s1) a2(~p2,−s2) · · · |T †|X(−m̂)〉|2 ,
(4.68)
where ~pi and si are, respetively, the momentum and heliity of the daughter partile ai.
m̂ is the z-axis projetion of the spin of X, and T is the transition operator for the deay
with T = i(S − I), where S is the orresponding S-matrix operator. Sine to rst order,
we have H = T for the system, where H denotes the Hamiltonian, it follows that T † = T .
Using this with (4.68), and after summing over the nal heliities and integrating over the
outgoing momenta, we obtain
Γ
[
X → a1 + a2 + · · ·
]
= Γ [X → a1 + a2 + · · · ] . (4.69)
This equality must hold to rst order in H regardless of whether H ontains numerous
terms and CP violating oupling onstants.
In the speial ase of a two-body deay, X → a1 + a2, we have ~p1 = −~p2 ≡ ~p. For
this ase, let us rotate the system of partiles on the right-hand side of Eq. (4.68) by 180◦
about the axis perpendiular to the z-axis and to ~p. Eq. (4.68) then states that, to rst
order in H (so that T = T †),
|〈a1(~p, s1) a2(−~p, s2)|T |X(m̂)〉|2 = |〈a1(−~p,−s1) a2(~p,−s2)|T |X(m̂)〉|2 . (4.70)
The proesses whose amplitudes appear on the two sides of this onstraint are the CP
mirror images of eah other. Thus, in two-body deays, to rst order in H, the rates for
CP mirror-image deay proesses must be equal even before one sums over nal heliities
and integrates over outgoing momenta.
As a result, we an onlude that the CP onjugate rates must be the same at tree-level
and our proof is omplete.
4.3.2 An EMDM toy model
In this setion we explore, by means of a toy model, the possibility of generating a lepton
asymmetry through the EMDM interations desribed earlier. Sine we are interested in
leptogenesis energy sales above the eletroweak phase transition, we shall identify the light
neutrino in (4.10) to be a massless LH state (the same νL as appears in the SM lepton
doublet), while N is assumed to have a large Majorana mass as in type I seesaw.
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The simplisti toy model that we are onsidering ontains the minimally extended SM
Lagrangian with three heavy RH neutrinos
12
augmented by dimension-5 EMDM operators
of the form of (4.10). We assume that these EMDM ouplings are generated by some new
physis at an energy sale Λ > M , where M generially denotes the mass a heavy RH
Majorana neutrino, and work with the eetive theory that is valid below Λ, obtained after
integrating out all new heavy degrees of freedom. The EMDM interation Lagrangian of
interest is (rewritten here for onveniene):
L5D
EM
= −λjk νLj σαβ PRNk Fαβ + h.. , (4.71)
≡ − 1
Λ
(λ0)jk νLj σ
αβ PRNk Fαβ + h.. , (4.72)
where j = e, µ, τ and k = 1, 2, 3. Fαβ = ∂αAβ−∂βAα is, as before, the eletromagneti eld
strength tensor, with Aα being the photon eld. We have dened λ0 as a dimensionless
3×3 matrix of omplex oupling onstants, and Λ is the ut-o sale of our eetive theory,
whih has dimensions of energy.
An important observation is that the SM gauge symmetry, SU(2)L×U(1)Y is expliitly
broken and the model is invariant only under the eletromagneti symmetry U(1)Q. This
does not seem to be an issue at rst glane, for the SM symmetry will be broken down to
U(1)Q at low energies. However, one major diulty is that the theory demands (4.72) to
be valid up to the sale of Λ (i.e above M), hene only U(1)Q is unbroken, while the SM
implies that eletroweak symmetry must be restored at that sale sine Λ,M ≫ Λ
EW
≃
102 GeV. Therefore as it stands, this toy model is inompatible with the framework of the
SM. But we shall defer xing this problem until the next setion, beause, to ahieve the
proof of priniple that we seek, it is more transparent to work with suh a toy model.
To asertain whether eletromagneti leptogenesis in this model is possible, the key
quantity of interest is the CP asymmetry in the deay of Nk (.f. (2.61) on page 76),
ε
(5)
k,j =
Γ(Nk→νj γ) − Γ(Nk→νj γ)
Γ(Nk→ν γ) + Γ(Nk→ν γ)
, (4.73)
where Γ(Nk→ν γ) ≡
∑
j Γ(Nk→νj γ) denotes the deay rate (summed over nal state avor j).
So with this in mind, we begin by alulating the lowest order ontribution to the deay
rate, Γ(Nk→ν γ). The tree-level diagram for this proess is depited in Fig. 4.3. Using the
Feynman rules developed in Ses. 4.2.1 and 4.2.2, we an immediately write down the
12
For simpliity, we shall ignore the eets of the neutrino Yukawa terms and onsider standard lepto-
genesis as being swithed o.
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Nk
(Vλ5)
ρ
jk
νj
γ
p
p′
q
Figure 4.3: The Feynman graph for the tree-level deay, Nk → νj γ via the dimension-5 EMDM oupling
of Eq. (4.72). Here q = p− p′ and (Vλ5)
ρ
jk ≡ 2λjk PR σ
αρ qα is the vertex fator.
amplitude for the lowest order proess as
−iM = uj(2λjkPRσαρqα)uckε∗ρ , (4.74)
⇒ |M|2 = uj(2λjkPRσαρqα)uckε∗ρ
[
uj(2λjkPRσ
βσqβ)u
c
kε
∗
σ
]†
,
= 4(λ∗jkλjk)ujPRσ
αρqαu
c
kε
∗
ρεσ(−uTkC†γ0)γ0σβσqβγ0PRγ0uj ,
= −4(λ∗jkλjk)ujPR
i
2
[γα, γρ] qαCu
T
k u
T
kC
† i
2
[
γβ, γσ
]
qβPLuj ε
∗
ρεσ . (4.75)
Averaging initial and summing nal polarizations, we obtain
|M|2 = (λ∗jkλjk)PR (/qγρ − γρ/q)C
[
1
2
∑
s
ukuk
]T
C†(/qγσ − γσ/q)PL
∑
s′
ujuj
∑
pol
ε∗ρεσ ,
=
1
2
(λ∗jkλjk) Tr
[
PR (/qγ
ρ − γρ/q)(−/p+Mk)(/qγσ − γσ/q)PL /p′ (−gρσ)
]
,
.
.
.
= (λ∗jkλjk)
[
16(p · q)(p′ · q)− 4(p · p′)(q · q)] . (4.76)
where we have taken the masses of the light neutrino and photon to be zero.
Working in the entre-of-mass frame where
p = (Mk , ~0) , p
′ = (Mk/2 , −~q) , q = (Mk/2 , ~q) , |~q| = Mk/2 , and
p · p′ = p · q = p′ · q =M2k/2 , p2 ≡ (p · p) = M2k , q2 = (p′)2 = 0 , (4.77)
Eq. (4.76) beomes
|M|2 = 4 (λ∗jkλjk)M4k . (4.78)
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Hene, the tree-level deay rate for Nk → ν γ is given by
Γ(Nk → ν γ) = |~q|
8πE2
m
|M|2 ,
=
1
8π
Mk
2
1
M2k
4 (λ†λ)kkM4k ,
=
(λ†λ)kk
4π
M3k ≡
(λ†0λ0)kk
4π
M3k
Λ2
, (4.79)
where we have summed over j. Sine we must neessarily have Γ(Nk → ν γ) ≡ Γ(Nk →
ν γ), the total deay rate is, Γ
tot
= 2Γ(Nk → ν γ), to rst order.
(a)
νj
γ
Nm
Nk
νn, νn
NmNk
ν
n , ν
n
νj
γ
(b)
Figure 4.4: (a) Self-energy and (b) vertex diagrams whih ontribute to the CP asymmetry of Nk deay
via the dimension-5 EMDM oupling of Eq. (4.72). Note that sine weak isospin is not onserved in this
model, both νn and νn are allowed in the loop of (b), unlike in standard leptogenesis. For simpliity, we
have not drawn the arrow for the νn propagators as the two ases point in opposite diretions.
Next, we alulate the interferene terms between the tree-level proess of Fig. 4.3 and
the one-loop diagrams with on-shell intermediate states depited in Fig. 4.4. Note that
unlike in standard leptogenesis, both νn and νn are allowed to propagate in the internal loop
of the vertex orretion graph (Fig. 4.4b). This is beause weak isospin is not onserved by
the interation Lagrangian (4.72). As a result, one potentially has four interferene terms
(in the fully avored regime where nal avor j is not summed) ontributing to the CP
asymmetry at leading order
13
. We shall disuss eah of these in turn.
Firstly, let us onsider the self-energy ontributions. The two distint graphs for these
are shown in Fig. 4.5a and Fig. 4.5b respetively. Applying the Feynman rules developed
for the EMDM ouplings, we an write down the interferene term of Fig. 4.5a and Fig. 4.3
as
I5D
self-(a)
=
∫
d4q1
(2π)4
(16λ∗jkλjmλnmλ
∗
nk) [uj ]1C [PRσ
ανqα]CA [SNm(p)]AB
[
PRσ
βσ(−q2β)
]
FB
× [Sℓ(−q1)]EF
[
C†σδµq2δPL
]
DE
[uck]D1 [Dσµ(q2)ε
∗
ν ]11
[
−uTkC†σηρqηPLujερ
]
11
,
13
For standard leptogenesis, there are only three interferene terms (before summing over nal avor j).
One from the vertex orretion shown in Se. 4.2.3 and two from the self-energy orretion disussed in
Appendix C.1.
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Figure 4.5: Self-energy diagrams whih ontribute to the CP asymmetry of Nk deay via the dim-5 EMDM
oupling with (a) νn and (b) νn intermediate states respetively. LEFT: (Vλ5)
ρ
ab ≡ 2λab PR σ
αρ q′α and
(V ∗λ5)
ρ
ab ≡ −2λ
∗
abC
† σαρ q′α PL denote the vertex fators. The orresponding diagram with momenta and
spinor indies labeled for eah ase is displayed on the RIGHT.
where the −q2β in [· · · ]FB omes from the fat that photon momentum, q2β is owing into
the vertex. Letting A
(5)
λ = λ
∗
jkλjmλnmλ
∗
nk and using matrix form, we then have
I5D
self-(a)
= 16A
(5)
λ
∫
d4q1
(2π)4
uj PRσ
ανqα(−i)(/p +Mm)C (−σβσq2β)TP TR (i)(−/q1)T
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
× P TL (σδµq2δ)TC∗uck(−i)gσµ ε∗νερ(−1)uTkC†σηρqηPLuj ,
= 8iA
(5)
λ
∫
d4q1
(2π)4
PRσ
ανqα(/p +Mm)σ
βσq2βPR/q1PLσ
δµq2δC [
∑
s ukuk]
T C†
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
× σηρqηPLgσµ
∑
s′
ujuj
∑
pol
ε∗νερ ,
.
.
.
= − iA
(5)
λ MmMk
2
∫
d4q1
(2π)4
1
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
×Tr
[
PR(/qγ
ν − γν/q)(/q2γσ − γσ/q2)/q1(/q2γσ − γσ/q2)(/qγν − γν/q)/p′
]
,
= iA
(5)
λ MmMk
∫
d4q1
(2π)4
(p′ · q) [−256(q · q2)(q1 · q2) + 64(q · q1)q22]
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
. (4.80)
The disontinuity of the integral
I5D
s-(a)
≡ iMmMk
∫
d4q1
(2π)4
(p′ · q) [−256(q · q2)(q1 · q2) + 64(q · q1)q22]
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
, (4.81)
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may be determined by the utting rules as desribed before, hene
Dis
[
I5D
s-(a)
]
= iMkMm
∫
d4q1
(2π)4
(−2πi)2δ(q21)δ
[
(p − q1)2
]
Θ(E1)Θ(Mk −E1)
p2 −M2m
×M2k
[−128(q · q2)(q1 · q2) + 32(q · q1)q22] , (ǫ→ 0) .
Using q1 = (E1, ~q1), q2 = p− q1 and (4.77) to simplify, we eventually get
Dis
[
I5D
s-(a)
]
=
−iM4kMm
4π2(M2k −M2m)
∫
d3q1dE1
1
2|~q1|δ(E1 − |~q1|)δ
[
(Mk − E1)2 − |~q1|2
]
Θ(E1)
×Θ(Mk − E1)
[−64 (Mk − E1 + |~q1| cos θ) (MkE1 − E21 + |~q1|2)
+16 (E1 − |~q1| cos θ)
(
(Mk − E1)2 − |~q1|2
)]
,
where θ is the smaller angle between ~q1 and ~q. Performing the integrals using all the
standard triks, we obtain
Dis
[
I5D
s-(a)
]
=
−iM4kMm
8π2(M2k −M2m)
∫
|~q1|2d|~q1|dΩ δ
[
M2k − 2Mk|~q1|
]
Θ(Mk − |~q1|)
× [−64 (Mk − |~q1|+ |~q1| cos θ) (Mk) + 16 (1− cos θ) (M2k − 2Mk|~q1|)] ,
.
.
.
=
−iM4kMm
16π2(M2k −M2m)
∫
dΩ
M2k
4
[
−64
(
Mk
2
+
Mk
2
cos θ
)
+ 16 (1− cos θ)
]
,
=
2iM7kMm
π(M2k −M2m)
. (4.82)
The imaginary part of this interferene term and its orresponding phase spae, Vϕ are
given by
Im
[
I5D
s-(a)
]
=
M7kMm
π(M2k −m2Nm)
, Vϕ =
|~q|
8πE2
m
=
1
16πMk
. (4.83)
Note that unlike standard leptogenesis, there are no extra fators of 2 in the phase spae for
this diagram beause only one intermediate (and nal) state is possible. Putting everything
together, the CP asymmetry due to this interferene term is
ε5D
self-(a)-k,j = −
4
Γ
tot
∑
m6=k
∑
n
Im
[
A
(5)
λ
]
Im
[
I5D
s-(a)
Vϕ
]
,
= − M
2
k
2π(λ†λ)kk
∑
m6=k
Im
[
λ∗jkλjm(λ
†λ)km
] √z
1− z , (4.84)
where z ≡M2m/M2k .
4.3 Lepton number creation from EMDM interactions 137
NmNk
νn
νj
γ
(Vλ5)
µ
nk
(Vλ5)
ν
jm
(V ∗λ5)
σ
nm
[B]
[A]
[F ]
q3
p
p′
q1
q2
q
[C]
[D]
[E]
(b)
NmNk
νn
νj
γ
(V ∗λ5)
µ
nk
(Vλ5)
ν
jm
(Vλ5)
σ
nm
[B]
[A]
[E]
q3
p
p′
q1
q2
q
[C]
[D]
[F ]
(a)
Figure 4.6: Vertex orretions whih ontribute to the CP asymmetry of Nk deay via the dim-5 EMDM
oupling with (a) νn and (b) νn intermediate states respetively. LEFT: (Vλ5)
ρ
ab ≡ 2λab PR σ
αρ q′α and
(V ∗λ5)
ρ
ab ≡ −2λ
∗
abC
† σαρ q′α PL denote the vertex fators. The orresponding diagram with momenta and
spinor indies labeled for eah ase is displayed on the RIGHT.
Similarly, one an write down the amplitude due to Fig. 4.5b
14
,
I5D
self-(b)
=
∫
d4q1
(2π)4
16λ∗jkλjmλ
∗
nmλnk [uj]1C [PRσ
ανqα]CA [SNm(p)]AB [C
†σβσ(−q2β)PL]BE
× [Sℓ(q1)]EF
[
PRσ
δµq2δ
]
FD
[uck]D1 [Dσµ(q2)ε
∗
ν ]11
[
−uTkC†σηρqηPLuj ερ
]
11
,
(4.85)
from whih the following ontribution to the CP asymmetry is dedued (see Appendix C.2
for the full alulation):
ε5D
self-(b)-k,j = −
M2k
2π(λ†λ)kk
∑
m6=k
Im
[
λ∗jkλjm(λ
†λ)mk
] 1
1− z , z ≡
M2m
M2k
. (4.86)
For the vertex interferene, we study the graphs of Fig. 4.6. Comparing them with the
proesses depited in Fig. 4.2, it an be seen that the analogue of Fig. 4.6b is notieably
absent in the standard senario as we have alluded to earlier. However, the existene of
suh extra ontribution is not expeted to alter the overall CP asymmetry in a signiant
way. This is beause in a generi study of lepton asymmetry from heavy partile deays [82℄
where the analogous diagram to Fig. 4.6b was inluded, the resulting loop funtion tends
to zero when the squared-mass ratio, z ≫ 1. Moreover, in the ase of z ≃ 1, the self-
14
Note that the diretion of fermion-ow through Nm is unambiguous in this ase (.f. Fig. C.2 in
Appendix C.1).
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energy ontribution will overwhelm any vertex orretions due to resonant enhanement.
In any ase, upon summing over j (the one-avor approximation), suh ontribution will
ompletely vanish. Therefore, one an expet the eet from Fig. 4.6b to be sub-dominant.
Nevertheless, we alulate both terms here for ompleteness and to gain better insight, so
that when it omes to the more realisti setup in Se. 4.3.3, we shall know what to expet
from those inevitably more ompliated diagrams even without expliitly omputing all of
them.
To this end, we begin by turning to Fig. 4.6a and write down the amplitude using our
simplied Feynman rules:
I5D
vert-(a)
=
∫
d4q1
(2π)4
16λ∗jkλjmλnmλ
∗
nk [uj]1C [PRσ
αν(−q2α)]CA [SNm(q3)]AB [PRσβσqβ]FB
× [Sℓ(−q1)]EF
[
C†σδµq2δPL
]
DE
[uck]D1 [Dνµ(q2)ε
∗
σ ]11
[
[−uTkC†σηρqηPLujερ
]
11
,
(4.87)
= 16A
(5)
λ
∫
d4q1
(2π)4
uj PRσ
αν(−q2α)(−i)(/q3 +Mm)C (σβσqβ)TP TR (i)(−/q1)TP TL
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
× (σδµq2δ)TC∗uck(−i)gνµ ε∗σερ(−1)uTkC†σηρqηPLuj ,
.
.
.
=
−iA(5)λ MmMk
2
∫
d4q1
(2π)4
1
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
× Tr
[
PR(/q2γ
ν − γν/q2)(/qγσ − γσ/q)/q1(/q2γν − γν/q2)(/qγσ − γσ/q)/p′
]
,
= iA
(5)
λ
∫
d4q1
(2π)4
MmMk
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
{−32M2k (q · q1)q22
+64(q · q2)
[−2(p′ · q1)(q · q2) + 2(p′ · q2)(q · q1) +M2k (q1 · q2)]} . (4.88)
In deriving the above, we have used (4.77). Although (4.88) is onsiderably more ompli-
ated than any of the expressions we have takled up to this point, the method (and triks)
required to evaluate it are the same (see the vertex example in Se. 4.2.3). Eventually, one
obtains
15
ε5D
vert-(a)-k,j =
−M2k
2π(λ†λ)kk
∑
m6=k
Im
[
λ∗jkλjm(λ
†λ)km
]√
z
[
1 + 2z
(
1− (z + 1) ln
[
z + 1
z
])]
,
(4.89)
where z ≡M2m/M2k as usual.
15
See Appendix C.2 for the full workings of this.
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Next, we repeat the proedure for the term orresponding to Fig. 4.6b, whih gives
I5D
vert-(b)
=
∫
d4q1
(2π)4
16λ∗jkλjmλ
∗
nmλnk[uj]1C [PRσ
αν(−q2α)]CA[SNm(q3)]AB [C†σβσqβPL]BE
× [Sℓ(q1)]EF
[
PRσ
δµq2δ
]
FD
[uck]D1 [Dνµ(q2)ε
∗
σ ]11
[
−uTkC†σηρqηPLuj ερ
]
11
,
.
.
.
= B
(5)
λ
∫
d4q1
(2π)4
iTr[PR(/q2γ
ν − γν/q2)/q3(/qγσ − γσ/q)/q1(/q2γν − γν/q2)/p(/qγσ − γσ/q)/p′]
2 (q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
= B
(5)
λ
∫
d4q1
(2π)4
1
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
× {80i(p · q3)(p′ · q1)q2q22 − 16i(p · q1)(p′ · q3)q2q22 − 16i(p · p′)(q1 · q3)q2q22
+ 64ǫµνρσp′µqνq2ρq3σ [(p · q2)(q · q1)− (p · q)(q1 · q2)]
− 64ǫµνρσpµp′νq1ρq3σ(q · q2)2 + 64ǫµνρσp′µqνq1ρq3σ
[
(p · q)q22 − (p · q2)(q · q2)
]
+ 64ǫµνρσp′µq1νq2ρq3σ(p · q)(q · q2) + 64ǫµνρσpµp′νq1ρq2σ(q · q2)(q · q3)
+ 64ǫµνρσp′µqνq1ρq2σ [(p · q2)(q · q3)− (p · q)(q2 · q3)]
+ 64ǫµνρσpµp
′
νqρq2σ [(q · q1)(q2 · q3)− (q · q3)(q1 · q2)]
+ 64ǫµνρσpµp
′
νqρq3σ
[
(q · q2)(q1 · q2)− (q · q1)q22
]
+ 64ǫµνρσpµp
′
νq2ρq3σ(q · q1)(q · q2)
+64ǫµνρσpµp
′
νqρq1σ
[
(q · q3)q22 − (q · q2)(q2 · q3)
]}
, (4.90)
where B
(5)
λ ≡ λ∗jkλjmλ∗nmλnk and ǫµνρσ is the Levi-Civita tensor. An interesting observa-
tion from the nal expression in (4.90) is that it is atually evaluate to zero, thus
I5D
vert-(b)
= 0 . (4.91)
This omes about beause, in the numerator, terms involving ǫµνρσ are all ontrated with
four-momenta from the list, {p, p′, q, q1, q2, q3} where only three are independent of eah
other, whilst the remaining terms are automatially zero for they are proportional to q2 ≡ 0
(the photon is massless). As a result, even before other onsiderations, there annot be
any ontribution to the nal CP asymmetry arising from the interferene with the graph
shown in Fig. 4.6b. So putting results (4.84), (4.86) and (4.89) together, the total CP
asymmetry for the deay of Nk → νj γ in this EMDM toy model is
ε5Dk,j =
−M2k
2π(λ†λ)kk
∑
m6=k
Im
[
λ∗jkλjm
{
(λ†λ)km [fV a(z) + fSa(z)] + (λ†λ)mk fSb(z)
}]
, (4.92)
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or
ε5Dk,j =
−(Mk/Λ)2
2π(λ†0λ0)kk
∑
m6=k
Im
[
(λ∗0)jk(λ0)jm
{
(λ†0λ0)km [fV a(z) + fSa(z)] + (λ
†
0λ0)mk fSb(z)
}]
,
(4.93)
where z = M2m/M
2
k and
fV a(z) =
√
z
[
1 + 2z
(
1− (z + 1) ln
[
z + 1
z
])]
, fSa(z) =
√
z
1− z , fSb(z) =
1
1− z .
(4.94)
In the limit of hierarhial heavy RH neutrinos and onsidering the N1-dominated senario
(i.e. k = 1), we have z ≫ 1 and
fV a(z) ≃ 1
3
√
z
, fSa(z) ≃ − 1√
z
, fSb(z) ≃ −1
z
. (4.95)
Therefore,
ε5D1,j ≃
(M1/Λ)
2
2π(λ†0λ0)11
∑
m6=1
Im
[
(λ∗0)j1(λ0)jm
{
2
3
√
z
(λ†0λ0)1m +
1
z
(λ†0λ0)m1
}]
. (4.96)
This expression is almost idential to the orresponding result from standard leptogene-
sis [82,9092,98℄, and therefore we expet muh of the subsequent disussion regarding the
CP asymmetry to be similar. In partiular, we see that the dimensionless Yukawa ou-
pling matrix h whih is entral to the disussion on leptogenesis impliations has simply
been replaed by its EMDM ounterpart, λ0 whih is again an arbitrary omplex matrix
(see Se. 4.1). Also, the loop funtions only dier by a multipliative onstant from be-
fore. Thus, we an onlude that this type of EMDM interation between light and heavy
neutrinos an in general generate a lepton asymmetry in the early universe.
But before disussing the magnitude of this asymmetry and the parameter spae in
whih eletromagneti leptogenesis an be suessful, we shall rst look at a generalization
of this EMDM senario, one that will respet the SM gauge symmetries.
4.3.3 A more realisti extension
As mentioned before, while the simplisti toy model in Se. 4.3.2 an demonstrate the
viability of lepton generation through EMDM operators, it is nonetheless unrealisti as
it is inompatible with the SM. We now overome this by onsidering only EMDM type
operators that respet the SM gauge group. Again, we onstrut an eetive theory by
taking the usual minimally extended SM Lagrangian with three generations of heavy Ma-
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jorana neutrinos, and augmenting it with EMDM operators. The most eonomial of suh
operators involving only (the minimally extended) SM elds are of dimension six [58℄, and
the interation Lagrangian of interest is
L
EM
= −ℓj
[
λ′jk φσ
αβ Bαβ + λ˜
′
jk τi φσ
αβW iαβ
]
PRNk + h.. , (4.97)
≡ − 1
Λ2
ℓj
[
(λ′0)jk φσ
αβ Bαβ + (λ˜
′
0)jk τi φσ
αβW iαβ
]
PRNk + h.. , (4.98)
where the τi are the SU(2)L generators, ℓj = (νLj , eLj)
T
is the lepton doublet, and φ =
(φ0, φ−)T is the SM Higgs doublet. The eld strength tensors of U(1)Y and SU(2)L are
given by Bαβ = ∂αBβ−∂βBα andW iαβ = ∂αW iβ−∂βW iα−g ǫimnWmα W nβ , respetively, where
g′ and g are the orresponding oupling onstants. As before, Λ denotes the high energy
ut-o of our eetive theory, while the newly dened dimensionless EMDM oupling
matries, λ′0 and λ˜
′
0, are in general omplex. Note that λ
′
0 and λ˜
′
0 play the exat same role
as λ0 in Lagrangian (4.72).
The higher dimension (non-renormalizable) operators of Eq. (4.97) are assumed to be
generated at the energy sale Λ, beyond the eletroweak sale. Although the presene of
these operators would imply the existene of some new physis at high energies, we shall
not speulate on the nature of it here. After spontaneous breaking of SU(2)L ⊗ U(1)Y ,
these operators will then give rise to the usual transition moments between Nk and νj .
But, for the purposes of leptogenesis, we are of ourse interested in the regime above the
eletroweak symmetry breaking sale.
To proeed with the analysis, it is imperative to note that the deay of Nk will now
produe 3-body nal states
16
suh as Nk → ℓ¯j φBα and Nk → ℓ¯j φW iα. As a result,
the phase spae alulation for all diagrams will be more involved than the toy model in
Se. 4.3.2. Moreover, there are potentially several more inequivalent higher-order graphs
that an interfere with eah of the tree-level proess. Fortunately, we an expet that the
results will be qualitatively similar to the previous model for two reasons. Firstly, having
an extra salar partile in the Lagrangian does not hange the form of the vertex fators,
whih are now given by:
Nk → ℓj φ¯ C¯ρ : N
ℓ
φ¯
C¯ρq
= 2 ζjk PR σ
αρqα (4.99)
Nk → ℓ¯j φCρ : N
ℓ
φ
Cρq
= −2 ζ∗jk C† σαρqα PL (4.100)
16
For simpliity, we shall ignore the 4-body nal states suh as Nk → ℓ¯j φW
m
α W
n
β .
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where the generi oupling matrix ζ represents λ′ when the vetor boson Cρ ≡ Bρ, while
it denotes λ˜′ for Cρ ≡W iρ. As we an see, these are basially the rules given in (4.22) and
(4.23) with the replaement λ→ λ′ or λ˜′.
Seondly, a salar propagator (see (4.26)) does not ontain any spinor struture nor
an it aet the ontrations between dierent momenta. Hene, one it is put on-shell, its
inlusion in the diagrams annot modify the form of the nal amplitude of the interferene
terms. In the light of these observations, there is no need to (re-)ompute all the possible
Feynman graphs for this model. It would sue to invoke the results of Se. 4.3.2 in
onjuntion with a representative alulation for the new diagrams. The latter is done to
demonstrate that the above laim (of a similar struture for the nal equations) is indeed
orret, as well as to eluidate the suppression fator expeted from the additional 1/Λ
(ompare (4.98) with (4.72)), and the 3-body deay phase spae.
With this aim in mind, we have drawn an example for eah of the tree-level, self-
energy and vertex proesses for this model in Fig. 4.7a, b and  respetively. Note that
other graphs with the same struture as those shown in Fig. 4.7 exist sine the mixing
between bosons Bα and W
i
β (for all i) will lead to dierent ombinations of internal and
nal states. However, these extra diagrams are only expeted to modify the overall self-
energy and vertex ontributions by an unimportant multipliative onstant, similar to the
eet aused by having either ℓn or ℓ¯n running in the loops. Also, aidental anellations
amongst these are highly improbable based on what we have learned from the toy model
in the previous setion. Hene, for simpliity, we shall only onentrate on the rst term
from (4.97) in the following disussion.
Firstly, by omparing the vertex fators arising from this model with those studied
previously, it is lear that the tree-level proess of Fig. 4.7a has an amplitude given by
|M|2 = 16 (λ′∗jk λ′jk)(p · q)(p′ · q) , (4.101)
Nk φ¯
(a)
Nk
B¯α
ℓj
φ¯
ℓn, ℓn
Nm
(b)
Bα, B¯α
NmNk
ℓ
n , ℓ
n
ℓj
B¯α
φ¯
(c)
Bα, B¯αℓj
B¯α
Figure 4.7: (a) The tree-level diagram for the 3-body deay: Nk → ℓj φ¯ B¯α indued by the rst term in
Eq. (4.97), and examples of the orresponding (b) self-energy and () vertex diagrams.
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where p, p′ and q are the four-momenta for Nk, ℓj and B¯α respetively, and we have used
(4.76) with q2 = 0. In the entre-of-mass frame, we have the following denitions
p = (Mk , ~0) , p
′ = (E′ , ~p ′) , p′′ = (E′′ , ~p ′′) , q = (Eq , ~q) , (4.102)
where |~p ′| = E′, |~p ′′| = E′′, and |~q| = Eq as mℓ,φ,B → 0. Here, p′′ is the four-momentum
of φ¯. The diretions of the momenta are dened suh that p = p′+p′′+ q is satised. With
(4.102) and the 3-body phase spae of (4.35), the dierential deay rate for Nk → ℓ φ¯ B¯α
(i.e. summed over j) is
dΓ6Dk = 2× 16 (λ′†λ′)kk(p · q)(p′ · q)
× 1
2Mk
d3p′
(2π)32E′
d3p′′
(2π)32E′′
d3q
(2π)32Eq
(2π)4δ(4)(p− p′ − p′′ − q) , (4.103)
where the fator of 2 in front is to aount for the two hannels, Nk → νL φ0 B¯ and
Nk → eL φ+ B¯. Then, simplifying using the result 2(p′ · q) = (p− p′′)2, we get
dΓ6Dk =
8 (λ′†λ′)kk
(2π)5
[
Eq(M
2
k − 2MkE′′)
] d3p′
2E′
d3p′′
2E′′
d3q
2Eq
δ(4)(p− p′ − p′′ − q) . (4.104)
To obtain the full rate, Γ6Dk , one has to perform the integrals over all possible values of
d3p′, d3p′′ and d3q. The proedure is akin to the omputation of the muon deay rate for
massless nal states (µ− → e− νe νµ), where several standard triks are needed. We shall
leave the omplete workings to Appendix C.3 and only present the nal result here, whih
is:
Γ6Dk =
(λ′†λ′)kk M5k
256π3
, (4.105)
=
(
M2k
64π2Λ2
)
(λ′0
†λ′0)kk
4π
M3k
Λ2
, (4.106)
≡
(
Mk
8πΛ
)2
Γ′
5D,k , (4.107)
where Γ′
5D,k denotes the deay rate from the toy model in Se. 4.3.2 but with oupling
matrix λ0 replaed by λ
′
0 (see Eq. (4.79)). Therefore, as expeted, expression (4.107)
indiates there is a suppression fator (due to the reasons alluded earlier) of (Mk/8πΛ)
2
.
In order to demonstrate a similar modiation for the CP asymmetry, we ompute
the self-energy ontribution oming from the interferene between Fig. 4.7a and the ℓ¯n
intermediate ase of Fig. 4.7b as an illustrative example. To this end, we re-draw the self-
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Nk
B¯α
ℓj
φ¯
ℓn
(G∗)µnk
Nm
q3
p′′
p
p′
qq2
p
q1
(G)σnm
(G)νjm
Figure 4.8: LEFT: self-energy diagram of Fig. 4.7b with ℓ¯n intermediate state, where (G)
ρ
ab = 2λ
′
abPRσ
βρq′β
and (G∗)ρab = −2λ
′∗
abC
†σβρq′βPL are the vertex fators. RIGHT: the orresponding diagram with momen-
tum labels inluded.
energy diagram with momentum labels and vertex fators inserted in Fig. 4.8. By using
the result of (4.80) with the new momentum labels, while adding the salar propagator,
i/(q23+ iǫ), and a new loop integral in q2 to the expression, we an immediately dedue the
amplitude for this interferene term to be:
I6D
self
=
64A
(6)
λ
(2π)8
∫
d4q1 d
4q2
MmMk (p
′ · q) [4(q · q1)(q1 · q2)− (q · q2)q21]
(p2 −M2m + iǫ)(q22 + iǫ)(q23 + iǫ)(q21 + iǫ)
, (4.108)
where A
(6)
λ = λ
′∗
nkλ
′
nmλ
′
jmλ
′∗
jk. After putting ℓn, the internal salar and vetor boson
propagators on-shell to pik out the imaginary part, we follow a similar proedure as
before to integrate over the 3-body phase spae, noting again that there are two possible
nal, as well as internal states (νL φ
0 B¯ and eL φ
+ B¯). Eventually, it an be shown that 17
ε6D
self-k,j =
(
Mk
8πΛ
)2
ε′
5D-self-k,j , (4.109)
where ε′
5D-self-k,j denotes the expression of the self-energy CP asymmetry of (4.84) with
oupling matrix λ replaed by λ′Λ everywhere, and Λ is the ut-o sale dened in La-
grangian (4.98). Assuming that (4.109) is representative of the various ontributions to
εEM, it follows that the CP asymmetry for this realisti EMDM leptogenesis model has the
same dependene on z (≡ M2m/M2k ) as the toy model in Se. 4.3.2. Hene, in the limit of
a hierarhial heavy RH neutrino mass spetrum, the expression for the overall CP asym-
metry (summed over j) for N1 deay via the dim-6 EMDM operators is approximately
18
εEM1 ≃
1
2π
∑
m6=1
Im[(λ′0
†λ′0)
2
1m]
(λ′0
†λ′0)11
M1
Mm
(
M21
8πΛ2
)2
. (4.110)
17
See Appendix C.3 for the details.
18
In writing this down, we have ignored the
eλ′-terms in (4.98). Alternatively, one an get a similar
struture by taking
eλ′ ≃ λ′.
4.4 A new scenario for leptogenesis 145
Sine λ′0 is in general arbitrary, it will ontain omplex phases that render ε
EM
1 nonzero.
Consequently, the generation of a primordial lepton asymmetry via the transition eletro-
magneti dipole interations between light and heavy neutrinos desribed here is a real
possibility.
4.4 A new scenario for leptogenesis
Given the results of the previous setion, it is important to explore some of the implia-
tions of demanding this eletromagneti leptogenesis senario produe an asymmetry of
the orret magnitude. Amongst many potential issues to address, the most relevant is,
as always, the onnetion of leptogenesis parameters to neutrino properties. Indeed, as we
have seen from our disussions of the standard Yukawa-mediated leptogenesis in previous
hapters, neutrino masses and mixings play a ritial role in determining the overall via-
bility and preditions of the model. Therefore, it is imperative to gain some qualitative
understanding on this front.
In the following, we rst investigate the link between the EMDM operators in Se. 4.3.3
and neutrino masses. Then, we put everything together to see whether a workable param-
eter spae exists for this new leptogenesis senario.
4.4.1 Impliations for neutrino mass
As disussed in Se. 1.2.6, massive neutrinos inevitably lead to nonzero neutrino dipole
moments. Hene, a sensible question to ask is whether the existene of the EMDM op-
erators of (4.97) an generate neutrino mass terms. Although it is well-known that via a
areful hoie for the new physis, one an eliminate the diret orrespondene between
large neutrino dipole moments and masses [55, 56℄, radiative orretions to the neutrino
mass, indued by the dipole operators, generially link mass and dipole moments irrespe-
tive of the form of the new physis [58, 59, 178℄. As a result, the new physis behind the
origin of the eetive EMDM operators in Lagrangian (4.97) is expeted to give rise to
neutrino mass terms at loop level.
By examining the interations in our model
19
, it is not diult to onstrut loop
diagrams ontaining EMDM verties that will ontribute to the neutrino mass terms.
Speially, we note that a neutrino Dira mass term would be indued by the one-loop
19
This inludes all proesses in the SM exept maybe neutrino Yukawa terms whih are not absolutely
neessary in eletromagneti leptogenesis.
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〈φ〉
N νLνL
〈φ〉〈φ〉
νL νL
N
(a) (b)
g0
Figure 4.9: Contribution to (a) the neutrino Dira mass and (b) the neutrino Majorana mass indued
by the dim-6 transition EMDM operator. Here g0 and 〈φ〉 denote the gauge oupling onstant and Higgs
VEV respetively.
graph depited in Fig. 4.9a. Moreover, there is a diret ontribution to the light neutrino
Majorana mass via the diagram in Fig. 4.9b (.f. Fig. 1.1 on page 13).
Unfortunately, the exat size of these ontributions annot be alulated in a model-
independent way beause one would require the preise relationship between the dipole
moments and mass terms, whih an only be resolved if the nature of the new physis at
sale Λ is speied. However, an estimate of these quantities an be obtained by applying
simple dimensional analysis. To this end, we begin by writing down the approximate form
of the amplitude for the Dira mass diagram in Fig. 4.9a, ignoring the external lines (i.e.
setting their momentum to zero) and fators of ±i:
mD ∼
∫ Λ d4k
(2π)4
(g0γ
µ)
gµν
k2 + iǫ
/k +m
k2 −m2 + iǫ
(
2λ′0 〈φ〉
Λ2
PR σ
αν kα
)
,
≃ λ
′
0 g0 〈φ〉
(2π)4Λ2
∫ Λ
d4k
1
k2
1
k2 −m2 γ
µ(/k +m)PR (/kγµ − γµ/k)︸ ︷︷ ︸
≃PR(k2+m/k)
, (4.111)
where k is the loop momentum and m is the mass of νL. In the limit of m→ 0 and after
dropping the projetion operator, PR from the expression, we then have
mD ∼ λ
′
0 g0 〈φ〉
(2π)4Λ2
∫ Λ
d4k
1
k2
,
≃ λ
′
0 g0 〈φ〉
(2π)4Λ2
∫ Λ
(dk)2k2dΩ
1
k2︸ ︷︷ ︸
≃π2Λ2
,
≃ λ
′
0 g0 〈φ〉
16π2
. (4.112)
This Dira mass term together with the heavy neutrino Majorana mass (M) an give rise
to a light neutrino Majorana mass via the type I seesaw mehanism (see Se. 1.2.3) with
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the form
m(1)ν = mDM
−1mTD ≃
(
g0 〈φ〉
16π2
)2
λ′0M
−1 (λ′0)
T . (4.113)
Similarly, we an dedue the diret ontribution to the light neutrino Majorana mass term
oming from the loop diagram in Fig. 4.9b via the following estimate of its amplitude:
m(2)ν ∼
∫ Λ d4k
(2π)4
(
2λ′0 〈φ〉
Λ2
PR σ
ανkα
)
gµν
k2 + iǫ
/k +M
k2 −M2 + iǫ
(
kβσ
βµ PR
2 (λ′0)
T 〈φ〉
Λ2
)
,
(4.114)
where we have omitted all the harge onjugation operators, C in the denition of the
Majorana propagator and from transposing for onveniene. Note that this omission is
inonsequential to our nal outome as the operator C an always be absorbed into the
external elds via relations suh as u = CvT and v = CuT for any generi spinors. Sim-
plifying (4.114) using standard ontration identities for gamma matries, we get
m(2)ν ∼
λ′0 〈φ〉2
(2π)4Λ4
∫ Λ d4k
k2 (k2 −M2) PR (/kγµ − γµ/k) (/k +M) (/kγ
µ − γµ/k)PR︸ ︷︷ ︸
≃PRMk2
(λ′0)
T ,
≃ λ
′
0 〈φ〉2
(2π)4Λ4
∫ Λ
(dk)2k2dΩ
M
k2 −M2︸ ︷︷ ︸
≃π2MΛ2
(λ′0)
T ,
≃ 〈φ〉
2
16π2Λ2
λ′0M (λ
′
0)
T . (4.115)
Generially, one an expet that both (4.113) and (4.115) will add to the eetive light neu-
trino Majorana mass although the ontribution arising from (4.115) is typially dominant
(unless Λ ≫ M) due to the extra 1/16π2 suppression fator in the denition of (4.113).
But in any ase, this onnetion between the EMDM ouplings, λ′0, and neutrino masses
presents an important onstraint that an ontrol the size of the CP asymmetry arising
from eletromagneti leptogenesis, as we shall disuss in the following.
4.4.2 Disussion on the parameter spae
As a result of the link between the EMDM ouplings and light neutrino masses, we may de-
rive a lower limit on the size ofM1, just like (1.131) on page 42 for standard N1-leptogenesis.
This is beause there exists a relationship between |εEM1 |max and M1, whih is analogous
to that of (1.104) on page 37, with the role of the Yukawa oupling matrix, h being re-
plaed by λ′0. Using Eqs. (4.110) and (4.115) with the assumptions |(λ′0)jk| ≤ |(λ′0)33| and
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Standard Eletromagneti
Γ1 =
1
16π
(h†h)11M1 ΓEM1 =
1
4π
(λ′†0 λ
′
0)11M1
(
M21
8πΛ2
)2
|ε1| ≃ 1
π
∑
m6=1
Im (h†h)21m]
(h†h)11
M1
Mm
|εEM1 | ≃
1
π
∑
m6=1
Im [(λ′†0 λ
′
0)
2
1m]
(λ′†0 λ
′
0)11
M1
Mm
(
M21
8πΛ2
)2
mν ∼ 〈φ〉2 hM−1 hT mEMν ∼
〈φ〉2
16π2
[
g20
16π2
λ′0M
−1 (λ′0)
T +
1
Λ2
λ′0M (λ
′
0)
T
]
Table 4.1: Comparison of key quantities in standard and eletromagneti leptogenesis, where h and λ′0
denote the Yukawa and dimensionless EMDM oupling onstants. We have assumed there is at least a
mild hierarhy in the masses of the heavy neutrinos, suh that the asymmetry is predominantly generated
from the deay of the lightest state, N1.
M1 ≪M2,3, we an retrae the steps leading to (1.104) and obtain
|εEM1 |max ∼ 10−6 β4Λ
(
M1
1010 GeV
)
, (4.116)
where we have taken M ≡ M3 ≃ Λ in (4.115), and dened the quantity, βΛ ≡ M1/Λ
whih indiates the level of hierarhy among the RH neutrinos. From (4.116), a ouple of
general observations for eletromagneti leptogenesis an be made. Firstly, it is lear that
to obtain a reasonable size for the CP asymmetry (e.g. O (10−6)), the sale for M1 must
be at least O (1010) GeV, a result whih is similar to that from standard N1-leptogenesis 20.
Seondly, the presene of the suppression fator, β4Λ implies that a strong RH neutrino mass
hierarhy is in general undesirable as M1 ≪M3 ≃ Λ automatially means β4Λ ≪ 1. Hene,
in order to aquire a suiently large raw CP asymmetry together with experimentally
aeptable light neutrino masses, some very mild ne-tunning between the sales of Mi
and Λ, as well as the absolute size of the oupling λ′0 is required. Qualitatively speaking
though, the onditions governing eletromagneti leptogenesis (modulo the suppression
fator) are largely idential to the standard Yukawa-mediated ase. To summarize the
situation, we ompare the various key quantities resulting from the EMDM model with
the orresponding ones for the standard senario in Table 4.1.
In a model where both the Yukawa and EMDM interations are present in the La-
grangian, we have, in general, ontributions to the deay rate, CP asymmetry and neutrino
20
It should be noted that although the senario of TeV sale leptogenesis disussed in Ref. [179℄ involves
3-body deay proesses, these are inherently dierent from the interations we have investigated in the
EMDM model. In the ase of Ref. [179℄, the 3-body deays studied are one-loop proesses whereas ours
involves two-loop graphs.
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mass oming from both the standard and eletromagneti setors. As a result, either one
mehanism will dominate, or there will be an interplay between the two, depending on the
relative size of h and λ′0 (and perhaps other fators). For our investigation here, we are
partiularly interested in examining if eletromagneti leptogenesis alone (i.e. when the
Yukawa ouplings are negligible) an give rise to the required asymmetry without ontra-
diting any known experimental onstraints. To this end, we selet some representative
input parameters for the EMDM model and study their impliations.
Given that eletromagneti leptogenesis does not seem to favor a very strong hierarhy
in the RH neutrino mass spetrum, as well as between M and Λ, we shall adopt the values
Λ ≃ 10M2,3 ≃ 20M1 , (4.117)
as an illustrative example. In addition, we shall (for simpliity) make the rude assump-
tion that all elements of the matrix λ′0 are of similar magnitude, and ignoring any avor
strutures it (as well as mν and M) may possess. With these, it is straight forward to
hek using the expression for |εEM1 | in Table 4.1 that a value of
λ′0 ≃ 35 , (4.118)
for the EMDM oupling is suient to the produe an asymmetry of |εEM1 | ∼ 10−6. To un-
derstand the general behavior of washout, we an follow the standard leptogenesis analysis
and dene the deay parameter (see (2.49) on page 71):
K1 =
ΓEM1
H(T = M1)
, (4.119)
where H is the Hubble parameter as dened in (2.47) on page 70. Reall that K1 ontrols
whether the N1 deays are in equilibrium, and is also a measure of washout eets via
inverse deay. For deniteness, if we set
M1 ≃ 5× 1012 GeV , (4.120)
then the parameters in (4.117) and (4.118) imply that K1 ≃ 0.3. As we know from Chap-
ter 2, K1 ≪ 1 (K1 ≫ 1) orresponds to the weak (strong) washout regime, hene this
parameter hoie for the EMDM model should lead to a moderate washout of the asym-
metry
21
. So, qualitatively speaking, we expet that suessful eletromagneti leptogenesis
21
A detailed study of washout eets is beyond the sope of this work.
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is ahievable with these parameter hoies.
The impliations for the light neutrino mass an be readily obtained using the two
terms for mEMν in Table 4.1, and one nds
m(1)ν ≃ 4× 10−2 eV , m(2)ν ≃ 1× 10−1 eV , (4.121)
where we have set g0 ≡ g′. In evaluating the numerial values for g′, we have used
MW = g〈φ〉/
√
2 ≃ 80 GeV and MZ = 〈φ〉
√
(g2 + g′2)/2 ≃ 91 GeV with 〈φ〉 = 174 GeV.
It is worth pointing out that, as expeted, the diret ontribution to the Majorana mass
term, m
(2)
ν (Fig. 4.9b) dominates over m
(1)
ν (Fig. 4.9a).
Finally, we note that the presene of the EMDM operators in the model will not
only give rise to transition moments between a light and a heavy neutrino, they will also
indue eetive dipole moment interations between two light neutrino states via two-loop
diagrams suh as the one depited in Fig. 4.10. Therefore, it is imperative to hek that
this ontribution to the light neutrino dipole moments is not in onit with the urrent
experimental upper limits, when we take the partiular input values assumed above.
Applying dimensional analysis and assuming the worst ase senario where all quantities
in the numerator with unit of mass are replaed by the ut-o sale Λ, we estimate the
amplitude of Fig. 4.10 as
µeν ∼
g0
(16π2)2
λ′0
Λ2
λ′0
Λ2
× Λ3 ,
= g0
(
λ′0
16π2
)2 1
Λ
. (4.122)
Substituting in the value for Λ assumed previously, and expressing in units of the Bohr
magneton, µB = e/2me ≃ 3×10−7 eV−1, we have µeν ∼ 5×10−19 µB. So, it is well within
the urrent experimental limits whih are of O (10−11 µB) [11, 60, 61℄.
It is worth mentioning that when the Yukawa ouplings are swithed on, there will
be additional ontributions to these eetive light neutrino dipole moments originating
N
ν
γ
νν g0
Figure 4.10: An example of a two-loop digram that ontributes to the eetive light neutrino dipole
moments.
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from light and heavy neutrino mixings. However, suh ontributions are hugely suppressed
by a fator of 〈φ〉2Λ−2M−1 (instead of Λ−1 as in (4.122)), and so their eets will be
sub-dominant.
In summary, we have demonstrated that there is a region of parameter spae where
eletromagneti leptogenesis is viable, thus providing a new alternative that an stand
alone or omplement the standard senario.
4.5 Summary and outlook
The inlusion of the heavy RH neutrinos to the SM has not only provided an elegant way
to generate small neutrino masses via the type I seesaw mehanism, it has also opened up
many new possibilities for model builders. In this hapter, we have seized upon this and
investigated the natural extension of introduing eletromagneti dipole moment intera-
tions between the heavy RH neutrinos and their light ounterparts. One immediate result
is that lepton violating deays of the heavy neutrinos are no longer solely mediated by
the Yukawa term, but also by the newly inluded EMDM operators. Consequently, it is
of great interest to asertain whether suh radiative deay is apable of reating a osmi
baryon asymmetry in a similar way to that of standard leptogenesis.
By arefully studying the properties of the EMDM ouplings and expliitly alulating
the deay amplitudes for the tree-level and interferene terms, we have shown that, in
general, the CP asymmetry indued by the EMDM operators is nonzero. As a result,
we have proved that, in priniple at least, eletromagneti leptogenesis an be a viable
mehanism for generating a lepton asymmetry in the early universe.
Furthermore, in order to embed this model into the SM, a realisti generalisation to
the basi dimension-5 EMDM operator has also been investigated. The end result is that
this new senario of leptogenesis is very muh akin to the standard ase, exept that the
role of the Yukawa ouplings is now played by their EMDM ounterparts, and there is an
additional suppression fator (∼M2/Λ2) sine the EMDM operator is of higher dimension.
Beause of the presene of this suppression, the region of appliability for leptogenesis is
slightly dierent in the EMDM senario, and it disfavors a strong hierarhy in the RH
neutrino mass spetrum. Moreover, washout eets in this model will dier from the
standard ase sine the priniple L violating proesses all have a 3-body initial or nal
state and involve a vetor boson, hene the set of interations partiipating in washout will
be drastially dierent.
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Other onstraints on the model ome from the light neutrino mass and eetive dipole
moment terms indued by loop diagrams involving the EMDM operators. These ontribu-
tions diretly restrit the magnitude of the EMDM oupling allowed, although the latter
eets are normally not as signiant due to the heaviness of Λ. In fat, we have disovered
that the onstraints from the neutrino mass terms demand that the sale of M , hene Λ,
must be at least of O (1010) GeV to produe a mν at the orret sale while maintaining a
reasonably sized |εEM|. Thus, the onditions imposed by the eetive light neutrino dipole
ontribution are usually unimportant for most viable input parameters.
In addition, this result implies a typial leptogenesis temperature of T ∼ 1010 GeV,
whih is omparable to the usual ase. Consequently, it opens up an intriguing (but yet to
be explored) possibility of Yukawa-EMDM interplay in the generation of lepton number.
Indeed, there is a plethora of new ideas and issues one may further study on this topi. For
instane, in the spei analysis, the avor struture of the EMDM ouplings, λ′0 has not
been inluded. Therefore, an investigation of λ′0 similar to that for the Yukawas, h (or the
seesaw orthogonal matrix, Ω disussed in Se. 1.4.3 and in Chapter 2) would be worthwhile.
Also, owing to the fat that a strongly hierarhial RH neutrino spetrum is undesirable
for eletromagneti leptogenesis, it would be quite natural to study the senario where the
RH neutrinos are quasi-degenerate, where resonant eets (see Se. 1.4.4) in the radiative
deays may beome important. Finally, there is a possibility that the newly inluded
EMDM operators an give rise to non-trivial interations between all neutrino speies and
the primordial magneti eld in the thermal plasma, hene aeting the evolution of lepton
number.
But even without venturing into these ompliations, our work here has demonstrated
that a new senario beyond the standard leptogenesis framework (due to transition neutrino
dipole moments) is viable, and it provides yet another example of the important link
between neutrino properties and osmology.
Chapter
5
Conclusion
O
n e of the most fundamental onepts in the study of physis is the idea of symmetry.
Yet, Nature as we know it does not always seem to be perfetly symmetrial. Indeed,
the prinipal theme for this urrent work is motivated by none other than the
apparent asymmetry between matter and antimatter in the universe. Therefore, along
with the appeal of symmetry, a major topi of interest is the mehanism of symmetry
breaking or asymmetry reation.
For the osmi baryon asymmetry, this presents a unique hallenge as the study of
baryogenesis inevitably brings together the two giants of partile physis and Big Bang
osmology. To date though the solution to this puzzle is still highly speulative, and in
the absene of more experimental inputs, it may remain unresolved for some time to ome.
Owing to this, the hoie of the model employed is often based entirely on its theoretial
appeal, as well as the prejudies of the investigator. It is fair to say that our approah
of taking leptogenesis as the orret answer to the baryogenesis problem throughout this
work is no exeption, and it is strongly inuened by our interest in neutrino physis.
Without a doubt, it is quite fasinating that two seemingly unrelated problems the
tiny masses of light neutrino and the matter-antimatter asymmetry may be explained in
a onsistent manner by the mere introdution of heavy RH neutrinos to the SM. As we have
seen in our earlier disussions, the former may be explained by the type I seesaw mehanism
while thermal leptogenesis provides an attrative solution to the later. This naturally
means that an intriate link between neutrino properties and the baryon asymmetry an be
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established. Consequently, it has been the purpose of this work to explore the impliations
of several dierent neutrino models in the leptogenesis ontext.
Taking the type I seesaw framework (with three heavy RH neutrinos) as the starting
point, we investigated three distint possibilities in extending the typial setup for the neu-
trino setor, and studied their onnetion to the generation of lepton asymmetry. In the
rst part of our work, we performed a omprehensive analysis on the leptogenesis implia-
tions of the neutrino models proposed in Ref. [129℄. These models have the advantage of
requiring less free parameters to dene the theory than the default seesaw setup, a unique
feature whih is made possible by the imposition of an abelian family symmetry and the
inlusion of a new Higgs singlet. As a orollary, θ13 = 0 in the UPMNS matrix, as well
as a fully hierarhial light neutrino spetrum are predited. Sine it is the leptogenesis
redentials of these models that interest us, we have arefully identied all the key ingre-
dients whih an modify the overall senario for lepton prodution, and ompared how
eah element may dier in its preditions from those in the standard seesaw. The general
onlusion we obtained is that having an extra abelian symmetry and singlet Higgs do not
hinder the possibility of suessful leptogenesis in these setups. In fat, their preditions
are largely idential to the default ase for both unavored and avored N1-leptogenesis.
Consequently, this shows another important feature of these eonomial seesaw models.
In the seond part of our work, we noted that onventional type I seesaw inevitably
gives rise to a largely unonstrained heavy RH seesaw setor, hene making it diult to
experimentally test this mass generation mehanism. Moreover, given the lose relation-
ship between neutrino models and leptogenesis, one would like to asertain more informa-
tion from the seesaw setor. Therefore, it is well-motivated to explore the possibility of
onstraining the heavy seesaw setor so that it is ompletely determined by low-energy
observables. The strategy we employed in takling this involves ombining the powers of
an expanded gauge group and an inter-generational avor symmetry suh that the former
an enfore the desired mass relations while the latter leads to preditable diagonalization
matries. Subsequently, the simplest models of this type lead to a RH neutrino mass ma-
trix that an be written in terms of only low-energy fermion masses, mixing angles and
CP phases:
MR ≃ m̂f U∗
PMNS
m̂−1ν U
†
PMNS
m̂f , where f = e, d, u .
In the representative models that we have onstruted to ahieve the above relation, it
has been found that suessful leptogenesis is only possible in a very ne-tuned region
of the parameter spae. Speially, one must selet the f = u ase, as well as ertain
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ombinations of Dira and Majorana phases in U
PMNS
suh that a lepton asymmetry an
be generated via either resonant or avored N2-leptogenesis. Furthermore, it has been
shown that although the f = e ase an yield a TeV sale RH neutrino, the probability of
deteting it at the LHC or a next-generation ollider suh as the ILC is far too small.
But it is enlightening to note that this part of our work has demonstrated the ability of
symmetries to bridge the missing link between the heavy seesaw setor and experimentally
aessible parameters. In addition, it is highly probable that, with a dierent hoie of the
underlying symmetry and Higgs struture as shown here, interesting phenomenology an
result and potentially provide new hints on building realisti neutrino seesaw models that
are experimentally veriable.
Finally, in the last part of our work, we investigated the eets of introduing an
eetive transition eletromagneti dipole moment operator between the LH light and RH
heavy neutrinos. Sine nonzero neutrino dipole moments are a diret onsequene of having
massive neutrinos, the inlusion of RH neutrinos to the SM via type I seesaw immediately
opens up the possibility of ative-sterile neutrino transition moments. Suh interations are
potentially important in osmology beause the radiative deay of the heavy RH neutrino
(N → ν γ) violates lepton number, and in general, CP . As a result, a new senario for
leptogenesis whereby the lepton asymmetry is solely generated by the EMDM-type (instead
of the usual Yukawa-mediated) interations is possible. By exploring the key ingredients
leading to CP violation, we have shown by expliit omputations of the relevant diagrams
in a toy model that, in priniple, eletromagneti leptogenesis is a viable alternative for
reating a lepton asymmetry.
Eventually, to build a realisti theory that an be embedded into the SM, the simplisti
setup was generalized suh that it beame ompatible with the SM gauge group. Although
in this ase all relevant proesses involved onsisted of 3-body initial or nal states, it has
been found that a nonzero CP asymmetry an still be generated, and that the eet of
the suppression fator due to 3-body phase spae an be redued by the appropriate hoie
of the RH neutrino mass hierarhy. In fat, this senario disfavors the usual strongly
hierarhial RH mass spetrum normally assumed for standard leptogenesis. However,
we have demonstrated that for a mild hierarhy, where N1-leptogenesis is still a good
approximation, there exists a workable parameter spae where eletromagneti leptogenesis
alone an produe the neessary lepton asymmetry to solve the baryogenesis problem. In
addition, foregoing the hierarhial requirement ompletely and having quasi-degenerate
RH neutrinos is perfetly aeptable, and perhaps even more desirable in some situations
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as resonant eets an open up a larger region for suessful eletromagneti leptogenesis.
So, there is no doubt that transition EMDM interations between light and heavy neutrinos
an have far-reahing onsequenes in the early universe.
In onlusion, this work has further highlighted the already well-known fat of the
inseparability between neutrino physis and osmology. Even though we have only explored
a tiny region of these two vast topis, it is nonetheless enlightening to witness the rihness
of ideas allowed and motivated by them through our metiulous investigations. It is true
however that many important questions remain to be answered, and therefore we await
the new data whih will ome with future tehnologial advanes to inform us of the model
that really represents how Nature works.
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Appendix
A
Supplement materials for chapter 1
A.1 Boltzmann equation for N1
In this setion, we inlude all the steps leading to the derivation of Eq. (1.122) on page 40.
Starting with the Boltzmann equation of (1.118) and writing down all the relevant inter-
ations on the RHS, we obtain
dnN1
dt
+ 3HnN1 =−
nN1
neqN1
γ(N1 → ℓφ¯) + nℓ¯
neqℓ
γ(ℓ¯φ→ N1)− nN1
neqN1
γ(N1 → ℓ¯φ)
+
nℓ
neqℓ
γ(ℓφ¯→ N1)− nN1nℓ
neqN1n
eq
ℓ
γ(ℓN1 → t¯RqL)s + γ(t¯RqL → ℓN1)s
− nN1nℓ¯
neqN1n
eq
ℓ
γ(ℓ¯N1 → tRq¯L)s + γ(tRq¯L → ℓ¯N1)s − nN1
neqN1
γ(N1qL → ℓtR)t
− nN1
neqN1
γ(N1q¯L → t¯Rℓ¯)t + nℓ
neqℓ
γ(ℓtR → N1qL)t + nℓ
neqℓ
γ(ℓq¯L → N1t¯R)t
− nN1
neqN1
γ(N1tR → qLℓ¯)t − nN1
neqN1
γ(N1t¯R → q¯Lℓ)t + nℓ¯
neqℓ
γ(ℓ¯t¯R → N1q¯L)t
+
nℓ¯
neqℓ
γ(ℓ¯qL → N1tR)t , (A.1)
where the subsripts s and t denote s- and t-hannel proesses respetively. In writing
down (A.1), we have assumed that neqℓ ≡ neqℓ¯ and nφ,tR,qL ≡ n
eq
φ,tR,qL
. Using (1.119) and
(1.120), and the assumption that γ(aX → Y ) ≡ γ(Y → aX) for all proesses, (A.1)
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beomes
dnN1
dt
+ 3HnN1 =−
nN1
neqN1
(1 + ε1)γD +
nℓ¯
neqℓ
(1 + ε1)γD − nN1
neqN1
(1− ε1)γD + nℓ
neqℓ
(1− ε1)γD
+ 2γφ,s − nN1(nℓ + nℓ¯)
neqN1n
eq
ℓ
γφ,s − 4nN1
neqN1
γφ,t +
2(nℓ + nℓ¯)
neqℓ
γφ,t , (A.2)
where
γφ,s = γ(ℓN1 → t¯RqL)s = γ(t¯RqL → ℓN1)s = γ(tRq¯L → ℓ¯N1)s = γ(ℓ¯N1 → tRq¯L)s , (A.3)
and
γφ,t = γ(N1qL → ℓtR)t = γ(N1q¯L → t¯Rℓ¯)t = γ(ℓtR → N1qL)t = γ(ℓq¯L → N1t¯R)t ,
= γ(N1tR → qLℓ¯)t = γ(N1t¯R → q¯Lℓ)t ,= γ(ℓ¯t¯R → N1q¯L)t = γ(ℓ¯qL → N1tR)t . (A.4)
Simplifying (A.2), we get
dnN1
dt
+ 3HnN1 =−
2nN1
neqN1
γD +
(
nℓ + nℓ¯
neqℓ
)
γD +
nℓ¯ − nℓ
neqℓ
ε1γD + 2γφ,s
−
(
nℓ + nℓ¯
neqℓ
)
nN1
neqN1
γφ,s − 4nN1
neqN1
γφ,t + 2
(
nℓ + nℓ¯
neqℓ
)
γφ,t , (A.5)
=− 2nN1
neqN1
γD + 2γD + 2γφ,s − 2nN1
neqN1
γφ,s − 4nN1
neqN1
γφ,t + 4γφ,t +O
(
ε1,
µℓ
T
)
,
(A.6)
=− 2
[
nN1
neqN1
− 1
]
(γD + γφ,s + 2γφ,t) +O
(
ε1,
µℓ
T
)
, (A.7)
whih is the result of (1.122). In (A.6), we have used denition (1.109) to write
nℓ + nℓ¯
neqℓ
=
(
gℓ
2π2
∫
f eqℓ (E)E
2 dE
)−1( gℓ
2π2
∫
[fℓ(E) + fℓ¯(E)] E
2 dE
)
, mℓ ≪ T ,
=
(∫
e−E/T E2 dE
)−1(∫ [
e−(E−µℓ)/T + e−(E+µℓ)/T
]
E2 dE
)
,
=
(∫
e−E/T E2 dE
)−1
2 cosh
(µℓ
T
) ∫
e−E/T E2 dE ,
= 2 +O
(µℓ
T
)
. (A.8)
where we have used Maxwell-Boltzmann distribution for the phase spae densities and
imposed the ondition for kineti equilibrium µℓ ≡ −µℓ¯.
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A.2 Boltzmann equation for B−L
To obtain the result of (1.125) on page 41, we begin by writing down the evolution equation
for partile density nℓ¯:
dnℓ¯
dt
+ 3Hnℓ¯ =
nN1
neqN1
γ(N1 → ℓ¯φ)− nℓ¯
neqℓ
γ(ℓ¯φ→ N1) + nℓ
neqℓ
γ˜(ℓφ¯→ ℓ¯φ)s
− nℓ¯
neqℓ
γ˜(ℓ¯φ→ ℓφ¯)s + nℓ
neqℓ
γ(ℓφ¯→ ℓ¯φ)t − nℓ¯
neqℓ
γ(ℓ¯φ→ ℓφ¯)t
+ γ(tRq¯L → ℓ¯N1)s − nN1nℓ¯
neqN1n
eq
ℓ
γ(ℓ¯N1 → tRq¯L)s + nN1
neqN1
γ(N1tR → qLℓ¯)t
− nℓ¯
neqℓ
γ(ℓ¯qL → N1tR)t + nN1
neqN1
γ(N1q¯L → t¯Rℓ¯)t − nℓ¯
neqℓ
γ(ℓ¯t¯R → N1q¯L)t ,
(A.9)
=
nN1
neqN1
(1− ε1)γD − nℓ¯
neqℓ
(1 + ε1)γD +
nℓ
neqℓ
(γN,s + ε1γD)− nℓ¯
neqℓ
(γN,s − ε1γD)
+
nℓ
neqℓ
γN,t − nℓ¯
neqℓ
γN,t + γφ,s − nN1nℓ¯
neqN1n
eq
ℓ
γφ,s +
nN1
neqN1
γφ,t − nℓ¯
neqℓ
γφ,t +
nN1
neqN1
γφ,t
− nℓ¯
neqℓ
γφ,t , (A.10)
dnℓ¯
dt
+ 3Hnℓ¯ =
nN1
neqN1
(1− ε1)γD − nℓ¯ − nℓ ε1
neqℓ
γD − nℓ¯ − nℓ
neqℓ
γN,s − nℓ¯ − nℓ
neqℓ
γN,t + γφ,s
− nN1nℓ¯
neqN1n
eq
ℓ
γφ,s +
2nN1
neqN1
γφ,t − 2nℓ¯
neqℓ
γφ,t . (A.11)
Similarly, we an write down the equation for nℓ as
dnℓ
dt
+ 3Hnℓ =
nN1
neqN1
(1 + ε1)γD − nℓ + nℓ¯ ε1
neqℓ
γD − nℓ − nℓ¯
neqℓ
γN,s − nℓ − nℓ¯
neqℓ
γN,t + γφ,s
− nN1nℓ
neqN1n
eq
ℓ
γφ,s +
2nN1
neqN1
γφ,t − 2nℓ
neqℓ
γφ,t . (A.12)
Subtrating (A.12) from (A.11), we have
dnB−L
dt
+ 3HnB−L = − 2ε1γDnN1
neqN1
+
(
nℓ + nℓ¯
neqℓ
)
ε1γD − nB−L
neqℓ
γD − 2nB−L
neqℓ
γN,s
− 2nB−L
neqℓ
γN,t − nN1nB−L
neqN1n
eq
ℓ
γφ,s − 2nB−L
neqℓ
γφ,t , (A.13)
where we have dened nℓ¯ − nℓ ≡ nB−L. Using (A.8) to simplify, we then get
dnB−L
dt
+ 3HnB−L = −2ε1
[
nN1
neqN1
− 1
]
γD − nB−L
neqℓ
[
γD − 2γN,s − 2γN,t − nN1
neqN1
γφ,s − 2γφ,t
]
,
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= −2ε1
[
nN1
neqN1
− 1
]
γD − nB−L
neqℓ
γW +O
(
ε21,
µℓ
T
)
, (A.14)
whih is the result of (1.125).
Appendix
B
Supplement materials for chapter 3
B.1 Properties of the A4 group
A4 is the alternating group of order 4. It is isomorphi to the group representing the
proper rotational symmetries of a regular tetrahedron. It has 12 elements and 4 onjugay
lasses. One set ontains the identity: {I}, two sets ontain four 3-fold rotations eah:
{R1, R2, R3, R4} ,
{
R21, R
2
2, R
2
3, R
2
4
}
, and one set ontains three 2-fold rotations: {r1, r2, r3}.
The harater table for this group is shown in Table B.1. By the dimensionality theorem,
we know that A4 must have four irreduible representations: 1, 1
′, 1′′ and 3, where 1 is the
trivial representation, 1′ and 1′′ are non-trivial one-dimensional representations that are
omplex onjugates of eah other, while 3 is a real three-dimensional representation.
All elements of the group may be generated by two generators: S and T with the
properties [180℄:
S2 = T 3 = (ST )3 = I . (B.1)
So, for example, one an make the identiation: S ≡ r1 and T ≡ R1. The one-dimensional
representations an be generated by:
1 : S = 1 , T = 1 , (B.2)
1′ : S = 1 , T = e2πi/3 ≡ ω , (B.3)
1′′ : S = 1 , T = e−2πi/3 ≡ ω2 , (B.4)
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lass χ1 χ2 χ3 χ4 nCi hCi
C1 1 1 1 3 1 1
C2 1 ω ω2 0 4 3
C3 1 ω2 ω 0 4 3
C4 1 1 1 −1 3 2
Table B.1: Charater table for the A4 group. In the table, ω denotes e
2πi/3
, while nCi and hCi are the
number of distint elements and the order of the elements in ith onjugay lass respetively.
while for the real three-dimensional representation, we may hoose:
S =

1 0 0
0 −1 0
0 0 −1
 , T =

0 1 0
0 0 1
1 0 0
 . (B.5)
Using this, we an obtain the rest of the 3×3 representation matries for A4 (I not shown):
ST =

0 1 0
0 0 −1
−1 0 0
 , TS =

0 −1 0
0 0 −1
1 0 0
 , STS =

0 −1 0
0 0 1
−1 0 0
 , (B.6)
(ST )2 =

0 0 −1
1 0 0
0 −1 0
 , (TS)2 =

0 0 1
−1 0 0
0 −1 0
 , TST =

0 0 −1
−1 0 0
0 1 0
 , (B.7)
T 2 =

0 0 1
1 0 0
0 1 0
 , TST 2S =

−1 0 0
0 1 0
0 0 −1
 , ST 2ST =

−1 0 0
0 −1 0
0 0 1
 . (B.8)
The orresponding multipliation table for this group is given in Table B.2. In alu-
lations, it is useful to know the basi tensor produt rules, whih are given by:
1⊗ 1 = 1 , (B.9)
1′ ⊗ 1′′ = 1 , (B.10)
1′ ⊗ 1′ = 1′′ , (B.11)
3⊗ 3 = 1⊕ 1′ ⊕ 1′′ ⊕ 3a ⊕ 3s , (B.12)
where subsripts a and s denote asymmetri and symmetri respetively. For the
multipliation of two triplets in Eq. (B.12), we use the following onvention: suppose
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∗ I R1 R2 R3 R4 R21 R22 R23 R24 r1 r2 r3
I I R1 R2 R3 R4 R
2
1 R
2
2 R
2
3 R
2
4 r1 r2 r3
R1 R1 R
2
1 R
2
4 R
2
2 R
2
3 I r3 r1 r2 R4 R2 R3
R2 R2 R
2
3 R
2
2 R
2
4 R
2
1 r3 I r2 r1 R3 R1 R4
R3 R3 R
2
4 R
2
1 R
2
3 R
2
2 r1 r2 I r3 R2 R4 R1
R4 R4 R
2
2 R
2
3 R
2
1 R
2
4 r2 r1 r3 I R1 R3 R2
R21 R
2
1 I r2 r3 r1 R1 R3 R4 R2 R
2
3 R
2
4 R
2
2
R22 R
2
2 r2 I r1 r3 R4 R2 R1 R3 R
2
4 R
2
3 R
2
1
R23 R
2
3 r3 r1 I r2 R2 R4 R3 R1 R
2
1 R
2
2 R
2
4
R24 R
2
4 r1 r3 r2 I R3 R1 R2 R4 R
2
2 R
2
1 R
2
3
r1 r1 R3 R4 R1 R2 R
2
4 R
2
3 R
2
2 R
2
1 I r3 r2
r2 r2 R4 R3 R2 R1 R
2
2 R
2
1 R
2
4 R
2
3 r3 I r1
r3 r3 R2 R1 R4 R3 R
2
3 R
2
4 R
2
1 R
2
2 r2 r1 I
Table B.2: Multipliation table for the A4 group. Note that multipliation is performed in following order:
G
ol
∗ G
row
, where G
ol
is an element from the grayed olumn whilst G
row
is an element from the grayed
row in the table.
x3 = (x1, x2, x3) and y3 = (y1, y2, y3) are triplets in A4, then the three singlets and two
triplets ontained in the produt (x3 ⊗ y3) are given by
(x3 y3)1 = x1y1 + x2y2 + x3y3 , (B.13)
(x3 y3)1′ = x1y1 + ωx2y2 + ω
2x3y3 , (B.14)
(x3 y3)1′′ = x1y1 + ω
2x2y2 + ωx3y3 , (B.15)
(x3 y3)3a = (x2y3 − x3y2 , x3y1 − x1y3 , x1y2 − x2y1) , (B.16)
(x3 y3)3s = (x2y3 + x3y2 , x3y1 + x1y3 , x1y2 + x2y1) , (B.17)
where ω = e2πi/3 and we have abbreviated (x3 ⊗ y3) with (x3 y3).
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The following is the expliit alulation for eah of the mass matries omitted
in Se. 3.3.2 and Se. 3.3.3.
B.2 Mass matrices in the quark-lepton model
me harged lepton mass matrix
g1 (eL 〈φ02〉)1 eR + g′1 (eL 〈φ02〉)1′ e′′R + g′′1 (eL 〈φ02〉)1′′ e′R
− g2 (eL 〈φ0∗1 〉)1 eR − g′2 (eL 〈φ0∗1 〉)1′ e′′R − g′′2 (eL 〈φ0∗1 〉)1′′ e′R + h.. , (B.18)
=
(
eL1 eL2 eL3
)

g1 v2 g
′
1 v2 g
′′
1 v2
g1 v2 ωg
′
1 v2 ω
2g′′1 v2
g1 v2 ω
2g′1 v2 ωg
′′
1 v2
−

g2 v
∗
1 g
′
2 v
∗
1 g
′′
2 v
∗
1
g2 v
∗
1 ωg
′
2 v
∗
1 ω
2g′′2 v
∗
1
g2 v
∗
1 ω
2g′2 v
∗
1 ωg
′′
2 v
∗
1



eR
e′′R
e′R

+ h.. , (B.19)
where subsripts 1,2,3 of eL are the avor indies and we have substituted in the vauum
values 〈φ02〉 = (v2, v2, v2) and 〈φ0∗1 〉 = (v∗1 , v∗1 , v∗1),
=
(
eL1 eL2 eL3
)
Uω
√
3

g1v2 − g2v∗1 0 0
0 g′1v2 − g′2v∗1 0
0 0 g′′1v2 − g′′2v∗1

︸ ︷︷ ︸
bme

eR
e′′R
e′R
+ h.. ,
(B.20)
where
Uω =
1√
3

1 1 1
1 ω ω2
1 ω2 ω
 . (B.21)
From this we an see that V †eL = Uω and VeR = I .
mu up-type quark mass matrix
g1 (uL 〈φ01〉)1 uR + g′1 (uL 〈φ01〉)1′ u′′R + g′′1 (uL 〈φ01〉)1′′ u′R
+ g2 (uL 〈φ0∗2 〉)1 uR + g′2 (uL 〈φ0∗2 〉)1′ u′′R + g′′2 (uL 〈φ0∗2 〉)1′′ u′R + h.. , (B.22)
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=
(
uL1 uL2 uL3
)

g1 v1 g
′
1 v1 g
′′
1 v1
g1 v1 ωg
′
1 v1 ω
2g′′1 v1
g1 v1 ω
2g′1 v1 ωg
′′
1 v1
+

g2 v
∗
2 g
′
2 v
∗
2 g
′′
2 v
∗
2
g2 v
∗
2 ωg
′
2 v
∗
2 ω
2g′′2 v
∗
2
g2 v
∗
2 ω
2g′2 v
∗
2 ωg
′′
2 v
∗
2



uR
u′′R
u′R

+ h.. , (B.23)
where we have substituted in the vauum values 〈φ01〉 = (v1, v1, v1) and 〈φ0∗2 〉 = (v∗2 , v∗2 , v∗2),
=
(
uL1 uL2 uL3
)
Uω
√
3

g1v1 + g2v
∗
2 0 0
0 g′1v1 + g
′
2v
∗
2 0
0 0 g′′1v1 + g
′′
2v
∗
2

︸ ︷︷ ︸
bmu

uR
u′′R
u′R
+ h.. .
(B.24)
Hene, VuL = U
†
ω and VuR = I .
md down-type quark mass matrix
g3 (dL 〈φ0d〉)1 dR + g′3 (dL 〈φ0d〉)1′ d′′R + g′′3 (dL 〈φ0d〉)1′′ d′R + h.. , (B.25)
=
(
dL1 dL2 dL3
)
g3 vd g
′
3 vd g
′′
3 vd
g3 vd ωg
′
3 vd ω
2g′′3 vd
g3 vd ω
2g′3 vd ωg
′′
3 vd


dR
d′′R
d′R
+ h.. , (B.26)
where we have set the vauum to be 〈φ0d〉 = (vd, vd, vd) with vd ∈ R,
=
(
dL1 dL2 dL3
)
Uω

√
3 g3 vd 0 0
0
√
3 g′3 vd 0
0 0
√
3 g′′3 vd

︸ ︷︷ ︸
bmd

dR
d′′R
d′R
+ h.. , (B.27)
⇒ V †dL = Uω and VdR = I . (B.28)
mDν neutrino Dira mass matrix
g3 (νL 〈φ0∗d 〉)1 νR + g′3 (νL 〈φ0∗d 〉)1′ ν ′′R + g′′3 (νL 〈φ0∗d 〉)1′′ ν ′R + h.. , (B.29)
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=
(
νL1 νL2 νL3
)
g3 vd g
′
3 vd g
′′
3 vd
g3 vd ωg
′
3 vd ω
2g′′3 vd
g3 vd ω
2g′3 vd ωg
′′
3 vd


νR
ν ′′R
ν ′R
+ h.. , (B.30)
where we have set the vauum to be 〈φ0∗d 〉 = (vd, vd, vd) with vd ∈ R,
=
(
νL1 νL2 νL3
)
Uω

√
3 g3 vd 0 0
0
√
3 g′3 vd 0
0 0
√
3 g′′3 vd

︸ ︷︷ ︸
bmd

νR
ν ′′R
ν ′R
+ h.. , (B.31)
⇒ mDν = Uω m̂d = V †eL m̂d . (B.32)
MR neutrino Majorana mass matrix
h
(11)
1 ν
c
RνR〈∆01〉+ h(22)1 νcR
′′
ν ′′R〈∆01′′〉+ h(33)1 νcR
′
ν ′R〈∆01′〉+ h(12)1
[
νcRν
′′
R + ν
c
R
′′
νR
]
〈∆01′〉
+ h
(13)
1
[
νcRν
′
R + ν
c
R
′
νR
]
〈∆01′′〉+ h(23)1
[
νcR
′′
ν ′R + νcR
′
ν ′′R
]
〈∆01〉+ h.. . (B.33)
Letting 〈∆01〉 = vδ1, 〈∆01′〉 = v′δ1, 〈∆01′′〉 = v′′δ1, this beomes the following in matrix form:
=
(
νcR ν
c
R
′′
νcR
′
)
h
(11)
1 vδ1 h
(12)
1 v
′
δ1 h
(13)
1 v
′′
δ1
h
(12)
1 v
′
δ1 h
(22)
1 v
′′
δ1 h
(23)
1 vδ1
h
(13)
1 v
′′
δ1 h
(23)
1 vδ1 h
(33)
1 v
′
δ1

︸ ︷︷ ︸
MR is omplex symmetri

νR
ν ′′R
ν ′R
+ h.. . (B.34)
B.3 Mass matrices in the left-right model
me harged lepton mass matrix
− [y1 (eL φ0∗)1 eR + y′1 (eL φ0∗)1′ e′′R + y′′1 (eL φ0∗)1′′ e′R]
+ y˜1 (eL φ
0∗)1 eR + y˜′1 (eL φ
0∗)1′ e′′R + y˜
′′
1 (eL φ
0∗)1′′ e′R + h.. , (B.35)
= − y1vℓ(eL1 + eL2 + eL3)eR − y′1vℓ(eL1 + ωeL2 + ω2eL3)e′′R
− y′′1vℓ(eL1 + ω2eL2 + ωeL3)e′R + y˜1vℓ(eL1 + eL2 + eL3)eR
+ y˜′1vℓ(eL1 + ωeL2 + ω
2eL3)e
′′
R + y˜
′′
1vℓ(eL1 + ω
2eL2 + ωeL3)e
′
R + h.. , (B.36)
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where we have used 〈φ0∗〉 ≡ 〈φ0〉 = (vℓ, vℓ, vℓ) with vℓ = v∗ℓ . In matrix form, we obtain
=
(
eL1 eL2 eL3
)−

y1 vℓ y
′
1 vℓ y
′′
1 vℓ
y1 vℓ ωy
′
1 vℓ ω
2y′′1 vℓ
y1 vℓ ω
2y′1 vℓ ωy
′′
1 vℓ
+

y˜1 vℓ y˜
′
1 vℓ y˜
′′
1 vℓ
y˜1 vℓ ωy˜
′
1 vℓ ω
2y˜′′1 vℓ
y˜1 vℓ ω
2y˜′1 vℓ ωy˜
′′
1 vℓ



eR
e′′R
e′R

+ h.. , (B.37)
=
(
eL1 eL2 eL3
)
Uω
√
3 vℓ

−y1 + y˜1 0 0
0 −y′1 + y˜′1 0
0 0 −y′′1 + y˜′′1

︸ ︷︷ ︸
bme

eR
e′′R
e′R
+ h.. , (B.38)
So, V †eL = Uω and VeR = I .
mDν neutrino Dira mass matrix
y1 (νL φ
0)1 νR + y
′
1 (νL φ
0)1′ ν
′′
R + y
′′
1 (νL φ
0)1′′ ν
′
R
− [y˜1 (νL φ0)1 νR + y˜′1 (νL φ0)1′ ν ′′R + y˜′′1 (νL φ0)1′′ ν ′R]+ h.. , (B.39)
=
(
νL1 νL2 νL3
)

y1 vℓ y
′
1 vℓ y
′′
1 vℓ
y1 vℓ ωy
′
1 vℓ ω
2y′′1 vℓ
y1 vℓ ω
2y′1 vℓ ωy
′′
1 vℓ
−

y˜1 vℓ y˜
′
1 vℓ y˜
′′
1 vℓ
y˜1 vℓ ωy˜
′
1 vℓ ω
2y˜′′1 vℓ
y˜1 vℓ ω
2y˜′1 vℓ ωy˜
′′
1 vℓ



νR
ν ′′R
ν ′R

+ h.. , (B.40)
=
(
νL1 νL2 νL3
)
Uω
√
3 vℓ

y1 − y˜1 0 0
0 y′1 − y˜′1 0
0 0 y′′1 − y˜′′1

︸ ︷︷ ︸
− bme

νR
ν ′′R
ν ′R
 + h.. , (B.41)
∴ mDν = Uω (−m̂e) = −V †eL m̂e . (B.42)
MR neutrino Majorana mass matrix
yˆ4 ℓcR iτ2 〈∆R〉(1+1′+1′′) ℓR + h.. ,
= yˆ4
(
νcR e
c
R
) 0 1
−1 0
 0 0
vδ 0

(1+1′+1′′)
νR
eR
+ h.. ,
= yˆ4 ν
c
R νR vδ(1+1′+1′′) + h.. . (B.43)
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Letting vδ(1) = vδ, vδ(1′) = v
′
δ, vδ(1′′) = v
′′
δ and expanding out the A4 omponents to get
y
(11)
4 ν
c
RνR vδ + y
(22)
4 ν
c
R
′′
ν ′′R v
′′
δ + y
(33)
4 ν
c
R
′
ν ′R v
′
δ + y
(12)
4
[
νcRν
′′
R + ν
c
R
′′
νR
]
v′δ
+ y
(13)
4
[
νcRν
′
R + ν
c
R
′
νR
]
v′′δ + y
(23)
4
[
νcR
′′
ν ′R + νcR
′
ν ′′R
]
vδ + h.. , (B.44)
=
(
νcR ν
c
R
′′
νcR
′
)
y
(11)
4 vδ y
(12)
4 v
′
δ y
(13)
4 v
′′
δ
y
(12)
4 v
′
δ y
(22)
4 v
′′
δ y
(23)
4 vδ
y
(13)
4 v
′′
δ y
(23)
4 vδ y
(33)
4 v
′
δ

︸ ︷︷ ︸
MR is omplex symmetri

νR
ν ′′R
ν ′R
 + h.. . (B.45)
mu up-type quark mass matrix
y2s (uL uR)3s φ
0 + y2a (uL uR)3a φ
0 − y˜2s (uL uR)3s φ0 − y˜2a (uL uR)3a φ0
+ y3 (uL uR)1 φ
0
A + y
′
3 (uL uR)1′ φ
0
A
′′
+ y′′3 (uL uR)1′′ φ
0
A
′
+ y˜3 (uL uR)1 φ
0∗
B + y˜
′
3 (uL uR)1′ φ
0∗
B
′′
+ y˜′′3 (uL uR)1′′ φ
0∗
B
′
+ h.. . (B.46)
Letting 〈φ0〉 = (vℓ, vℓ, vℓ), 〈φ0A〉 = vA, 〈φ0A′〉 = v′A, 〈φ0A′〉 = v′′A and 〈φ0∗B 〉 = v∗B , 〈φ0∗B ′〉 =
v∗B
′, 〈φ0∗B ′′〉 = v∗B ′′ and expanding (h.. omitted for brevity):
= y2s vℓ(uL2 uR3 + uL3 uR2 + uL3 uR1 + uL1 uR3 + uL1 uR2 + uL2 uR1) (B.47)
+ y2a vℓ(uL2 uR3 − uL3 uR2 + uL3 uR1 − uL1 uR3 + uL1 uR2 − uL2 uR1) (B.48)
− y˜2s vℓ(uL2 uR3 + uL3 uR2 + uL3 uR1 + uL1 uR3 + uL1 uR2 + uL2 uR1) (B.49)
− y˜2a vℓ(uL2 uR3 − uL3 uR2 + uL3 uR1 − uL1 uR3 + uL1 uR2 − uL2 uR1) (B.50)
+ y3 vA(uL1 uR1 + uL2 uR2 + uL3 uR3) (B.51)
+ y′3 vA
′′(uL1 uR1 + ω uL2 uR2 + ω2 uL3 uR3) (B.52)
+ y′′3 vA
′(uL1 uR1 + ω2 uL2 uR2 + ω uL3 uR3) (B.53)
+ y˜3 v
∗
B(uL1 uR1 + uL2 uR2 + uL3 uR3) (B.54)
+ y˜′3 v
∗
B
′′(uL1 uR1 + ω uL2 uR2 + ω2 uL3 uR3) (B.55)
+ y˜′′3 v
∗
B
′(uL1 uR1 + ω2 uL2 uR2 + ω uL3 uR3) (B.56)
(B.47) and (B.49): (y2s − y˜2s) vℓ︸ ︷︷ ︸
Y2s
(
uL1 uL2 uL3
)
0 1 1
1 0 1
1 1 0


uR1
uR2
uR3
 , (B.57)
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(B.48) and (B.50): (y2a − y˜2a) vℓ︸ ︷︷ ︸
Y2a
(
uL1 uL2 uL3
)
0 1 −1
−1 0 1
1 −1 0


uR1
uR2
uR3
 , (B.58)
(B.51) and (B.54): (y3 vA + y˜3 v
∗
B)︸ ︷︷ ︸
YA
(
uL1 uL2 uL3
)
1 0 0
0 1 0
0 0 1


uR1
uR2
uR3
 , (B.59)
(B.52) and (B.55): (y′3 v
′′
A + y˜
′
3 v
∗
B
′′)︸ ︷︷ ︸
Y ′A
(
uL1 uL2 uL3
)
1 0 0
0 ω 0
0 0 ω2


uR1
uR2
uR3
 , (B.60)
(B.53) and (B.56): (y′′3 v
′
A + y˜
′′
3 v
∗
B
′)︸ ︷︷ ︸
Y ′′A
(
uL1 uL2 uL3
)
1 0 0
0 ω2 0
0 0 ω


uR1
uR2
uR3
 . (B.61)
Putting (B.57), (B.58), (B.59), (B.60) and (B.61) together, we obtain
(
uL1 uL2 uL3
)
YA + Y
′
A + Y
′′
A Y2s + Y2a Y2s − Y2a
Y2s − Y2a YA + ωY ′A + ω2Y ′′A Y2s + Y2a
Y2s + Y2a Y2s − Y2a YA + ω2Y ′A + ωY ′′A


uR1
uR2
uR3
 ,
≡
(
uL1 uL2 uL3
)
Y
(1)
A Y
+
2 Y
−
2
Y −2 Y
(1′)
A Y
+
2
Y +2 Y
−
2 Y
(1′′)
A

︸ ︷︷ ︸
mu

uR1
uR2
uR3
 . (B.62)
The mass matrix mu ontains 10 real parameters only, and so we expet that VuL and
VuR are not ompletely arbitrary and may have a speial form. However, there should be
enough degrees of freedom to produe the observed quark mixings.
md down-type quark mass matrix
− y2s (dL dR)3s φ0∗ − y2a (dL dR)3a φ0∗ + y˜2s (dL dR)3s φ0∗ + y˜2a (dL dR)3a φ0∗
+ y3 (dL dR)1 φ
0
B + y
′
3 (dL dR)1′ φ
0
B
′′
+ y′′3 (dL dR)1′′ φ
0
B
′
+ y˜3 (dL dR)1 φ
0∗
A + y˜
′
3 (dL dR)1′ φ
0∗
A
′′
+ y˜′′3 (dL dR)1′′ φ
0∗
A
′
+ h.. , (B.63)
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= − y2s vℓ(dL2 dR3 + dL3 dR2 + dL3 dR1 + dL1 dR3 + dL1 dR2 + dL2 dR1) (B.64)
− y2a vℓ(dL2 dR3 − dL3 dR2 + dL3 dR1 − dL1 dR3 + dL1 dR2 − dL2 dR1) (B.65)
+ y˜2s vℓ(dL2 dR3 + dL3 dR2 + dL3 dR1 + dL1 dR3 + dL1 dR2 + dL2 dR1) (B.66)
+ y˜2a vℓ(dL2 dR3 − dL3 dR2 + dL3 dR1 − dL1 dR3 + dL1 dR2 − dL2 dR1) (B.67)
+ y3 vB(dL1 dR1 + dL2 dR2 + dL3 dR3) (B.68)
+ y′3 vB
′′(dL1 dR1 + ω dL2 dR2 + ω2 dL3 dR3) (B.69)
+ y′′3 vB
′(dL1 dR1 + ω2 dL2 dR2 + ω dL3 dR3) (B.70)
+ y˜3 v
∗
A(dL1 dR1 + dL2 dR2 + dL3 dR3) (B.71)
+ y˜′3 v
∗
A
′′(dL1 dR1 + ω dL2 dR2 + ω2 dL3 dR3) (B.72)
+ y˜′′3 v
∗
A
′(dL1 dR1 + ω2 dL2 dR2 + ω dL3 dR3) , (B.73)
where we have omitted the h.. in the above. Following a similar proedure as in the mu
ase, we nd:
(
dL1 dL2 dL3
)
YB + Y
′
B + Y
′′
B −Y2s − Y2a −Y2s + Y2a
−Y2s + Y2a YB + ωY ′B + ω2Y ′′B −Y2s − Y2a
−Y2s − Y2a −Y2s + Y2a YB + ω2Y ′B + ωY ′′B


dR1
dR2
dR3
 ,
≡
(
dL1 dL2 dL3
)
Y
(1)
B −Y +2 −Y −2
−Y −2 Y (1
′)
B −Y +2
−Y +2 −Y −2 Y (1
′′)
B

︸ ︷︷ ︸
md

dR1
dR2
dR3
 , (B.74)
where Y2s,2a = −(y2s,2a − y˜2s,2a)vℓ, YB = y3vB + y˜3v∗A, Y ′B = y′3v′′B + y˜′3v∗A′′ and Y ′′B =
y′′3v
′′
B + y˜
′′
3v
∗
A
′
. Like before, we expet that VdL and VdR are not ompletely arbitrary.
Appendix
C
Supplement materials for chapter 4
C.1 More illustrative examples from standard leptogenesis
In this setion, we present the omputations of the self-energy ontributions to the CP
asymmetry in standard leptogenesis with the aim to further illustrate the usage of the
simplied Majorana Feynman rules, as well as to onrm that the known results an
be obtained this way. Note that there are atually two separate self-energy graphs that
ontribution to the interferene term when nal state avor j is not summed over. So for
ompleteness, we shall alulate them both here
1
.
Self-energy ontribution to the CP asymmetry (1)
The rst self-energy ontribution is given by interferene between one-loop graph in Fig. C.1
and the tree-level diagram in Fig. 4.1 on page 124. Following the proedure disussed in
Se. 4.2.3, we have for the interferene term:
I
self-(1)
=
∫
d4q1
(2π)4
(ih∗jk)(−ihjm)(−ihnm)(ih∗nk) [uj]1C [PR]CA [SNm(p)]AB
× [PR]FB [Sℓ(−q1)]EF [C†PL]DE [uck]D1 [D(q2)]11
[
−uTkC†PLuj
]
11
, (C.1)
1
For the vertex orretion, there is only one graph beause weak isospin onservation forbids the exis-
tene of a seond diagram.
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[D]
[C]
q
p′
p
[E] [F ]
[B]
[A]
p
q2
q1
ℓj
φ¯
Nm
Nk
ℓn
(Vh)jm
(Vh)nm
(V ∗h )nk
Figure C.1: One-loop self-energy orretion graph (1) for the proess Nk → ℓj φ¯. LEFT: (Vh)ab ≡ −i hab PR
and (V ∗h )ab ≡ i h
∗
ab C
†PL are the vertex fators; RIGHT: we have inluded the momentum ows and spinor
indies [X], where q = p− p′ and q2 = p− q1.
where we have shown all spinor indies expliitly. Letting Ah = h
∗
jkhjmhnmh
∗
nk, this then
beomes (mφ,mℓj ≈ 0)
I
self-(1)
= Ah
∫
d4q1
(2π)4
uj PR(−i)(/p +Mm)C P TR i(−/q1)TP TL C∗uck(i)(−1)uTk C†PLuj
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
= −iAh
∫
d4q1
(2π)4
uj PR(/p+Mm)C C
†PRC C†/q1CC
†PLCC∗ CuTk u
T
kC
†PLuj
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
=
iAh
2
∫
d4q1
(2π)4
PR(/p+Mm)PR/q1PL C (
∑
s ukuk)
T C†PL
∑
s′ ujuj
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
=
iAh
2
∫
d4q1
(2π)4
Tr
[
PR(/p+Mm)PR/q1PL C
(
/pT +Mk
)
C†PL/p′
]
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
.
.
.
= iAhMkMm
∫
d4q1
(2π)4
q1 · p′
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
. (C.2)
To pik out the disontinuity of the integral
I(1) = iMkMm
∫
d4q1
(2π)4
q1 · p′
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
, (C.3)
we note that there is only one sensible way to ut the diagram, namely, through the
propagators assoiated with q1 and q2. So, with the replaement:
1
q21 + iǫ
→ −2πiδ(q21)Θ(E1) , and
1
q22 + iǫ
→ −2πiδ(q22)Θ(E2) , (C.4)
we have (using q2 = p− q1)
Dis(I(1)) = iMkMm
∫
d4q1
(2π)4
(−2πi)2(q1 · p′)δ(q21)δ((p − q1)2)Θ(E1)Θ(Mk − E1)
p2 −M2m
. (C.5)
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Simplifying this using all the triks and relations mentioned in Se. 4.2.3, we obtain
Dis(I(1)) =
−iMkMm
4π2(M2k −M2m)
∫
d4q1
[
E1
Mk
2
− (−~q · ~q1)
]
δ(E21 − |~q1|2)
× δ [(Mk − E1)2 − |~q1|2]Θ(E1)Θ(Mk − E1) ,
=
−iM2kMm
8π2(M2k −M2m)
∫
dE1d
3q1(E1 + |~q1| cos θ) 1
2|~q1|δ(E1 − |~q1|)
× δ [(Mk − E1)2 − |~q1|2]Θ(E1)Θ(Mk − E1) ,
=
−iM2kMm
16π2(M2k −M2m)
∫
|~q1|2d|~q1|dΩ |~q1|(1 + cos θ) 1|~q1|
× δ [(Mk − |~q1|)2 − |~q1|2]Θ(Mk − |~q1|) ,
=
−iM2kMm
16π2(M2k −M2m)
∫
|~q1|2d|~q1|dΩ (1 + cos θ) δ
[
M2k − 2Mk|~q1|
]
Θ(Mk − |~q1|) ,
=
−iM2kMm
16π2(M2k −M2m)
∫
|~q1|2d|~q1|dΩ (1 + cos θ)| − 2Mk| δ
[
|~q1| − Mk
2
]
Θ(Mk − |~q1|) ,
=
−iMkMm
32π2(M2k −M2m)
∫
dΩ
M2k
4
(1 + cos θ) ,
=
−iM3kMm
32π2(M2k −M2m)
2π
4
∫ 1
−1
dx (1 + x)︸ ︷︷ ︸
=2
,
=
−iM3kMm
32π(M2k −M2m)
. (C.6)
From this the imaginary part is given by
Im
[
I(1)
]
=
1
2i
Dis
[
I(1)
]
= −M
2
k
64π
(
MkMm
M2k −M2m
)
. (C.7)
The 2-body deay phase spae for this ase is given by
V ′ϕ = 2× 2×
|~q|
8πE2
m
= 2× 2× 1
8π
Mk
2M2k
=
1
4πMk
, (C.8)
where one of the fator of 2 is to aount for the two hannels of nal deay produts
while the other is to aount for the two types of intermediate state (νφ0 or e−φ+) inside
the self-energy loop. Putting all these together and summing over all heavy Majorana
neutrino speies m 6= k, as well as the internal lepton speies n, we get a ontribution to
the asymmetry due to this interferene as
ε
self-(1)
= − 4
Γ
tot
∑
m6=k
∑
n
Im(Ah) Im(I(1)V
′
ϕ) , (C.9)
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ε
self-(1)
= 4× 8π
(h†h)kk Mk
∑
m6=k
∑
n
Im(h∗jkhjmhnmh
∗
nk)
M2k
64π
(
MkMm
M2k −M2m
)
1
4πMk
,
=
1
8π(h†h)kk
∑
m6=k
Im
[
h∗jkhjm(h
†h)km
]( MkMm
M2k −M2m
)
,
=
1
8π(h†h)kk
∑
m6=k
Im
[
h∗jkhjm(h
†h)km
] √z
1− z , z ≡
M2m
M2k
. (C.10)
Observe that this is the same result as presented in [90℄. If we sum over j, then we reover
the expression used in Chapters 1 and 2.
Self-energy ontribution to the CP asymmetry (2)
The seond self-energy ontribution is given by interferene between one-loop graph in
Fig. C.2 and the tree-level diagram in Fig. 4.1 on page 124. Note that for this self-energy
diagram, there is no ambiguity in the diretion of fermion-ow through the Majorana
propagator, hene things are more straight forward than before. The interferene term an
be readily written down as
I
self-(2)
=
∫
d4q1
(2π)4
(ih∗jk)(−ihjm)(ih∗nm)(−ihnk) [uj ]1C [PR]CA [SNm(p)]AB
× [C†PL]BE [Sℓ(q1)]EF [PR]FD [uck]D1 [D(q2)]11
[
−uTkC†PLuj
]
11
, (C.11)
where we have again shown all spinor indies expliitly. Letting Bh = h
∗
jkhjmh
∗
nmhnk, and
putting into matrix form, we get
I
self-(2)
= Bh
∫
d4q1
(2π)4
uj PR(−i)(/p +Mm)CC†PL i(/q1)PRuck(i)(−1)uTk C†PLuj
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
= −iBh
∫
d4q1
(2π)4
uj PR(/p+Mm)PL (/q1)PR Cu
T
k u
T
kC
† PLuj
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
=
−iBh
2
∫
d4q1
(2π)4
PR(/p+Mm)PL (/q1)C [
∑
s ukuk]
T C† PL
∑
s′ ujuj
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
, (index form)
=
−iBh
2
∫
d4q1
(2π)4
Tr
[
PR(/p+Mm)PL (/q1)(−/p +Mk)PL/p′
]
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
=
iBh
2
∫
d4q1
(2π)4
Tr
[
PR/p /q1/p /p
′
]
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
= iBh
∫
d4q1
(2π)4
2(p · p′)(p · q1)− p2(p′ · q1)
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
. (C.12)
C.1 More illustrative examples from standard leptogenesis 189
[D]
[C]
q
p′
p
[F ] [E]
[B]
[A]
p
q2
q1
ℓj
φ¯
Nm
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Figure C.2: One-loop self-energy orretion graph (2) for the proess Nk → ℓjφ¯. LEFT: (Vh)ab ≡ −i hab PR
and (V ∗h )ab ≡ i h
∗
ab C
†PL are the vertex fators; RIGHT: we have inluded the momentum ows and spinor
indies [X], where q = p− p′ and q2 = p− q1.
We now onentrate on the integral
I(2) = i
∫
d4q1
(2π)4
2(p · p′)(p · q1)− p2(p′ · q1)
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
. (C.13)
Like before, there is only one way to ut the diagram (through q1 and q2), and the dison-
tinuity is given by (ǫ→ 0)
Dis(I(2)) = i
∫
d4q1
(2π)4
(−2πi)2δ(q21)δ((p − q1)2)Θ(E1)Θ(Mk −E1)
× 2(p · p
′)(p · q1)− p2(p′ · q1)
p2 −M2m + iǫ
,
=
−i
4π2(M2k −M2m)
∫
dE1d
3q1δ(q
2
1)δ((p − q1)2)Θ(E1)Θ(Mk −E1)
×
[
2× M
2
k
2
MkE1 −M2k
(
Mk
2
E1 + |~q1||~q| cos θ
)]
,
=
−i
4π2(M2k −M2m)
∫
dE1d
3q1δ(E
2
1 − |~q1|2)δ
(
(Mk −E1)2 − |~q1|2
)
Θ(E1)
×Θ(Mk − E1)
[
M3kE1 −
M3k
2
(E1 + |~q1| cos θ)
]
,
.
.
.
=
−iM3k
16π2(M2k −M2m)
∫
|~q1|2d|~q1|dΩ (1− cos θ) 1| − 2Mk| δ
(
|~q1| − Mk
2
)
×Θ(Mk − |~q1|) ,
=
−iM4k
32π2(M2k −M2m)
2π
4
∫ 1
−1
d(cos θ) (1− cos θ)︸ ︷︷ ︸
=2
,
=
−iM4k
32π(M2k −M2m)
. (C.14)
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Hene, the imaginary part is given by
Im
[
I(2)
]
=
1
2i
Dis
[
I(2)
]
= −M
2
k
64π
(
M2k
M2k −M2m
)
. (C.15)
Therefore, asymmetry due to this interferene term is given by
ε
self-(2)
= − 4
Γ
tot
∑
m6=k
∑
n
Im(Bh) Im(I(2)V
′
ϕ) ,
= 4× 8π
(h†h)kk Mk
∑
m6=k
∑
n
Im(h∗jkhjmh
∗
nmhnk)
M2k
64π
(
M2k
M2k −M2m
)
1
4πMk
,
=
1
8π(h†h)kk
∑
m6=k
Im
[
h∗jkhjm(h
†h)mk
]( M2k
M2k −M2m
)
.
=
1
8π(h†h)kk
∑
m6=k
Im
[
h∗jkhjm(h
†h)mk
]( 1
1− z
)
, z ≡ M
2
m
M2k
. (C.16)
It should be noted that upon summing over j, the above expression vanishes (beause the
argument of Im[· · · ] is real), thus in the one-avor approximation, this term is absent.
Nonetheless, ombining this with result (C.11), we get the full ontribution due to the
self-energy orretion graphs:
ε
self
=
1
8π(h†h)kk
∑
m6=k
Im
[
h∗jkhjm
{
(h†h)km
√
z
1− z + (h
†h)mk
1
1− z
}]
, (C.17)
=
1
8π(h†h)kk
∑
m6=k
Mk
M2k −M2m
Im
[
h∗jkhjm
{
(h†h)kmMm + (h†h)mkMk
}]
. (C.18)
This is basially Eq. 6 of [90℄, hene we have reprodued the standard result given in the
literature.
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C.2 Full workings of selected items from Sec. 4.3.2
Interferene term involving the self-energy orretion of Fig. 4.5b
The following is related to Eq. (4.85) on page 137. It shows all the steps leading to the
nal result of (4.86). Unless otherwise stated, all symbols have the same meaning as in
Eqs. (4.85) and (4.86).
I5D
self-(b)
=
∫
d4q1
(2π)4
16B
(5)
λ [uj ]1C [PRσ
ανqα]CA [SNm(p)]AB
[
C†σβσ(−q2β)PL
]
BE
× [Sℓ(q1)]EF
[
PRσ
δµq2δ
]
FD
[uck]D1 [Dσµ(q2)ε
∗
ν ]11
[
−uTkC†σηρqηPLuj ερ
]
11
.
where B
(5)
λ = λ
∗
jkλjmλ
∗
nmλnk,
= 16B
(5)
λ
∫
d4q1
(2π)4
uj PRσ
ανqα(−iΛm)(/p +Mm)CC† σβσ(−q2β)PL(i)/q1PRσδµq2δuck
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
× (−i)gσµ ε∗νερ(−1)uTkC†σηρqηPLuj ,
= −8iB(5)λ
∫
d4q1
(2π)4
PRσ
ανqα(/p+Mm)σ
βσq2βPL/q1PRσ
δµq2δC [
∑
s ukuk]
T C†
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
× σηρqηPLgσµ
∑
s′
ujuj
∑
pol
ε∗νερ ,
= B
(5)
λ
∫
d4q1
(2π)4
−iTr[PR(/qγν − γν/q)/p(/q2γσ − γσ/q2)/q1(/q2γσ − γσ/q2)/p(/qγν − γν/q)/p′]
2 (p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
= B
(5)
λ
∫
d4q1
(2π)4
32iM4k
[
4(q · q2)(q1 · q2)− (q · q1)q22 − 4(p · q2)(q1 · q2) + (p · q1)q22
]
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
,
(C.19)
Fousing on the integral:
I5D
s-(b)
≡ 32iM4k
∫
d4q1
(2π)4
4(q · q2)(q1 · q2)− 4(p · q2)(q1 · q2)− (q · q1)q22 + (p · q1)q22
(p2 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
.
(C.20)
The disontinuity of this integral is determined by utting through the propagators with
momenta q1 and q2, whih then results in (q2 = p− q1, q1 ≡ (E1, ~q1)):
Dis(I5D
s-(b)
) =
32iM4k
M2k −M2m
∫
d4q1
(2π)4
(−2πi)2δ(q21)δ
[
(p− q1)2
]
Θ(E1)Θ(Mk − E1)
× [4(q · q2)(q1 · q2)− 4(p · q2)(q1 · q2)− (q · q1)q22 + (p · q1)q22] ,
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=
32iM4k
M2k −M2m
∫
d4q1
(2π)4
(−2πi)2δ(q21)δ
[
(p − q1)2
]
Θ(E1)Θ(Mk − E1)
× [4(q · q2)(q1 · q2)− 4(p · q2)(q1 · q2)− (q · q1)q22 + (p · q1)q22] ,
=
−8iM4k
π2(M2k −M2m)
∫
d3q1dE1 δ(E
2
1 − |~q1|2)δ
[
(Mk − E1)2 − |~q1|2
]
Θ(E1)Θ(Mk − E1)
×
[
4(MkE1 − E21 + |~q1|2)
(
M2k
2
− Mk
2
(E1 − |~q1| cos θ)−M2k +MkE1
)
+
(
MkE1 − Mk
2
(E1 − |~q1| cos θ)
)
((Mk − E1)2 − |~q1|2)
]
,
where θ is the smaller angle between ~q and ~q1,
Dis(I5D
s-(b)
) =
−2iM5k
π2(M2k −M2m)
∫
|~q1|2d|~q1|dΩ 1|~q1| δ
[
(Mk − |~q1|)2 − |~q1|2
]
Θ(Mk − |~q1|)
× [4Mk|~q1| (−Mk + |~q1|+ |~q1| cos θ) + |~q1| (1 + cos θ) ((Mk − |~q1|)2 − |~q1|2)] ,
=
−2iM5k
π2(M2k −M2m)
∫
|~q1|2d|~q1|dΩ 1| − 2Mk| δ
[
|~q1| − Mk
2
]
Θ(Mk − |~q1|)
× [4Mk (−Mk + |~q1|+ |~q1| cos θ) +Mk (1 + cos θ) (Mk − 2|~q1|)] ,
=
−iM5k
π2(M2k −M2m)
∫
dφ
∫
d(cos θ)
M2k
4
× 4×−Mk
2
(1− cos θ) ,
=
2iM8k
π(M2k −M2m)
. (C.21)
So, the the imaginary part is given by
Im
[
I5D
s-(b)
]
=
1
2i
Dis
[
I5D
s-(b)
]
=
M8k
π(M2k −M2m)
. (C.22)
The total deay rate is given by the twie of (4.79) and phase spae is same as for Fig. 4.5a
with Vϕ = 1/16πMk. Therefore,
ε5D
self-(b)-k,j = −
4
Γ
tot
∑
m6=k
∑
n
Im(B
(5)
λ ) Im(I
5D
s-(b)
Vϕ) ,
= − M
2
k
2π(λ†λ)kk
∑
m6=k
Im
[
λ∗jkλjm(λ
†λ)mk
] 1
1− z ,
≡ − (Mk/Λ)
2
2π(λ†0λ0)kk
∑
m6=k
Im
[
(λ∗0)jk(λ0)jm(λ
†
0λ0)mk
] 1
1− z , z ≡
M2m
M2k
, (C.23)
where we have summed over all heavy Majorana neutrino speies m 6= k, as well as internal
lepton speies n.
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Interferene term involving the vertex orretion of Fig. 4.6a
This subsetion inludes all the workings in the omputation of the integrals in Eq. (4.88)
on page 138. Unless otherwise stated, all symbols have the same meaning as was rst
introdued in Eqs. (4.88) and (4.89).
We would like to evaluate the disontinuity of the integral
I5D
vert-(a)
= i
∫
d4q1
(2π)4
MmMk
(q23 −M2m + iǫ)(q21 + iǫ)(q22 + iǫ)
{−32M2k (q · q1)q22
+64(q · q2)
[−2(p′ · q1)(q · q2) + 2(p′ · q2)(q · q1) +M2k (q1 · q2)]} .
(C.24)
To this end, we note that there is only one way to ut Fig. 4.6a whih is through q1 and
q2. Therefore, we make the replaement
1
q21 + iǫ
→ −2πiδ(q21)Θ(E1) ,
1
q22 + iǫ
→ −2πiδ(q22)Θ(E2) = −2πiδ((p − q1)2)Θ(Mk − E1) ,
where q1 = (E1, ~q1), q2 = (E2, ~q2) ≡ (Mk − E1,−~q1). Letting ǫ → 0, and substituting
q3 = q1 − q and q2 = p− q1, we get
Dis
[
I5D
vert-(a)
]
= iMmMk
∫
d4q1
(2π)4
(−2πi)2δ(q21)δ
(
(p − q1)2
)
Θ(E1)Θ(Mk − E1)
(q1 − q)2 −M2m
×
{
64
(
M2k
2
− q · q1
)[
−Mk(E1 + |~q1| cos θ)
(
M2k
2
− q · q1
)
+2
(
M2k
2
− Mk
2
(E1 + |~q1| cos θ)
)
(q · q1) +M2k (MkE1 − q21)
]
−32M2k (q · q1)((Mk − E1)2 − |~q1|2)
}
, (C.25)
where we have used
p · q1 = MkE1 , (C.26)
p′ · q1 = E1Mk
2
− (−~q) · ~q1 = E1Mk
2
+ |~q1||~q| cos θ = Mk
2
(E1 + |~q1| cos θ) , (C.27)
where θ is the smaller angle between ~q1 and ~q. In addition, we have
q · q1 = E1Mk
2
− ~q · ~q1 = E1Mk
2
− |~q1||~q| cos θ = Mk
2
(E1 − |~q1| cos θ) . (C.28)
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Thus,
Dis
[
I5D
vert-(a)
]
=
−iMmMk
(2π)2
∫
d3q1dE1
δ(E21 − |~q1|2)δ
(
(Mk − E1)2 − |~q1|2
)
Θ(E1)
(E1 − Mk2 )2 − |~q1 − ~q|2 −M2m
×Θ(Mk − E1)
{
32Mk (Mk − E1 + |~q1| cos θ))
[
−M
2
k
2
(E1 + |~q1| cos θ)
× (Mk − E1 + |~q1| cos θ) + M
2
k
2
(E1 − |~q1| cos θ) (Mk −E1 − |~q1| cos θ)
+M2k (MkE1 − E21 + |~q1|2)
]
−32M2k
(
Mk
2
(E1 − |~q1| cos θ)
)
((Mk − E1)2 − |~q1|2)
}
, (C.29)
and simplifying using δ(E21 − |~q1|2) = [δ(E1 − |~q1|) + δ(E1 + |~q1|)] /2|~q1|, to get
Dis
[
I5D
vert-(a)
]
=
−iMmMk
(2π)2
∫
d3q1
1
2|~q1|
δ
(
(Mk − |~q1|)2 − |~q1|2
)
Θ(Mk − |~q1|)
(|~q1| − Mk2 )2 − |~q1 − ~q|2 −M2m
×
{
32Mk (Mk − |~q1|(1 − cos θ)))
[−M2k |~q1|
2
(1 + cos θ)(Mk − |~q1|(1 − cos θ))
+
M2k |~q1|
2
(1− cos θ) (Mk − |~q1| − |~q1| cos θ) +M3k |~q1|
]
−16M3k |~q1|(1 − cos θ)
(
(Mk − |~q1|)2 − |~q1|2
) }
,
=
−iMmMk
2(2π)2
∫
|~q1|2d|~q1|dΩ
δ
(
M2k − 2Mk|~q1|
)
Θ(Mk − |~q1|)
(|~q1| − Mk2 )2 − |~q1 − ~q|2 −M2m
×
{
32Mk (Mk − |~q1|(1− cos θ)))
[
−M
2
k
2
(1 + cos θ)(Mk − |~q1|(1 − cos θ))
+
M2k
2
(1− cos θ) (Mk − |~q1| − |~q1| cos θ) +M3k
]
−16M3k (1− cos θ)
(
M2k − 2Mk|~q1|
) }
,
=
−i
8π2
∫ |~q1|2d|~q1|dΩ
| − 2Mk|
MmMk δ
[
|~q1| − Mk2
]
Θ(Mk − |~q1|)
(|~q1| − Mk2 )2 − |~q1|2 −
M2k
4 + |~q1|Mk cos θ −M2m
×
{
32Mk (Mk − |~q1|+ |~q1| cos θ))
[
−M
2
k
2
(1 + cos θ)(Mk − |~q1|+ |~q1| cos θ)
+
M2k
2
(1− cos θ) (Mk − |~q1| − |~q1| cos θ) +M3k
]
−16M3k (1− cos θ)
(
M2k − 2Mk|~q1|
) }
, (C.30)
C.2 Full workings of selected items from Sec. 4.3.2 195
where in the last step we have used the identity, δ(ax) = δ(x)/|a| and the fat that
−|~q1 − ~q|2 = −
(|~q1|2 + |~q|2 − 2|~q1||~q| cos(θ)) ,
= −|~q1|2 − M
2
k
4
+ |~q1|Mk cos θ, (C.31)
where θ is again the smaller angle between ~q1 and ~q. Performing the d|~q1| integral to get
Dis
[
I5D
vert-(a)
]
=
−iMm
16π2
∫
dΩ
M2k
4
4M5k (1 + cos θ)
[−(1 + cos θ)2 + (1− cos θ)2 + 4]
−M2k2 +
M2k
2 cos θ −M2m
,
=
iMmM
5
k
4π2
∫
dΩ
(1 + cos θ)
[−(1 + cos θ)2 + (1− cos θ)2 + 4]
2(1− cos θ) + 4z , ,
=
iMmM
5
k
4π2
∫
dφ
∫ 1
−1
dx
(1 + x)
[−(1 + x)2 + (1− x)2 + 4]
2(1 − x) + 4z ,
=
iMmM
5
k
π
∫ 1
−1
dx
1− x2
1− x+ 2z ,
=
iMmM
5
k
π
(2 + 4z − 4z(z + 1) ln [−2(z + 1)] + 4z(z + 1) ln [−2z]) ,
Dis
[
I5D
vert-(a)
]
=
iM6k
π
√
z
(
2 + 4z − 4z(z + 1) ln
[
z + 1
z
])
, with z ≡ M
2
m
M2k
.
(C.32)
So,
Im
[
I5D
vert-(a)
]
=
1
2i
Dis
[
I5D
vert-(a)
]
=
M6k
π
√
z
[
1 + 2z
(
1− (z + 1) ln
[
z + 1
z
])]
. (C.33)
Total deay rate and phase spae fator are as in the previous ase, hene the ontribution
to CP asymmetry for this vertex orretion graph is
ε5D
vert-(a)-k,j =
−M2k
2π(λ†λ)kk
∑
m6=k
Im
[
λ∗jkλjm(λ
†λ)km
]
fV a(z) ,
≡ −(Mk/Λ)
2
2π(λ†0λ0)kk
∑
m6=k
Im
[
(λ∗0)jk(λ0)jm(λ
†
0λ0)km
]
fV a(z) , (C.34)
where
fV a(z) ≡
√
z
[
1 + 2z
(
1− (z + 1) ln
[
z + 1
z
])]
. (C.35)
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C.3 Full workings of selected items from Sec. 4.3.3
The following are the intermediate steps between Eqs. (4.104) and (4.105) on page 143,
whih show how to evaluate the 3-body phase spae integrals. Starting from (4.104):
dΓ6Dk =
8 (λ′†λ′)kk
(2π)5
[
Eq(M
2
k − 2MkE′′)
] d3p′
2E′
d3p′′
2E′′
d3q
2Eq
δ(4)(p − p′ − p′′ − q) , (C.36)
we integrate over all possible values in d3p′, d3p′′ and d3q to get the deay rate:
Γ6Dk =
∫
p′,p′′,q
(C.36) . (C.37)
Using the relation for massless partiles with four-momentum k:∫
d3k
2Ek
f(k) =
∫
d4kΘ(k0) δ(k
2) f(k) , (C.38)
where f(k) is any funtion of k, Θ(x) is the unit step funtion, and δ(x) is the Dira-delta
funtion, we an simlify the d3p′ integral and get
Γ6Dk =
∫
8 (λ′†λ′)kk
(2π)5
[
Eq(M
2
k − 2MkE′′)
]
d4p′Θ(p′0) δ(p
′2)
d3p′′
2E′′
d3q
2Eq
δ(4)(p− p′ − p′′ − q) ,
=
8 (λ′†λ′)kk
(2π)5
[
Eq(M
2
k − 2MkE′′)
]
dp′0d
3p′Θ(p′0)δ(p
′2
0 − |~p ′|2)
× d
3p′′
2E′′
d3q
2Eq
δ(Mk − E′ − E′′ − Eq) δ(3)(~p ′ + ~p ′′ + ~q) . (C.39)
Performing the dp′0 integral (NB: dp
′
0 ≡ dE′) using delta funtion: δ(Mk −E′ −E′′ −Eq),
we then have
Γ6Dk =
∫
8 (λ′†λ′)kk
(2π)5
[
Eq(M
2
k − 2MkE′′)
]
Θ(Mk − E′′ − Eq)δ
[
(Mk − E′′ − Eq)2 − |~p ′|2
]
× d3p′ d
3p′′
2E′′
d3q
2Eq
δ(3)(~p ′ + ~p ′′ + ~q) . (C.40)
Next we do the d3p′ integral using delta funtion: δ(3)(~p ′ + ~p ′′ + ~q) to obtain
Γ6Dk =
∫
8 (λ′†λ′)kk
(2π)5
[
Eq(M
2
k − 2MkE′′)
] d3p′′
2E′′
d3q
2Eq
×Θ(Mk −E′′ − Eq)︸ ︷︷ ︸
=1
δ
[
(Mk − E′′ − Eq)2 − |~p ′′ + ~q|2
]︸ ︷︷ ︸
= δ[(p−p′′−q)2]
, (C.41)
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=
∫
2(λ′†λ′)kk
(2π)5
[
M2k − 2MkE′′
]
δ
[
M2k − 2MkE′′ − 2MkEq + 2E′′Eq(1− cosβ)
] d3p′′ d3q
E′′
,
(C.42)
where we have used
|~p ′′ + ~q|2 = |~p ′′|2 + |~q|2 − 2|~p ′′||~q| cos(π − β) ,
= E′′2 + E2q + 2E
′′Eq cos β . (C.43)
Here, β is the smaller angle between ~p ′′ and ~q. In polar oordinates, the measure d3p′′ d3q
an be rewritten as
d3p′′ d3q = |~p ′′|2 d|~p ′′| dΩ′′ |~q|2 d|~q| dΩq , (C.44)
= E′′2 dE′′ (4π)E2q dEq (2π) d(cos β) , (C.45)
= 2 (2π)2 E′′2 dE′′E2q dEq d(cos β) . (C.46)
Using this in (C.42), we have
Γ6Dk =
4(λ′†λ′)kk
(2π)3
∫
E′′2 dE′′ E2q dEq d(cos β)
M2k − 2MkE′′
E′′
× δ [M2k − 2MkE′′ − 2MkEq + 2E′′Eq(1− cos β)] ,
=
4(λ′†λ′)kk
(2π)3
∫
E′′2 dE′′ E2q dEq d(cos β)
M2k − 2MkE′′
E′′
× 1
2E′′Eq
δ
[
M2k
2E′′Eq
− Mk
E′′
− Mk
Eq
+ 1− cos β
]
,
=
2(λ′†λ′)kk
(2π)3
∫
Eq dE
′′ dEq d(cos β) (M2k − 2MkE′′)
× δ
[
M2k
2E′′Eq
− Mk
E′′
− Mk
Eq
+ 1− cos β
]
, (C.47)
and after performing the d(cos β) integral, we obtain
Γ6Dk =
2(λ′†λ′)kk
(2π)3
∫
dE′′ dEq Eq (M2k − 2MkE′′) . (C.48)
In order to evaluate the dEq and dE
′′
integrals, we must rst asertain the respetive
integration limits for Eq and E
′′
. To this end, we rst note that we have E′′, Eq ≥ 0
by our denitions
2
. Next, we observe that in getting to (C.48), the integration over
(cos β) neessarily piks out an appropriate value suh that the argument of the δ-funtion
2
This an be seen from the way we have written down the argument in the step funtion Θ(Mk−E
′′−Eq)
and ompare it with the diretion of momentum-ows in the Feynman diagram.
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vanishes. In other words, the expression of the argument,
M2k
2E′′Eq
− Mk
E′′
− Mk
Eq
+ 1− cos β , (C.49)
must equal to zero somewhere between its maximum (when cosβ = −1) and minimum
(when cos β = 1) sine −1 ≤ cos β ≤ 1. This requirement then gives rise to a set of limits
for E′′ and Eq. Speially, we an write
M2k − 2MkE′′ − 2MkEq ≤ 0 , (cos β at minimum) , (C.50)
Mk − 2E′′ − 2Eq ≤ 0 , (C.51)
⇒ Mk
2
− E′′ ≤ Eq , (C.52)
whih implies E′′ ≤ Mk/2 as Eq ≥ 0. Furthermore, onservation of energy implies that
Mk ≥ E′′+Eq (in the entre-of-mass frame of the deaying partile), so for a given Mk, Eq
is maximum when E′′ is at its smallest possible value. Therefore, to nd the upper bound
for Eq , we observe that
M2k − 2MkE′′ − 2MkEq ≤ 0 , (cos β at minimum) , (C.53)
M2k − 2MkE′′ − 2MkEq ≥ 0 , (cos β at maximum) . (C.54)
Eqs. (C.53) and (C.54) are true for all allowed values of E′′ and Eq, and in partiular, if
we set E′′ = 0 (so to maximise Eq), we get
M2k − 2MkEq ≤ 0 , ⇒
Mk
2
≤ Eq , (C.55)
M2k − 2MkEq ≥ 0 , ⇒
Mk
2
≥ Eq . (C.56)
These two relations must be true simultaneously and so the upper bound for Eq is Mk/2.
For the lower bound, we simply take (C.52). In summary, the limits for E′′ and Eq are 3
Mk
2
− E′′ ≤ Eq ≤ Mk
2
, (C.57)
0 ≤ E′′ ≤ Mk
2
. (C.58)
3
Note that we ould have expressed E′′ in terms of Eq instead (and their roles will interhange in the
formulas). The hoie itself is not important, but one the limits are set, it will ditate the order in whih
we integrate these variables.
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Returning to (C.48) and performing the dEq and dE
′′
integrals to get
Γ6Dk =
2(λ′†λ′)kk
(2π)3
∫ Mk
2
0
dE′′
∫ Mk
2
Mk
2
−E′′
dEq Eq(M
2
k − 2MkE′′) ,
=
2(λ′†λ′)kk
(2π)3
∫ Mk
2
0
dE′′
MkE
′′
2
(
2E′′2 − 3MkE′′ +M2k
)
,
=
(λ′†λ′)kk
(2π)3
M5k
32
,
=
(λ′†λ′)kk M5k
256π3
, (C.59)
whih is the result of (4.105) on page 143.
Next, we present the alulations leading to Eq. (4.109) on page 144. Beginning with
the expression for the amplitude given in (4.108), we apply the utting rules and put the
propagators assoiated with q1, q2 and q3 (= p − q1 − q2) on-shell 4. In other words, we
make the following replaements:
1
q21 + iǫ
→ −2πi δ(q21)Θ(E1) ;
1
q22 + iǫ
→ −2πi δ(q22)Θ(E2) ; (C.60)
1
q23 + iǫ
→ −2πi δ(q23)Θ(E3) = −2πi δ((p − q1 − q2)2)Θ(Mk − E1 − E2) , (C.61)
where we have used (4.102) in writing these out. So the disontinuity of (4.108) is
Dis
[
I6D
self
]
=
64iA
(6)
λ MmMk
(2π)5
∫
d4q1 d
4q2
(p′ · q) [4(q · q1)(q1 · q2)− (q · q2)q21]
M2k −M2m
δ(q21) δ(q
2
2)
× δ[(p − q1 − q2)2] Θ(E1)Θ(E2)Θ(Mk − E1 −E2) , (C.62)
where we have substituted p2 = M2k and taken ǫ → 0. Using (C.38) and the fat that
q21 = E
2
1 − |~q1|2 = 0 (i.e. massless on-shell partile) to rewrite the integral while expanding
out the salar produts, we get
Dis
[
I6D
self
]
=
64iA
(6)
λ MmMk
(2π)5(M2k −M2m)︸ ︷︷ ︸
eA
∫
d3q1
2E1
d3q2
2E2
(p′ · q) [4(q · q1)(q1 · q2)] δ[(p − q1 − q2)2]
×Θ(Mk − E1 − E2) , (C.63)
4
Note that this is the only possible ut for this self-energy diagram.
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= A˜ (p′ · q)
∫
d3q1
2E1
d3q2
2E2
[EqE1(1− cosαq1)E1E2(1− cosα21)]
× δ [M2k − 2E1Mk − 2E2Mk + 2E1E2(1− cosα21)] , (C.64)
where α21 and αq1 are the smaller angles between ~q2, ~q1 and ~q, ~q1 respetively. Note that we
have used E1 = |~q1|, E2 = |~q2| and Eq = |~q| beause the on-shell partiles are assumed to
be massless. For onveniene, we have also dropped the Θ(Mk −E1 −E2) sine it equates
to one. Next we replae
d3q1d
3q2 = E
2
1 dE1E
2
2 dE2 dΩ1 dΩ2 ,
= E21 dE1E
2
2 dE2 (2π) d(cos αq1) (2π) d(cos α21) , (C.65)
and get
Dis
[
I6D
self
]
= A˜ (2π)2(p′ · q)
∫
E21E
2
2dE1dE2d(cosαq1)d(cosα21)EqE1 (1− cosαq1)
× (1− cosα21) δ
[
M2k − 2E1Mk − 2E2Mk + 2E1E2(1− cosα21)
]
,
= 2A˜ (2π)2(p′ · q)
∫
E21E
2
2 dE1 dE2 d(cosα21) [EqE1(1− cosα21)]
× 1
2E1E2
δ
[
M2k
2E1E2
− Mk
E1
− Mk
E2
+ 1− cosα21
]
,
= A˜ (2π)2(p′ · q)
∫
E1E2 dE1 dE2Eq E1
[
Mk
E1
+
Mk
E2
− M
2
k
2E1E2
]
,
= 2π2A˜ (p′ · q)
∫
dE1 dE2Eq E1
(
2E1Mk + 2E2Mk −M2k
)
. (C.66)
⇒ = (C.67)
Similar to the tree-level 3-body phase spae ase, we see that after integrating over those
delta funtions in the above, the limits for E1 and E2 are xed and are given by E1 and
E2 are 0 ≤ E1 ≤Mk/2 and Mk/2− E1 ≤ E2 ≤Mk/2. So we have
Dis
[
I6D
self
]
= 2π2A˜ (p′ · q)
∫ Mk
2
0
dE1
∫ Mk
2
Mk
2
−E1
dE2 Eq E1
(
2E1Mk + 2E2Mk −M2k
)
,
= 2π2A˜ (p′ · q)Eq
∫ Mk
2
0
dE1E
3
1 Mk ,
= 2π2A˜ (p′ · q)Eq M
5
k
64
,
=
A
(6)
λ M
5
k
16π3
iMmMk
M2k −M2m
(p′ · q)Eq . (C.68)
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Hene,
Im
[
I6D
self
]
=
A
(6)
λ M
5
k
32π3
MmMk
M2k −M2m
(p′ · q)Eq . (C.69)
To dedue the relevant (imaginary part of the) kinemati fator that enters into the CP
asymmetry formula (1.85) on page 31, we must integrate over the 3-body phase spae and
aount for all the dierent deay hannels. To this end, we need to evaluate
Im
[
I ′
self
]
= 4
∫
M5k
32π3
MmMk
M2k −M2m︸ ︷︷ ︸
eB
(p′ · q)Eq 1
2Mk
d3p′
(2π)32E′
d3p′′
(2π)32E′′
d3q
(2π)32Eq
× (2π)4 δ(4)(p − p′ − p′′ − q) , (C.70)
where the fator of 4 in front aounts for the two possible deay hannels and two possible
internal states (ν φ0B¯ and e−φ+B¯). The proedure in omputing this is almost idential
to the tree-level ase where we begin by rewriting the d3p′′ integral using (C.38) to get
Im
[
I ′
self
]
= 4B˜
∫
(p′ · q)Eq 1
2(2π)5Mk
d3p′
2E′
d3q
2Eq
Θ(Mk − E′ − Eq)︸ ︷︷ ︸
=1
δ
[
(p− p′ − q)2] ,
= 4B˜
∫
(p′ · q)
8(2π)5Mk
d3p′d3q
E′
δ
[
(Mk − E′ − Eq)2 − |~p ′ + ~q|2
]
. (C.71)
Using
|~p ′ + ~q|2 = |~p ′|2 + |~q|2 − 2|~p ′||~q| cos(π − θ) ,
= E′2 + E2q + 2E
′Eq cos θ , (C.72)
where θ is the smaller angle between ~p ′ and ~q, to obtain
Im
[
I ′
self
]
= 4B˜
∫
(E′Eq − |~p ′||~q| cos θ)
8(2π)5Mk
d3p′d3q
E′
× δ [M2k − 2E′Mk − 2EqMk + 2E′Eq(1− cos θ)] ,
= 4B˜
∫
|~p ′|2d|~p ′| |~q|2d|~q| dΩ′dΩqEq(1− cos θ)
8(2π)5Mk
× δ [M2k − 2E′Mk − 2EqMk + 2E′Eq(1− cos θ)] ,
= 4B˜
∫
E′2dE′E2qdEq (4π)(2π) d(cos θ)
Eq(1− cos θ)
8(2π)5Mk
× δ
[
M2k
2E′Eq
− Mk
E′
− Mk
Eq
+ 1− cos θ
]
,
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= 4B˜
∫
2E′dE′E2qdEq d(cos θ)
1− cos θ
16(2π)3Mk
δ
[
M2k
2E′Eq
− Mk
E′
− Mk
Eq
+ 1− cos θ
]
,
= 4B˜
∫
2E′dE′E2qdEq
16(2π)3Mk
[
Mk
E′
+
Mk
Eq
− M
2
k
2E′Eq
]
,
= 4B˜
∫
dE′ dEq
16(2π)3Mk
Eq
[
2E′Mk + 2EqMk −M2k
]
. (C.73)
Inserting the limits for Eq and E
′
(see the analogous workings for the tree-level ase), to
obtain
Im
[
I ′
self
]
=
B˜
4(2π)3Mk
∫ Mk
2
0
dEq
∫ Mk
2
Mk
2
−Eq
dE′Eq (2E′Mk + 2EqMk −M2k ) ,
=
B˜
4(2π)3Mk
∫ Mk
2
0
dEq E
3
qMk ,
=
B˜
4(2π)3Mk
M5k
64
,
=
M9k
65536π6
MmMk
M2k −M2m
, (C.74)
≡ M
9
k
65536π6
√
z
1− z , with z =
M2m
M2k
. (C.75)
Thus, the CP asymmetry due to the self-energy interferene term for Nk deay is given by
ε6D
self-k,j = −
4
2× Γ6Dk
∑
m6=k
∑
n
Im
[
A
(6)
λ
]
Im
[
I ′
self
]
,
= − 512π
3
(λ′†λ′)kkM5k
∑
m6=k
∑
n
Im
[
λ′∗nkλ
′
nmλ
′
jmλ
′∗
jk
] M9k
65536π6
√
z
1− z ,
= − M
4
k
128π3(λ′†λ′)kk
∑
m6=k
Im
[
λ′∗jkλ
′
jm(λ
′†λ′)km
] √z
1− z ,
= −
(
M2k
64π2Λ2
)
M2k
2π(Λ2λ′†λ′)kk
∑
m6=k
Im
[
λ′∗jkλ
′
jm(λ
′†λ′)kmΛ4
] √z
1− z ,
≡
(
Mk
8πΛ
)2
ε′
5D-self-k,j , (C.76)
where we have dened (.f. Eq. (4.84))
ε′
5D-self-k,j ≡ −
M2k
2π(ζ†ζ)kk
∑
m6=k
Im
[
ζ∗jkζjm(ζ
†ζ)km
] √z
1− z , (C.77)
with ζ = λ′Λ.
